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Turbulence  in  Compressible  Flows 

(AGARD  R-819) 


Executive  Summary 

This  report  is  a  compilation  of  the  edited  proceedings  of  the  “Turbulence  in  Compressible  Flows” 
course  held  at  the  von  Karman  Institute  for  Fluid  Dynamics  (VKI)  in  Rhode-Saint-Genese,  Belgium, 
2-6  June  1997,  and  in  Newport  News,  Virginia,  USA,  under  the  sponsorship  of  NASA  Langley 
Research  Center,  20-24  October  1997. 

Computational  Fluid  Dynamics  is  not  an  exact  technology.  While  its  basic  framework  consists  of  a 
well-established  set  of  partial  differential  equations  describing  fluid  motion,  this  framework  is  not  self- 
contained  and  must  be  combined  with  approximate  theoretical  models  describing  the  physical  processes 
in  question.  Turbulence  and  the  transition  from  laminar  to  turbulent  flow  are  central  phenomena,  and  a 
proper  prediction  of  these  phenomena  is  a  prerequisite  to  accuracy  improvements  of  any  numerical 
method. 

This  series  of  lectures,  supported  by  the  AGARD  Fluid  Dynamics  Panel  and  the  von  Karman  Institute 
for  Fluid  Dynamics,  reviewed  the  state  of  knowledge  of  turbulence  in  compressible  flows,  with  specific 
focus  on  fundamental  physical  understanding,  modeling  and  application  to  engineering  systems.  The 
following  topics  were  covered:  Compressible  Turbulent  Boundary  Layers,  Compressible  Turbulent  Free 
Shear  Layers,  Turbulent  Combustion,  DNS/LES  and  RANS  Simulations  of  Compressible  Turbulent 
Flows,  and  Case  Studies  of  Applications  of  Turbulence  in  Aerospace. 


La  turbulence  dans  les  ecoulements  compressibles 

(AGARD  R-819) 


Synthese 

Ce  rapport  est  un  recueil  des  comptes  rendus  officials  du  Cours  sur  la  turbulence  dans  les  ecoulements 
compressibles,  tenu  a  I’lnstitut  von  Karman  (VKI)  a  Rhodes-Saint-Genese,  en  Belgique,  du  2  au  6  juin 
1997,  et  a  I’Omni  Hotel,  Newport  News  Virginia,  sous  I’egide  du  NASA  Langley  Research  Center,  du 
20  au  24  octobre  1997. 

L’aerodynamique  numerique  n’est  pas  une  technologie  exacte.  Si  les  grandes  lignes  du  domaine 
consistent  en  un  systeme  d’ equations  aux  derivees  partielles  bien  definies  decrivant  le  comportement 
des  fluides,  ce  cadre  general  n’est  pas  suffisant  et  doit  etre  associe  a  la  modelisation  theorique 
approchee  des  processus  physiques  en  question.  La  turbulence  et  la  transition  de  I’ecoulement  laminaire 
a  I’ecoulement  tourbillonnaire  sont  des  phenomenes  essentiels  et  toute  amelioration  de  la  precision 
d’une  methode  numerique  quelconque  passe  par  la  prevision  correcte  de  ces  phenomenes. 

Ce  cycle  de  conferences,  presente  sous  I’egide  du  Panel  AGARD  de  la  dynamique  des  fluides  et  de 
rinstitut  von  Karman,  a  fait  le  point  de  I’etat  actuel  des  connaissances  dans  le  domaine  de  la  turbulence 
dans  les  ecoulements  compressibles,  en  privilegiant  les  aspects  physiques  fondamentaux,  la 
modelisation  et  les  applications  aux  systemes  operationnels. 

Les  sujets  suivants  ont  ete  abordes  : 

Les  couches  limites  tourbillonnaires  compressibles,  les  zones  de  melange  tourbillonnaires 
compressibles,  la  combustion  tourbillonnaire,  les  simulations  DNS/LES  et  RANS  des  ecoulements 
tourbillonnaires  compressibles  et  des  cas  d’essai  d’ applications  de  la  turbulence  dans  le  domaine 
aerospatial. 
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Compressible  Turbulent  Boundary  Layers 


A.J.  Smits 

Department  of  Mechanical  and  Aerospace  Engineering 
Princeton  University,  Princeton,  NJ  08544-0710 


Abstract 

These  notes  review  what  is  currently  known  about  the 
structure  of  zero-pressure-gradient,  flat-plate  turbulent 
boundary  layers.  The  behavior  of  boundary  layers  in  sub¬ 
sonic  Md  supersonic  flows  is  discussed,  with  a  particular 
emphasis  on  scaling  laws  with  respect  to  Reynolds  num¬ 
ber  and  Mach  number. 


1  Introduction 

The  most  important  parameter  in  the  description  of  in¬ 
compressible  turbulent  boimdary  layer  behavior  is,  of 
course,  the  Reynolds  number.  Engineering  applications 
cover  an  extremely  wide  range  and  values  based  on  the 
streamwise  distance  can  vary  from  10®  to  10®.  Most  lab¬ 
oratory  experiments  are  performed  at  the  lower  end  of 
this  range,  and  to  be  able  to  predict  the  behavior  at  very 
high  Reynolds  numbers,  as  found  in  the  flow  over  aircraft 
and  ships,  it  is  therefore  important  to  understand  how 
turbulent  boundary  layers  scale  with  Reynolds  number. 

For  compressible  flows,  the  Mach  number  becomes  an  ad¬ 
ditional  scaling  parameter.  Because  of  the  no-slip  con¬ 
dition,  however,  a  subsonic  region  persists  near  the  wall, 
although  the  sonic  line  is  located  very  close  to  the  wall 
at  high  Mach  number.  Furthermore,  a  significant  tem¬ 
perature  gradient  develops  across  the  boundary  layer  at 
supersonic  speeds  due  to  the  high  levels  of  viscous  dissipa¬ 
tion  near  the  wall.  In  fact,  the  static-temperature  varia¬ 
tion  can  be  very  large  even  in  an  adiabatic  flow,  resulting 
in  a  low-density,  high-viscosity  region  near  the  wall.  In 
turn,  this  leads  to  a  skewed  mass-flux  profile,  a  thicker 
boundary  layer,  and  a  region  in  which  viscous  effects  are 
somewhat  more  important  than  at  an  equivalent  Reynolds 
number  in  subsonic  flow. 

Figme  1  shows  two  sets  of  air  boundary  layer  profiles  at 
about  the  same  Reynolds  number,  one  set  measured  on  an 
adiabatic  wall,  the  other  measiured  on  an  isothermal  wall. 
The  momentum  thickness  Reynolds  number  Re  is  approx¬ 
imately  2200  when  based  on  the  freestream  velocity  tie, 
and  the  kinematic  viscosity  evaluated  at  the  freestream 
temperature  in  accord  with  usual  practice.  That  is. 
Re  =  Ouelue.  The  temperature  of  the  air  increases  near 
the  wall,  even  for  the  adiabatic  wall  case,  since  the  dissi¬ 
pation  of  kinetic  energy  by  friction  is  an  important  source 
of  heat  in  supersonic  shear  layers.  Somewhat  surprisingly. 


the  velocity,  temperatiue  and  mass-flux  profiles  for  these 
two  flows  appear  very  much  the  same,  even  though  the 
boundary  conditions,  Mach  numbers  and  heat  transfer  pa¬ 
rameters  differ  considerably.  The  velocity  profiles  in  the 
outer  region,  in  fact,  follow  a  l/7th  power  law  distribu¬ 
tion  quite  well,  just  as  a  subsonic  velocity  profile  would 
at  this  Reynolds  number.  With  increasing  Mach  mnn- 
ber,  however,  the  elevated  temperature  near  the  the  wall 
means  that  the  bulk  of  the  mass  flux  is  increasingly  foimd 
toward  the  outer  edge  of  the  boimdary  layer.  This  effect 
is  strongly  evident  in  the  boundary-layer  profiles  shown  in 
figure  2,  where  the  freestream  Mach  number  was  10  for  a 
helium  flow  on  an  adiabatic  wall.  For  this  case,  the  tem¬ 
perature  ratio  between  the  wall  and  the  boundary  layer 
edge  was  about  30. 

If  the  total  temperature  To  was  constant  across  the  layer, 
then  from  the  definition  of  the  total  temperature.  To  = 
T+U'^l2Cp,  we  see  that  there  is  a  very  simple  relationship 
between  the  temperature  T  and  the  velocity  u.  Since 
there  is  never  an  exact  balance  between  frictional  heating 
and  conduction  (unless  the  Prandtl  number  equals  one), 
the  total  temperature  is  not  quite  constant,  even  in  an 
adiabatic  flow,  and  the  wall  temperature  depends  on  the 
recovery  factor  r.  Hence: 


where  M  is  the  Mach  number,  the  subscript  w  denotes 
conditions  at  the  wall,  and  the  subscript  e  denotes  con¬ 
ditions  at  the  edge  of  the  boundary  layer,  that  is,  in  the 
local  freestream.  Since  r  w  0.9  for  a  turbulent  boundary 
layer,  the  temperature  at  the  wall  in  an  adiabatic  flow 
is  nearly  equal  to  the  freestream  total  temperature.  For 
example,  at  a  freestream  Mach  number  of  3,  the  ratio 
To,/To  =  0.93. 

As  a  result  of  these  large  variations  of  temperature 
through  the  layer,  the  fluid  properties  are  far  from  con¬ 
stant.  To  the  boundary  layer  approximation,  the  static 
pressure  variation  across  the  layer  is  constant,  as  in  sub¬ 
sonic  flow,  and  therefore  for  the  examples  shown  in  fig¬ 
ure  1  the  density  varies  by  about  a  factor  of  5.  The  vis¬ 
cosity  varies  by  somewhat  less  than  that:  if  we  assume 
some  form  of  Sutherland’s  law  to  express  the  temperature 
dependence  of  viscosity,  for  instance  (/r/pe)  =  (T/Te)‘^ 
where  u)  =  0.765,  then  the  viscosity  varies  by  a  factor 
of  3.4.  Since  the  density  increases  and  the  viscosity  de¬ 
creases  with  distance  from  the  wall,  the  kinematic  vis¬ 
cosity  decreases  by  a  factor  of  about  17  across  the  layer. 


Paper  presented  at  the  AGARD  FDP  Special  Course  on  “Turbulence  in  Compressible  Flows”,  held  at  the 
von  Kdrmdn  Institute  for  Fluid  Dynamics  (VKI)  in  Rhode-Saint-Genese,  Belgium,  2-6  June  1997, 
and  in  Newport  News,  Virginia,  USA,  20-24  October  1997,  and  published  in  R-819. 
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Figure  1;  Turbulent  boundary  layer  profiles  in  air  {T,  =  Te).  From  Fernholz  &  Finley  (1980),  where  catalog  numbers 
are  referenced. 


Figure  2;  Turbulent  boundary  layer  profiles  in  helium  (Ts  =  Te).  Figure  firom  Fernholz  &  Finley  (1980),  where  catalog 
numbers  are  referenced.  Original  data  from  Watson  et  al.  (1973). 
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M„ 

TJT^ 

P.IP^ 

pjp^ 

2.9  (air)* 

3 

0.33 

1.4 

4.2 

4.5  (air)" 

5 

0.2 

2.9 

14 

10.3  (He)‘ 

33 

0.03 

9.6 

320 

*  Spina  &.  Smils  1987. 
‘Mabcyelal  1974. 

'  Watson  el  al  1973. 


Table  1:  The  ratio  of  fluid  properties  across  three  bound¬ 
ary  layers  in  supersonic  flow  on  adiabatic  walls.  Table 
from  Spina  et  al.  (1994). 

Typical  wall-to-freestream  ratios  of  some  flow  properties 
are  provided  in  table  1  for  three  different  Mach  numbers. 

It  is  therefore  difficult  to  assign  a  single  Reynolds  number 
to  describe  the  state  of  the  boundary  layer.  Of  course, 
even  in  a  subsonic  boimdary  layer  the  Reynolds  num¬ 
ber  varies  through  the  layer  since  the  length  scale  de¬ 
pends  (in  a  general  sense)  on  the  distance  from  the  wall. 
But  here  the  variation  is  more  complex  in  that  the  non- 
dimensionaUzing  fluid  properties  also  change  with  wall 
distance.  One  consequence  is  that  the  relative  thickness 
of  the  viscous  sublayer  depends  not  only  on  the  Reynolds 
number,  but  also  on  the  Mach  number  and  heat  transfer 
rate  since  these  will  influence  the  distribution  of  the  fluid 
properties.  At  very  high  Mach  numbers,  most  of  the  layer 
may  become  viscous-dominated.  Now  the  boimdary  lay¬ 
ers  at  the  lower  Mach  numbers  shown  in  figure  1  are  cer¬ 
tainly  tm'bulent,  but  the  Mach  10  boundary  layer  shown 
in  figure  2  may  well  be  transitional.  For  that  case,  the 
Reynolds  number  based  on  freestream  fluid  properties  (for 
example,  Rg  =  p^U^O/fic  suggests  a  fully  turbulent  flow, 
but  when  the  Reynolds  number  is  based  on  fluid  proper¬ 
ties  evaluated  at  the  wall  temperature  {Rs2  =  pMcS/pw) 
it  suggests  a  laminar  flow.  The  difference  between  Reg 
and  Rs2  increases  steadily  with  Mach  number  and  heat 
transfer,  and  can  become  very  significant  at  high  Mach 
number  (for  a  full  discussion,  see  Fernholz  &:  Finley,  1976). 

We  can  see  that  any  comparisons  we  try  to  make  between 
subsonic  and  supersonic  boundary  layers  must  take  into 
account  the  variations  in  fluid  properties,  which  may  be 
strong  enough  to  lead  to  unexpected  physical  phenom¬ 
ena,  as  well  as  the  gradients  in  Mach  number.  Intuitively, 
one  would  expect  to  see  significant  dynamical  differences 
between  subsonic  and  supersonic  boundary  layers.  How¬ 
ever,  it  appears  that  many  of  these  differences  can  be  ex¬ 
plained  by  simply  accounting  for  the  fluid-property  varia¬ 
tions  that  accompany  the  temperature  variation,  as  would 
be  the  case  in  a  heated  incompressible  boundary  layer. 
This  suggests  a  rather  passive  role  for  the  density  differ¬ 
ences  in  these  flows,  most  clearly  expressed  by  Morkovin’s 
hypothesis  (Morkovin,  1962);  the  dynamics  of  a  com¬ 
pressible  boundary  layer  follow  the  incompressible  pattern 
closely,  as  long  as  the  Mach  number  associated  with  the 
fluctuations  remains  small.  That  is,  the  fluctuating  Mach 
number,  M',  must  remain  small,  where  M'  is  the  r.m.s. 


Figure  3:  Fluctuating  Mach  number  distributions.  Flow 
1:  Me  =  2.32,  Reg  =  4,700,  adiabatic  wall  (Elena  & 
Lacharme,  1988);  Flow  2:  Me  =  2.87,  Reg  =  80,000,  adi¬ 
abatic  wall  (Spina  &:  Smits,  1987);  Flow  3:  Me  =  7.2, 
Reg  =  7,100,  Tw/Tr  =  0.2  (Owen  &  Horstman,  1972); 
Flow  4:  Me  =  9.4,  Reg  =  40,000,  Tu,/Tr  =  0.4  (La- 
derman  &  Demetriades,  1974).  Figure  from  Spina  et  al. 
(1994). 


perturbation  of  the  instantaneous  Mach  number  from  its 
mean  value,  taking  into  account  the  variations  in  velocity 
and  sound  speed  with  time.  If  M'  approaches  unity  at  any 
point,  we  would  expect  direct  compressibility  effects  such 
as  local  “shocklets”  and  pressure  fluctuations  to  become 
important.  If  we  take  M'  —  0.3  as  the  point  where  com¬ 
pressibility  effects  become  important  for  the  turbulence 
behavior,  we  find  that  for  zero-pressure-gradient  adiabatic 
boundary  layers  at  moderately  high  Reynolds  numbers 
this  point  will  be  reached  with  a  freestream  Mach  num¬ 
ber  of  about  4  or  5  (see  figure  3). 

Recently,  some  measurements  in  moderately  supersonic 
boundary  layers  (Moo  <  5)  have  indicated  subtle  differ¬ 
ences  in  the  instantaneous  behavior  of  certain  quantities 
and  parameters  as  compared  to  subsonic  flow.  These  dif¬ 
ferences  do  not  seem  to  be  due  simply  to  fluid-property 
variations.  In  particular,  differences  in  turbulence  length 
and  velocity  scales,  the  intermittency  of  the  outer  layer, 
and  the  structure  of  the  large-scale  shear-stress  containing 
motions  may  indicate  that  the  turbulence  dynamics  are 
affected  at  a  lower  fluctuating  Mach  number  than  pre¬ 
viously  beheved.  It  is  also  possible  that  some  of  these 
changes  in  the  turbulence  structure  are  due  to  Reynolds 
number  effects.  As  pointed  out  earlier,  the  characteris¬ 
tic  Reynolds  numbers  encountered  in  high-speed  flow  can 
cover  a  very  large  range,  extending  well  beyond  values  of 
the  Reynolds  number  typically  found  in  the  laboratory. 
Furthermore,  the  temperature  gradients  which  are  found 
in  the  boundary  layer  in  supersonic  flow  lead  to  variations 
in  Reynolds  number  across  the  layer  which  must  be  con- 
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sidered  along  with  the  usual  variations  in  the  streamwise 
direction. 

We  begin  these  notes  by  reviewing  the  boundary  layer 
equations  in  section  2.  In  section  3,  we  discuss  the  struc¬ 
ture  of  boundary  layers  in  supersonic  flow,  and  in  sec¬ 
tion  4  we  consider  their  behavior  in  flows  with  pressiu-e 
gradient  and  wall  curvature.  Shock-wave  boundary  layer 
interactions  are  reviewed  in  section  5,  and  a  brief  sum¬ 
mary  is  given  in  section  6.  These  notes  are  based  largely 
on  the  recent  AGARDograph  by  Dussauge  et  al.  (1996) 
and  the  monograph  by  Smits  &  Dussauge  (1996),  supple¬ 
mented  by  more  recent  data  obtained  at  Princeton  and 
elsewhere. 


2  Boundary- Layer  Equations 

Detailed  derivations  of  the  equations  for  compressible 
turbulent  boimdary  layers  have  been  provided  in  kine¬ 
matic  variables  by  van  Driest  (1951),  Schubauer  &  Tchen 
(1959),  Cebeci  &  Smith  (1974)  and  Fernholz  &  Finley 
(1980).  While  it  is  well-known  that  the  inclusion  of  den¬ 
sity  as  an  instantaneous  variable  is  to  add  terms  other 
than  —'pu'v'  to  the  Reynolds-averaged  boundary  layer 
equations,  the  interpretation  of  these  terms  and  their 
significance  is  not  universally  agreed  upon.  One  of  the 
reasons  is  that  these  terms  do  not  appear  in  the  mass- 
averaged  (Favre- averaged)  equations,  as  shown  by,  for  ex¬ 
ample,  Morkovin  (1962),  Favre  (1965),  and  Rubesin  fe 
Rose  (1973).  A  critical  review  of  the  equations  of  com¬ 
pressible  turbulent  flow  and  a  discussion  of  the  relative 
merits  of  the  mass-averaged  form  is  given  by  Lele  (1994). 


2.1  Continuity 


The  Reynolds-averaged,  stationary,  two-dimensional  con¬ 
tinuity  equation  for  compressible  flow  is: 


j|(?c')  +  |;(pV)  +  |(p'^)  +  |(/.')  =  o.  (1) 

The  additional  terms  in  this  equation,  ^{p'v')  and 
act  as  apparent  soucces/sinks  to  the  mean  flow 
(Schubauer  &:  Tchen,  1959).  To  the  boundary-layer  ap¬ 
proximation,  ■§^{p'u')  is  negligible,  and  a  simple  mixing- 
length  argument  indicates  that  p'v'  is  negative.  The  abso¬ 
lute  magnitudes  of  p'  and  v'  increase  with  y  near  the  wall 
before  decreasing  with  y  in  the  outer  part  of  the  boundary 
layer,  and  therefore  ■§^[p'v')  acts  as  a  mass-flux  source  in 
the  inner  layer  and  as  a  sink  in  the  outer  region  of  the 
boundary  layer.  The  presence  of  a  source  term  in  the 
continuity  equation  indicates  that  the  physics  of  the  flow- 
field  are  not  well  represented  (see  also  Smits  fe  Dussauge, 
1996). 


An  alternative  approach  uses  “Favre-averaging” ,  where 
the  instantaneous  variable  is  decomposed  into  the  sum  of 
a  mass-weighted  average,  a,  and  a  fluctuation,  a"  (Favre, 
1965).  The  use  of  mass-averaged  variables  leaves  the 
continuity  equation  devoid  of  turbulent  mass  transport 
terms: 

A(p^i)  +  _(pC)  =  0.  (2) 


2.2  Momentum 


For  two-dimensional  compressible  flow,  the  y-component 
(wall-normal)  momentum  equation  contains  many  terms 
associated  with  density  euid  velocity  fluctuations.  For 
zero-pressure-gradient  boimdary  layers  in  a  steady  su¬ 
personic  flow,  however,  the  usual  order-of-magnitude  ar¬ 
guments  show  that  the  pressure  across  the  layer  can  be 
taken  as  constant,  as  for  subsonic  flows.  The  pressure  is 
then  a  function  only  of  streamwise  distance,  so  that  dpfdx 
may  be  replaced  by  dpjdx  in  the  i-momentum  equation. 
Hence,  the  mean  pressure  is  considered  to  be  “imposed” 
on  the  boundary  layer  in  that  it  appears  as  a  boundary 
condition  rather  than  as  an  independent  variable. 


If  the  continuity  equation  is  multiplied  by  the  stream- 
wise  velocity,  added  to  the  boundary-layer  approximation 
of  the  x-momentum  equation,  and  the  resulting  equation 
Reynolds-averaged,  we  obtain: 


-dp  ,  d  ,  dU 


—  Up'v'  —  Vp'u'  —  p'u'v').  (3) 

Equation  3  is  the  most  general  form  of  the  compressible 
boundary  layer  equation.  The  triple-product  term  may 
be  neglected  since  it  is  one  order  of  magnitude  smaller 
than  the  other  terms,  and  Vp'u'  can  be  neglected  since 
it  is  smaller  than  Up'v'  (p'u'  and  pV  are  assumed  to  be 
the  same  order  and  V  «U).  The  resulting  equation  is: 


^  (pC/^)  +  4:(P^^)  = 


dx 


dy 


dx  dy  dy 


(4) 

Alternatively,  the  boundary-layer  form  of  the  compress¬ 
ible  T-momentum  equation  can  be  written: 

_ d  __  _ d  __  — dp  d  .  dU  j 


where  pu  —  pU  -f  p'u'  and  pv  =  pV  +  p'v',  and  p'u'  can 
usually  be  neglected.  When  the  Favre-averaged  form  of 
the  x-momentum  equation  is  considered,  that  is. 


|(?a’)  +  |;(?uO)  =  -^  +  |;(r,.-^,  (6) 

it  is  clear  that  three  different  forms  of  the  equation  ex¬ 
ist,  and  some  physical  insight  regarding  the  differences  is 
necessary. 

In  equation  4  the  traditional  Reynolds  stress  and  another 
“apparent”  stress,  —Up'v' ,  comprise  the  turbulent  shear 
stress.  Now,  Up'v'  is  not  a  “true”  Reynolds  stress,  but 
simply  a  consequence  of  the  type  of  averaging  used.  Nev¬ 
ertheless,  its  contribution  to  the  total  stress  caimot  be  dis¬ 
counted.  The  correlations  'pu'v'  and  Up'v'  are  both  nega^ 
tive  (as  evident  from  a  mixing-length  argument),  and  thus 
Up'v'  acts  in  addition  to  the  “incompressible”  Reynolds 
shear  stress.  Assuming  small  pressure  fluctuations  and 
using  the  Strong  Reynolds  Analogy  (SRA)  (Morkovin, 
1962)  (see  section  2.3),  it  is  a  simple  matter  to  express 
the  ratio  of  Up'v'  to  'pu'v'  as  (7  —  1)M^  ((see,  for  ex¬ 
ample,  Spina  et  al.,  1991a).  Of  course,  this  expression  is 
subject  to  the  inaccuracies  inherent  in  the  SRA  (see  be¬ 
low),  but  it  is  a  good  approximation  to  at  least  M  —  5, 
and  provides  an  order-of-magnitude  comparison  even  at 
higher  Mach  numbers.  This  relation  indicates  how  quickly 
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Up'v'  becomes  important  in  the  boundary  layer.  For  a 
Mach  3  adiabatic-wallboundary  layer  with  Ree  =  80, 000, 
(7  —  1)M*  rises  to  a  value  of  1.0  at  approximately  0.05^ 
(~  500i/'^),  and  asymptotes  to  a  value  of  3.5  at  the  bound¬ 
ary  layer  edge  (Spina,  1988).  Since  the  Mach  number  is 
small  across  much  of  the  constant-stress  layer,  Schubauer 
fe  Tchen  (1959)  neglected  the  “second-order  term”  when 
developing  a  skin-friction  theory,  but  this  should  not  be 
considered  a  general  result. 

The  correlation  Up'v'  also  appears  in  the  turbulent  ki¬ 
netic  energy  (TKE)  equation  for  a  compressible  boundary 
layer.  This  equation  is  much  more  complex  than  the  in¬ 
compressible  TKE  equation,  with  eight  production  terms, 
including  one  due  to  the  Reynolds  shear  stress,  —'pu'v'^, 
and  one  due  to  the  “fictitious”  stress,  —Up'v'^.  A  com¬ 
parison  between  these  two  terms  indicates  that  the  pro¬ 
duction  of  tm-bulent  kinetic  energy  due  to  the  Reynolds 
shear  stress  is  two  orders-of-magnitude  greater  than  that 
due  to  the  term  in  question  (in  fact,  there  are  three 
other  terms  that  are  an  order-of-magnitude  larger  than 
—Up'v'^).  This  indicates  that  Up'v'  is  less  important 
than  the  other  terms  in  determining  the  energy  fiow  in  a 
compressible  boundary  layer  because  it  interacts  with  a 
considerably  smaller  mean  strain. 

If  the  convective  terms  are  written  as  the  product  of 
the  average  instantaneous  mass  flux  and  a  strain  (as  in 
equation  5),  the  only  additional  term  (in  addition  to 
those  found  in  laminar  flow)  is  the  traditional  Reynolds 
stress,  pu'v'.  This  form  of  the  equation  was  advocated 
by  Morkovin  (1962)  to  isolate  the  turbulent  momentum 
transport,  and  the  new  parts  of  the  convective  terms  rep¬ 
resent  the  fact  that  there  is  no  mean  mass  transfer  be¬ 
tween  mean  streamlines.  Since  Up'v'  may  be  thought  of 
as  a  turbulent  mass-transport  term,  it  is  not  surprising 
that  this  form  of  the  equation  is  free  from  this  term,  and 
the  interpretation  of  the  equation  is  physically  and  intu¬ 
itively  attractive. 

The  major  drawback  to  writing  the  x-momentum  equa¬ 
tion  in  Favre-averaged  variables  (equation  6)  is  that  Tyx 
is  more  complex  than  for  incompressible  boundary  layers 
(Rubesin  &  Rose,  1973).  Expressing  the  instantaneous 
stress  tensor  in  mass-weighted  variables,  expanding,  and 
time-averaging  results  in: 

T  ij  —  pSiJ  -|-  pS"ij 

where  Sij  —  [(ut,j  —  |5»jUfc,fc].  This  expression  con¬ 

tains  additional  terms  that  are  not  amenable  to  a  simple 
physical  interpretation,  but  the  similarity  of  the  Favre- 
averaged  representation  of  the  compressible  momentum 
equation  to  that  of  the  incompressible  equation  makes  its 
use  nevertheless  attractive,  especially  in  computations. 

2.3  Energy  and  the  Strong  Reynolds 
Analogy 

The  mean  energy  equation  was  developed  in  terms  of 
the  stagnation  enthalpy  by  Young  (1951)  (see  Howarth, 
1953,  Gaviglio,  1987)  in  the  forms  corresponding  to  the 
Reynolds-averaged  and  Favre-averaged  variables,  respec¬ 
tively.  In  Reynolds-averaged  variables,  the  boundary- 


layer  approximation  for  the  equation  is: 

_dH  _dH  d  \  k  dH 

^  dx  ^  ^  dy  dy  Cp  dy 

where,  neglecting  higher-order  terms,  H  =  h  +  kU^  , 
and  H'  =  h'  +  Uu'  .  As  in  the  development  of  the 
mean  x-momentum  equation  (equation  5),  there  are  no 
additional  terms  beyond  those  found  in  incompressible 
flow,  although  the  convective  terms  are  slightly  altered, 
as  noted  by  Morkovin. 

A  useful  relation  for  the  reduction  of  experimental  data 
and  the  comparison  of  compressible  to  incompressible  re¬ 
sults  is  the  Strong  Reynolds  Analogy  [first  identified  as 
such  by  Morkovin  (1962),  but  primarily  due  to  Young 
(1951)].  This  analogy,  leading  to  simplified  solutions  of 
the  energy  equation,  is  based  upon  the  similarity  between 
equations  5  and  7  when  Pr  =  1  (or  when  molecular  effects 
are  negligible  compared  to  turbulent  processes)  and  the 
similarity  of  the  boundary  conditions  for  To  and  U,  and 
To  and  u\  For  zero-pressure-gradient  flow  of  a  perfect  gas 
with  heat  transfer,  the  equations  admit  the  solutions: 


Cp(To  —  Tuf)  — 

Z^U, 

T-w 

(8) 

CpU  = 

^v! 

(9) 

where  the  heat-transfer  rate  and  shear  stress  at  the  wall 
enter  through  the  boundary  conditions.  For  adiabatic 
flows,  it  follows  that 

ro  =  0,  (10) 

Y  =  -(7-iW^^.  (11) 

and  RyT  =  -1.  (12) 

The  solution  given  by  To  =  Tw  and  equation  10  satisfies 
the  energy  equation  independently,  and  therefore  may  be 
applied  for  any  pressure  gradient  (Gavigbo,  1987). 

Gaviglio  notes  that  these  relations  (equations  8  -  12)  are 
so  strict  (that  is,  they  apply  in  an  instantaneous  sense) 
that  they  cannot  be  expected  to  hold  exactly.  Morkovin 
(1962)  gives  a  “milder”  form  of  the  SRA  that  relates  the 
r.m.s.  of  the  static  temperature  fluctuations  to  that  of 
the  velocity  fluctuations  (also  see  Spina  et  al.,  1991a)). 
Morkovin  (1962)  and  Gaviglio  (1987)  tested  the  time- 
averaged  form  of  the  SRA  and  found  that  Rut  is  not 
—1.0  but  is  closer  to  —0.8  or  —0.9.  Still,  this  high  corre¬ 
lation  level  indicates  that  large-scale  eddies  moving  away 
from  the  wall  in  a  supersonic  flow  almost  always  con¬ 
tain  warmer,  lower-speed  fluid  than  the  average  values 
found  at  that  distance  from  the  wall.  As  for  the  instanta¬ 
neous  form  of  the  SRA  (equation  10),  Morkovin  &  Phin- 
ney  (1958),  Kistler  (1959),  Dussauge  &  Gaviglio  (1987), 
and  Smith  &  Smits  (1993a)  have  shown  that  1%  is  not 
negligible,  but  that  the  results  derived  from  such  an  as¬ 
sumption  stiU  represent  very  good  approximations.  The 
instantaneous  form  of  the  SRA  has  been  validated  to  a 
freestream  Mach  number  of  3  (Smith  &  Smits,  1993a),  but 
the  only  limit  to  its  first-order  approximation  at  higher 
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Mach  number  may  be  the  increasing  importance  of  low- 
Reynolds-number  effects  near  the  wall  at  higher  hyper¬ 
sonic  Mach  numbers  (Morkovin,  1962).  There  is  also  the 
fact  that  T'/T  is  bounded,  which  means  there  exists  an 
upper  Mach  number  limit  on  the  SRA  unless  u'/f7  ap¬ 
proaches  very  small  values  at  the  same  time. 


3  Flat  Plate  Boundary  Layers 

At  supersonic  Mach  numbers,  viscous  energy  dissipation 
makes  a  significant  contribution  to  the  energy  budget.  As 
a  result,  the  temperature  rises  and  significant  tempera¬ 
ture  gradients  occur  within  the  boundary  layer.  In  a  tur¬ 
bulent  boundary  layer  in  supersonic  flow,  therefore,  the 
mean  temperature  and  velocity  vary,  and  significant  tem¬ 
perature  and  velocity  fluctuations  occur.  Pressure  fluc¬ 
tuations  are  usually  small  at  supersonic  speeds  but  may 
become  important  at  Mach  numbers  exceeding  5. 

3.1  Stagnation-temperature  distribu¬ 
tion 

The  stagnation-temperature  profile  must  be  known  to  cal¬ 
culate  the  velocity  distribution.  Measurements  and  the¬ 
ory  often  seem  to  conflict,  however,  and  a  truly  represen¬ 
tative  stagnation-temperature  profile  is  difficult  to  define, 
particularly  at  high  Mach  number.  The  measurement  dif¬ 
ficulty  stems  from  the  compromise  that  must  be  made 
between  spatial  resolution  and  acciuacy  when  selecting 
a  stagnation-temperature  probe  (see,  for  example,  Fem- 
holz  &  Finley,  1980).  Since  approximately  one-half  of  the 
decrease  in  To  to  the  wall-recovery  value  occurs  in  the  in¬ 
ner  layer  of  near-imity  Prandtl-number  gases  (Morkovin, 
1962),  this  compromise  leads  to  a  kind  of  uncertainty  prin¬ 
ciple  on  the  accuracy  of  the  data. 

As  for  theoretical  stagnation-temperature  distributions, 
Fernholz  &  Finley  (1980)  present  and  discuss  many  of 
the  energy-equation  solutions  commonly  applied  to  su¬ 
personic  tmrbulent  boundary  layers.  They  note  that  many 
of  the  relations  are  applied  beyond  their  range  of  valid¬ 
ity  when  used  to  benchmark  experimental  data.  The  two 
most  widely  discussed  stagnation-temperature  distribu¬ 
tions  in  the  literatiue  are  the  “linear”  and  “quadratic” 
solutions.  It  has  been  commonly  assumed  that  (To  — 
r«,)/(To.  -  Tv,)  =  Q  =  U/Ue  is  the  proper  distribu¬ 
tion  for  flat-plate  flows,  while  ©  =  {U/U^f  is  the  appro¬ 
priate  tunnel/nozzle  wall  solution.  It  has  been  claimed 
that  the  quadratic  nature  of  the  measurements  along 
tunnel  walls  is  due  to  the  upstream  history  of  the  flow 
(significant  dT /dx  and  dp/dx)  and  the  resultant  local 
non-equilibrium.  While  Feller  (1973),  Bushnell  et  al. 
(1969),  and  Beckwith  (1970)  offer  convincing  arguments 
for  flow-history  effects,  there  is  little  experimental  evi¬ 
dence  that  the  linear  profile  is  the  equilibrium  stagnation- 
temperature  distribution  in  supersonic,  turbulent  bound¬ 
ary  layers. 

The  classic  (linear)  Crocco  solution,  0  =  U/U^,  is  derived 
from  the  energy  and  momentum  equations  for  laminar 
flow  with  Pr  =  1,  zero  pressure  gradient,  and  an  isother¬ 
mal  wall.  The  Crocco  solution  is  extended  to  turbulent 


flows  under  the  same  conditions  with  the  additional  as¬ 
sumption  of  unity  turbulent  Prandtl  number  (Prt).  How¬ 
ever,  it  has  been  shown  that  Prt  is  less  than  1.0  across  the 
outer  layer  for  both  near-adiabatic  walls  (Meier  &  Rotta, 
1971)  and  cold  walls  (Owen  et  ai,  1975).  Fernholz  &  Fin¬ 
ley  (1980)  show  that  the  origins  of  a  quadratic  profile  for 
turbulent  flow  lie  in  a  solution  by  Walz  (1966): 

9  =  ^1 +  (l-«(f)’.  (13) 

where  /?  =  {Taw-Tw)/iTo, -Tv,).  The  assumptions  inher¬ 
ent  in  this  solution  are  zero  pressure  gradient,  isothermal 
wall,  and  a  constant  “mixed”  Prandtl  number,  Pxm  = 
Cp{p,  -b  pt)/{k  -t-  kt)  between  0.7  and  1.0.  The  linear  pro¬ 
file  therefore  holds  only  far  P  =  1,  that  is.  To,,  =  Taw,  and 
the  purely  quadratic  profile  holds  only  for  a  zero-pressiue- 
gradient  flow,  with  constrained  Pru,  and  an  isothermal 
(also  adiabatic)  wall  (/?  =  0).  The  range  of  validity  of  the 
quadratic  relation  is  often  extended  improperly  to  flows 
with  pressure  gradients  because  of  the  similarity  of  the 
equation  to  one  that  is  valid  for  laminar  and  turbulent  adi¬ 
abatic  flows  with  pressure  gradients.  Perhaps  due  to  the 
relaxed  constraint  on  the  Prandtl  number  (as  compared  to 
the  linear  solution),  much  of  the  stagnation- temperature 
data  appears  to  be  characterized  by  a  quadratic  trend 
(BushneU  et  al,  1969,  Bertram  &  Neal,  1965,  Wallace, 
1969,  Hopkins  Keener,  1972). 

A  critical  shortcoming  is  the  dearth  of  near-waU  To  mea¬ 
surements,  which  are  critical  for  determination  of  the  wall 
heat-transfer  rate.  The  lack  of  data  makes  it  impossi¬ 
ble  to  determine  whether  these  temperature-velocity  re¬ 
lations,  or  even  those  provided  by  Bradshaw  (1977)  to 
represent  the  irmer  layer,  accurately  describe  the  near¬ 
wall  behavior  of  the  stagnation  temperature.  For  flows 
with  non-isothermal  walls  and  significant  pressure  gradi¬ 
ents  the  situation  is  much  worse,  however,  as  no  theo¬ 
retical  temperature-velocity  relations  exist  for  these  con¬ 
ditions.  Much  of  the  confusion  surrounding  stagnation- 
temperature  distributions  is  due  to  comparison  between 
data  taken  under  these  conditions  and  theoretical  rela¬ 
tions  that  are  applied  beyond  their  range  of  validity. 


3.2  Mean- velocity  scaling 

When  the  mean  velocity  in  a  supersonic  boundary  layer 
is  plotted  as  U/Ue  vs.  y/S,  the  profile  appears  qualita¬ 
tively  similar  to  that  of  an  incompressible  flow.  When 
the  velocity  is  replotted  in  classic  inner-  or  outer-layer 
coordinates,  however,  the  velocity  does  not  follow  the  fa^ 
miliar  incomprrasible  scaling  laws  for  these  regions.  But 
a  modified  scaling  that  accormts  for  the  fluid-property 
variations  correlates  much  of  the  existing  compressible 
mean-velocity  data  with  the  “universal”  incompressible 
distribution.  This  velocity  scaling  was  first  employed  in 
the  viscous  sublayer  and  the  logarithmic  region  by  van 
Driest  (1951),  was  extended  to  the  wake  region  and  to 
velocity-defect  scaling  by  Maise  &  McDonald  (1968),  and 
to  Coles’  imiversal  wall-wake  scaling  by  Mathews  et  al. 
(1970).  The  following  outline  of  the  scaling  arguments 
for  supersonic  turbulent  boundary  layers  is  based  largely 
on  the  discussion  given  by  Fernholz  &  Finley  (1980). 
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The  usual  derivation  of  the  velocity  distribution  in  the 
inner  region  is  based  on  the  assmnptions: 

(1)  that  the  convective  term  djdx  in  the  equation  of 
motion  is  small  compared  with  the  viscous  term, 

(2)  that  the  pressure  gradient  term  can  be  ignored  so  as 
to  simplify  the  discussion,  and 

(3)  that  the  total  stress  tt  —  (dU J dy)  —  pu'v'  is  con¬ 
stant  in  the  inner  region  and  equals  t-u,. 

(4)  Morkovin’s  hypothesis  holds,  in  that  the  structure 
of  the  turbulence  does  not  change  significantly  due 
to  compressibility  effects  up  to  about  a  freestream 
Mach  number  of  about  5. 

“The  dominating  factor  in  the  compressible 
turbulent-boimdary  layer  problem  is  apparently 
then  the  effect  of  high  temperature  on  the  ve¬ 
locity  profile  near  the  wall  and  therefore  on 
the  shear  stress.  This  latter  observation  was 
first  advanced  by  von  Karman  in  1935  but  has 
been  somewhat  neglected  in  favour  of  interpola¬ 
tion  formulae  or  of  elaborate  generalizations  of 
the  mixing  length  hypothesis”  (Part  I  of  Coles, 
1953). 


The  increased  dissipation  rate  in  the  viscous  sublayer  has 
the  effect  that  at  a  fixed  Reynolds  number  the  sublayer 
thickness  increases  with  increasing  Mach  nmnber.  The 
same  effect  is  of  course  responsible  for  the  observed  in¬ 
crease  in  the  thickness  of  the  laminar  boundary  layer  at 
high  Mach  numbers  (see,  for  example,  van  Driest,  1951). 


If  one  assumes  that  in  the  viscous  sublayer  the  molec¬ 
ular  shear  stress  p  {dU  j  dy)  is  large  compared  with  the 
Reynolds  shear  stress  —pu'v'  and  equal  to  the  skin  friction 
T-w,  then  one  obtains  for  the  velocity  gradient 


9£  ^  (^Y 

dy  Uro\f) 


(14) 


in  which  the  variation  of  the  viscosity  with  temperatine 
is  taken  to  be  given  by 


Using  equation  13  for  the  temperature  distribution  (valid 
under  the  assumptions  dp/dx  =  0  and  T-u,  =  constant), 
equation  14  yields: 


in  which 

„=(l+,l^„>)|_l  (19, 
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Mi 


Ti. 

T^' 


(20) 


We  see  that  the  transformed  velocity  U‘  has  a  linear  dis¬ 
tribution  similar  to  the  linear  velocity  distribution  in  the 
viscous  sublayer  of  an  incompressible  turbulent  boundary 
layer,  and  to  which  it  reduces  for  T  =  Tw  and  Me  =  0. 


Between  the  viscous  sublayer  and  the  outer  layer  there 
exist  a  region,  defined  by  ?/“*■  >>  1  amd  ?/<<!,  where 
the  Reynolds  shear  stress  —pu'v'  is  dominant  and  is  ap¬ 
proximately  equal  to  the  skin  friction  Tw  If  it  is  as- 
smned  that  Prandtl’s  mixing  length  theory  is  also  valid 
for  compressible  turbulent  boundary  layers,  then  from 
Tw  —  —pu'v'  =  (dU j dy)^  we  obtain: 


«  =  (21) 

dy  Ky 

where  n  is  von  Karman’s  constant  and  i  is  Prandtl’s  mix¬ 
ing  length  (assumed  to  be  equal  to  Ky,  as  in  subsonic 
flows).  This  result  is  independent  of  Mach  number.  Since 
the  pressure  is  constant  in  the  wall-normal  direction,  we 
have,  for  a  perfect  gas: 


I flS] 

dy  Ky^  \T^  J 


(22) 


We  can  again  use  equation  13  to  substitute  for  the  tem¬ 
perature  ratio  in  equation  17  and  obtain  (Fernholz,  1969): 


where 


Hence: 
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y^(a2  -I-  41)2) 


(23) 
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and 
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where  the  transformed  mean  velocity  in  the  sublayers  U‘ 
is  defined  by 

0 


Hence,  with  w  =  1: 

iP  =  u\ 


''■2“t/e  3^  (t/ej 


(18) 


where  a  and  b  are  given  by  equations  19  and  20,  and  the 
suffix  1  denotes  a  boundary  condition  at  the  lower  end  of 
the  validity  range  of  the  log-law  (which  can  in  principle 
only  be  found  by  experiment). 

For  an  adiabatic  wall,  Tu,  becomes  the  recovery  temper¬ 
ature  Tr,  and  o  =  0.  In  this  case  experiments  show  that 
UyjUc  lies  in  the  range  0.3  <  UijUc  <  0.6.  With  a  value 
forI^/C7,=  =0.5  one  can  show  that  arcsin  can  be  replaced 
by  its  argument  for  Mach  numbers  up  to  8  with  a  relative 
error  of  —4%  or  less.  Then  C*  reduces  to 
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(26) 


that  is,  the  same  value  as  for  the  incompressible  case. 
This  result  was  also  confirmed  by  the  measurements  dis¬ 
cussed  by  Fernholz  k  Finley  (1980)  and  by  general  com¬ 
putational  experience  (Bushnell  et  al.,  1976). 

Fernholz  &  Finley  (1980)  concluded  that  velocity  pro¬ 
files  in  compressible  turbulent  boimdary  layers  are  well 
represented  by  equation  23  within  the  limits  set  by  the 
assumptions.  A  comparison  between  measurements  in 
transformed  and  un-transformed  coordinates  is  given  in 
figure  4. 

The  first  approach  to  this  type  of  transformation  was 
suggested  by  van  Driest  (1951)  who  derived  a  relation¬ 
ship  similar  to  equation  23  also  using  the  mixing  length 
concept.  He  assumed  Prandtl  number  unity  and  so  a  re¬ 
covery  factor  equal  to  one  and  determined  the  constant 
C  so  that  for  the  limit  Me  —<■  0  and  — *•  1  the 

well-established  relationship  for  the  incompressible  case 
should  result.  Van  Driest’s  equation  for  the  logarithmic 
law  then  reads  the  same  as  equation  23,  except  that  r  =  1 
in  the  definitions  of  a  and  b. 

The  differences  likely  to  appear  if  the  alternative  trans¬ 
formation  is  used  can  be  seen  in  figme  5.  Here  three  sets 
of  profile  data  are  plotted  using  firstly  equation  25  with 
r  =  0.896  and  secondly  equation  25  with  r  =  1.0  which 
then  reduces  to  van  Driest’s  transformation.  The  differ¬ 
ences,  although  systematic,  are  small  when  compared  to 
experimental  error,  particularly  in  the  determination  of 
Cf.  Given  the  uncertainties  in  the  transformation  ap¬ 
proach,  and  the  experimental  difficulties  in  obtaining  ac¬ 
curate  values  for  C/,  there  is  little  that  can  be  said  for  any 
given  set  of  log-law  constants  and  their  possible  variation 
with  Reynolds  number  or  Mach  number.  It  is  equally  dif¬ 
ficult  to  say  anything  meaningful  regarding  the  existence 
of  power  law  similarity,  rather  than  log-law  similarity,  as 
discussed  in  Dussauge  et  al.  (1996). 

The  empirical  validity  of  Morkovin’s  hypothesis  offers 
some  support  for  the  concept  behind  the  van  Driest 
transform  (and  similarly  that  by  Fernholz  fe  Finley)  by 
suggesting  that  multi-layer  scaling  holds  in  compressible 
boundary  layers.  And  despite  the  assumptions  inherent  to 
the  mixing-length  hypothesis,  the  underlying  dimensional 
argument  is  sound  as  long  as  the  length-scale  distributions 
in  supersonic  boundary  layers  follow  the  same  behavior  as 
in  subsonic  flows.  In  fact,  experimental  data  taken  over  a 
wide  Mach-number  range,  with  various  wall-heating  con¬ 
ditions  and  modest  pressiue  gradients,  and  transformed 
via  van  Driest  show  good  agreement  with  incompressible 
data  correlations  (for  example,  Kemp  &  Owen,  1972,  La- 
derman  &  Demetrietdes,  1974,  Owen  et  al.,  1975,  Watson, 
1977).  The  systematic  discussion  given  by  Fernholz  & 
Finley  (1980)  is  particularly  persuasive. 


number  of  the  flow,  Ree  w  5, 000.  This  can  be  compared 
to  a  successful  application  of  van  Driest  at  Me  =  9.4  and 
Ree  ~  37,000  by  Laderman  &  Demetriades.  It  seems 
reasonable,  however, that  the  transformation  suggested  by 
Fernholz  &  Finley  offers  a  slightly  more  accurate  variation 
of  van  Driest,  since  the  temperature  distribution  is  based 
on  a  Prandtl  number  assumption  (0.7  <  Ptm  <  1-0) 
that  is  more  realistic  than  van  Driest’s  assumption  of 
Prt  =  Pr  =  1. 

In  the  outer  region,  the  similarity  of  the  velocity  pro¬ 
file  can  be  verified  by  plotting  the  velocity  defect 
*  —  tf* )  j  Ut  versus  y/6'  where  the  transformation  of 
the  velocities  U* ,  IF  and  the  characteristic  length  6'  have 
yet  to  be  determined.  Since  the  mean  velocity  approaches 
the  velocity  asymptotically  the  boundary  layer  thick¬ 
ness  is  an  ill-defined  quantity,  and  it  is  sensible  to  use  in¬ 
stead  an  integral  length  A  as  suggested  by  Rotta  (1950) 
for  incompressible  boundary  layers,  where 

A=  =  (27) 

7  y  Cf 

0 

The  only  difficulty  in  using  the  reference  length  A  is  that 
both  the  velocity  profile  and  the  skin  friction  must  be 
known  which,  unfortunately,  is  not  always  the  case  for  the 
published  measurements.  If  both  are  available  then  the 
velocity  defect  distribution  and  the  integral  length  scale 
can  be  transformed  and  applied  to  compressible  turbulent 
boundary  layers.  It  is  then  hoped  that  the  dimensionless 
velocity  defect  will  be  described  by  a  function 


(for  zero  pressure  gradients),  where 


1 


0 


There  is  no  justification  for  the  simple  relationship  of 
equation  28  other  than  verification  by  experiment.  How¬ 
ever,  an  evaluation  of  a  large  number  of  experiments  in 
zero-pressure  gradient  boundary  layers,  mainly  along  adi¬ 
abatic  walls  appears  to  support  this  particular  scaling 
scheme.  The  data  suggest  the  following  semi-empirical 
relation  (Fernholz,  1971): 

=-M\n-^-N  (30) 

U.r  A* 

with  M  =  4.70  and  N  =  6.74  (1.5  x  10^  <  Res  <  4  x  10“*). 


It  is  important  to  note  what  the  limits  of  applicability 
appear  to  be,  however.  Other  than  strong  pressure  gradi¬ 
ents,  the  primary  constraint  is  imposed  by  the  dependence 
of  similarity  on  large  values  of  the  Reynolds  number, 
implying  universality  and  independence  from  upstream 
history.  Fernholz  k  Finley  (1980)  observe  that  the  low- 
Reynolds-number  region  that  begins  to  dominate  the  in¬ 
ner  layer  at  high  Mach  number  may  eventually  cause  the 
failure  of  the  velocity  scaUng  laws  that  the  transformed 
data  follow.  Hopkins  et  al.  (1972)  attribute  the  poor  per¬ 
formance  of  van  Driest  at  Me  =  7.7  to  the  low  Reynolds 


More  elaborate  semi-empirical  relationships  of  the  type: 


Ut  -  u+ 

Ur 


1  ,  y 

- In  f  -b  Kff 

«  o 


(31) 


were  suggested  by  Coles  (1953),  by  Stalmach  (1958)  and 
by  Maise  k  McDonald  (1968),  the  latter  two  authors  us¬ 
ing  van  Driest’s  velocity  transformation,  that  is,  with 
Prandtl  number  one.  Due  to  the  different  methods  ap¬ 
plied  in  specifying  the  boundary  layer  thickness  6,  the 
authors  of  the  semi-empirical  relations  mentioned  above 


Figure  4;  Log-linear  plots  of  the  velocity  profile  for  a  compressible  turbulent  boundary  layer.  Natural  and  transformed 
velocities  (U*).  Prom  Fernholz  &  Finley  (1980),  where  catalog  numbers  are  referenced. 


Figure  5:  Comparison  of  velocity  profiles  transformed  by  using  recovery  factors  of  1  and  0.896  (Mabey  et  al,  1974, 
Horstman  &  Owen,  1972).  From  Fernholz  &  Finley  (1980),  where  catalog  numbers  are  referenced. 
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Figure  6:  Mean  velocity  profiles  in  outer-layer  scaling  for  zero  pressure  gradient  compressible  turbulent  boundary 
layers  .  FYom  Fernholz  L  Finley  (1980).  The  key  to  the  data  is  given  in  Fernholz  (1969). 


do  not  agree  with  each  other  nor  do  they  agree  with  mea¬ 
surements  if  these  are  plotted  using  values  as  given  by  the 
experimentalists. 

Figure  6  shows  this  comparison.  Since  the  figure  is  meant 
only  to  illustrate  the  problem,  the  reader  is  referred  to 
Fernholz  (1969)  for  the  identification  of  the  experimental 
data. 


Finally,  it  should  be  pointed  out  that  the  similarity  scal¬ 
ing  of  the  compressible  boundary  layer  mean  velocity  pro¬ 
file  is  most  usefully  expressed  in  terms  of  the  scaling  for 
the  mean  velocity  gradient  dUfdy.  That  is,  dV jdy  in 
the  near- wall  region  scales  with  a  length  scale  / Ur  and 
a  velocity  scale  Ur  (r,«/T)"'^^.  In  the  outer  region  the 


length  scale  is  i5,  and  the  velocity  scale  is  Ut 


In  the  overlap  region,  the  length  scale  becomes  y,  but  the 


velocity  scale  is  still  Ut 


y/{T/Tj. 


So  we  see  that  the 


mean  velocity  profile  in  a  compressible  boundary  layer 
scales  with  the  same  length  scales  used  in  scaling  incom¬ 
pressible  flows,  but  the  velocity  scale  is  modified  by  the 
variation  in  mean  temperature. 


3.3  Skin  friction 


Skin-friction  measurements  are  more  difficult  to  make  and 
to  interpret  in  supersonic  flows  (Fernholz  &  Finley,  1980, 
Smith  et  al.,  1992).  Floating-element  gauges  are  suscep¬ 
tible  to  inaccuracies  stemming  from  leakage,  local  varia¬ 
tions  in  heat  transfer,  flushness,  and  moments  applied  by 
streamwise  pressure  gradients.  Preston-tube  data  can  be 
analyzed  using  a  variety  of  calibration  schemes,  leading  to 
considerable  uncertainty  in  the  results.  Most  schemes  for 
reducing  Preston-tube  data  rely  on  boundary-layer  edge 
conditions  (for  example,  Hopkins  &  Keener,  1966),  and 
this  can  introduce  additional  errors,  particularly  in  per- 
tiubed  flows  where  the  edge  properties  are  often  unrelated 
to  the  flow  behavior  near  the  wall.  As  Finley  (1994)  points 
out,  calibration  equations  which  involve  an  empirical  “in¬ 
termediate  temperatmre” ,  and/or  freestream  properties 


are  functionally  incorrect,  since  the  Preston  tube  pres¬ 
sure  should  depend  on  wall  variables  only.  He  adds  that 
as  long  as  they  are  used  in  flows  with  small  or  negfigible 
normal  pressure  gradients,  this  is  not  crucial.  However, 
in  many  compressible  flows  there  are  significEint  normal 
pressure  gradients  and  the  calibration  equations  should 
be  expressed  in  terms  of  wall  variables.  The  only  cali¬ 
bration  which  does  so  is  that  by  Bradshaw  &  Unsworth 
(1974).  Here,  for  adiabatic  flows  and  for  u-rd/vw  >  100: 


which  reduces  to  a  very  good  fit  to  the  calibration  data 
of  Patel  (1965)  for  incompressible  flows  as  Mr  — >  0. 

Allen  (1977)  suggested  that  the  constants  used  by  Brad¬ 
shaw  &  Unsworth  were  incorrect  and  proposed  that  the 
last  term  should  read: 


-lO^M^ 


However,  Finley  (1994)  concluded  that  these  corrections 
were  based  on  unreliable  balance  data,  and  on  the  basis 
of  a  detailed  analysis  of  the  available  data  recommended 
that  the  original  constants  as  given  in  equation  32  are 
more  accurate  than  those  given  by  Allen  (1977).  It  should 
also  be  noted  that  Finley  introduced  a  reduction  proce¬ 
dure  originally  due  to  Gaudet  (1993,  private  communica¬ 
tion),  in  wall  variables,  which  depends  on  the  van  Driest 
(1951)  transformation,  and  not  directly  on  balance  mea¬ 
surements. 

The  Clauser  method  (Clauser,  1954)  can  also  be  used  as 
long  as  a  logarithmic  region  can  be  found,  but  the  re¬ 
sults  obviously  depend  on  the  validity  of  the  particular 
compressibility  transformation  used.  In  perturbed-flows, 
the  compressibility  transformation  of  Garvin  et  al.  (1988) 
should  be  more  reliable  than  that  of  van  Driest  because 
it  does  not  have  the  additional  requirement  of  a  self¬ 
preserving  boimdary  layer.  In  practice,  for  a  wide  variety 
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of  flows,  including  flows  with  strong  pressure  gradients 
and  shock  wave  boundary  layer  interactions,  the  differ¬ 
ences  between  the  Clauser-chart  results  obtained  using 
the  two  transformations  seem  to  be  within  about  ±15% 
of  the  Preston-tube  results  (Smith  et  al.,  1992).  The  laser 
interferometer  skin  friction  meter  (LISP)  is  a  promising 
new  technique  that  does  not  require  assumptions  about 
the  character  of  the  wall  region  to  deduce  the  wall  shear 
stress,  and  can  thus  provide  direct  measurement  of  the 
skin  friction  in  a  perturbed  flow.  Kim  et  cd.  (1991)  com¬ 
pared  LISP  results  to  Preston  tube  measurements  in  a 
three-dimensional  shock-wave  boundary-layer  interaction 
and  found  encouraging  agreement. 

As  a  result  of  the  increased  viscous  dissipation  in  com¬ 
pressible  boundary  layers  is  a  decrease  in  the  skin-friction 
coefficient  with  increasing  Mach  number  (at  fixed  Re). 
The  low  density  of  the  fluid  near  the  wall  indirectly  results 
in  a  decrease  in  the  slope  of  the  non-dimensionalized  ve¬ 
locity  profile  relative  to  that  for  an  equivalent-Reynolds- 
number  incompressible  boundary  layer.  Since  density 
he»s  a  stronger  dependence  on  temperature  than  viscos¬ 
ity  does,  the  skin-friction  coefficient  decreases  with  Mach 
number  (although  the  dimensional  wall  shear  increases 
due  to  the  increase  in  velocity).  The  general  trends  for 
hot  and  cold  walls  can  be  predicted  from  these  considera¬ 
tions,  with  heated  walls  leading  to  lower  Cf  (Hinze,  1975, 
Pernholz,  1971,  Pernholz  &:  Pinley,  1980). 

In  fact,  a  variety  of  experimental  correlations,  trans¬ 
formations,  and  finite-difference  solutions  exist.  Brad¬ 
shaw  (1977)  critically  reviewed  the  most  widely-used  skin- 
friction  formulas  and  found  that  a  variation  of  “van  Driest 
11”  (van  Driest,  1956)  exhibited  the  best  agreement  with 
reliable  zero-pressure-gradient  data,  with  less  than  10% 
error  for  0.2  <  T^j/Ta,,,  <  1.  Of  coiuse,  the  success  of  van 
Driest  II  is  mainly  due  to  the  fact  that  for  air  the  molec¬ 
ular  and  turbulent  Prandtl  numbers  are  close  to  unity. 


3.4  Scales  for  turbulent  transport 


and  the  length  scale  L.  That  is: 

tt  =  g(tm,R,M,y,L,....). 

We  know  that  the  energetic  structures  and  the  mean  mo¬ 
tion  have  characteristic  scales  of  the  same  order.  This 
suggests  that  the  previous  relationship  can  be  rewritten 
as 

tt  =  tmg{R,M,y,L,....)  (33) 

where  the  function  g  is  of  order  1.  If  we  assume 
Morkovin’s  hypothesis,  then  for  weak  compressibility  ef¬ 
fects,  for  example  in  boundary  layers  at  moderate  Mach 
numbers,  the  relation  between  the  scales  is  the  same  as 
at  low  speeds.  Equation  33  reduces  to: 

tt=t^g{R,y,L,....).  (34) 

The  turbulent  time  scale  is  defined  as  usual  by  k/ e.  The 
mean  time  scale  is  chosen  as  (dU/dy)~^,  the  turnover 
time  of  the  mean  motion,  as  in  low  speed  flows.  This 
choice  can  be  justified  as  follows.  The  main  role  of  the 
mean  inhomogeneity  is  to  amplify  tiubulence  through  lin¬ 
ear  mechanisms  described,  for  example,  by  rapid  distor¬ 
tion  theories.  In  general,  a  fluctuation  subjected  to  mean 
shear  obeys  an  equation  of  the  form: 


Du'  ,dU 
Dt  dy 


=  /• 


In  this  equation,  /  represents  the  pressiue,  non-linear  and 
viscous  terms.  It  appears  from  the  linear  left  hand  side 
that  the  amplification  of  u'  by  linear  mechanisms  occurs 
with  a  time  constant  of  order  of  {dU/dy)~^  (for  incom¬ 
pressible  tiubulence,  the  role  of  the  pressure  terms  in  /  is 
to  reduce  u'dU /dy,  but  the  order  of  magnitude  remains 
unchanged).  The  mean  time  scale  can  therefore  be  inter¬ 
preted  as  a  response  time  of  fluctuations  to  mean  homo¬ 
geneity,  and  it  must  therefore  be  of  order  (dU/dy)~^.  If 
we  evaluate  /  in  the  zone  where  the  shear  is  constant,  and 
where  production  and  dissipation  are  equal: 


In  the  analysis  of  the  mean  velocity  distributions  in  su¬ 
personic  boundary  layers  it  was  assumed  that  the  mix¬ 
ing  length  distribution  was  the  same  as  in  subsonic  flows. 
This  comprises  essentially  a  variable  fluid  property  as¬ 
sumption,  that  is,  the  mechanisms  governing  turbulent 
transport  are  the  same  as  at  low  speed,  and  the  varia¬ 
tions  of  density  are  taken  in  account  by  scaling  the  local 
stress.  This  hypothesis  is  quite  successful,  since,  as  we 
have  seen,  experimental  evidence  supports  that  the  log 
law  is  observed  on  the  van  Driest  transformed  velocity, 
with  the  same  constant  as  in  at  low  speed.  Therefore  it 
may  be  expected  that  the  typical  size  of  the  energetic  ed¬ 
dies  producing  turbulent  transport  obeys  the  same  laws 
as  in  subsonic  flows.  Note  that  this  scale  is  built  on  the 
shear  stress  —uv,  and  that  it  is  a  scale  related  to  turbulent 
diffusion. 

The  following  discussion  has  been  adapted  from  the  re¬ 
cent  work  by  Dussauge  &  Smits  (1995).  Consider  the 
characteristic  time  scales  of  the  turbulent  and  mean  mo¬ 
tions.  The  turbulent  time  scale  tt  can  be  expressed  as  a 
function  of  mean  time  scale,  flow  parameters  such  as  the 
Reynolds  and  Mach  numbers  R  and  M,  the  position  y 


—pu'v'  —pu'v'  =  pwUr  ■ 

Moreover,  in  this  region,  we  assume  that  similarity  of  the 
profile  is  achieved  by  using  either  a  viscous  length  scale,  or 
an  external  length  scale.  We  denote  L  the  scale,  whatever 
the  choice.  Equation  34  can  then  be  rewritten  as: 

•A  =  9(f« . )  (35) 

PwUt  \L  ) 

We  recognize  in  equation  35  the  scaling  proposed  by 
Morkovin  for  the  similarity  of  the  Reynolds  stresses:  simi¬ 
larity  is  achieved  if  the  local  velocity  scale  in  the  constant 
stress  region  is  now  •y/(p«,/p)uT  instead  of  Ut.  We  can 
now  define  a  length  scale  in  the  particular  case  when  pro¬ 
duction  is  balanced  by  dissipation.  The  turbulent  time 
scale  is  defined  as  A/u',  where  u'  is  a  characteristic  scale 
for  velocity  fluctuations,  for  example  \fk.  Equating  this 
time  to  k/e,  and  setting  e  equal  to  production  gives  the 
relation: 

A  _  pk 
u'  p.a,UrdU/dy 
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or,  according  to  equation  35, 

. )i>m- 

From  equation  36,  it  can  be  deduced  that  the  length 
scale  is  the  same  in  subsonic  and  supersonic  flows  when 
the  ratio  v! KpU jdy)  is  unchanged.  This  implies  that 
the  scaling  for  density  effects  should  be  the  same  for  it' 
and  9/7  jdy.  We  know  from  experiment  (and  from  equa¬ 
tion  35)  that  in  supersonic  layers,  v!  varies  like  ■ 
We  also  know  that  dU/dy  varies  as  since  the  van 

Driest  transformed  velocity  obeys  the  same  log-law  as  in 
subsonic  flows.  Therefore  the  characteristic  length  scales 
governing  turbulent  transport  should  not  change  in  the 
supersonic  regime. 

To  conclude  these  scaling  considerations  on  turbulent 
transport,  it  should  be  emphasized  that  the  presence  of  a 
logarithmic  region  in  the  mean  velocity  profile  is  a  neces¬ 
sary  condition,  and  that  we  have  only  considered  a  single 
velocity  scale  and  a  single  length  scale.  This  was  ap¬ 
plied  to  turbulent  stresses,  which  are  represented  by  a 
tensor.  Therefore,  it  is  likely  that  the  results  we  obtained 
are  related  mainly  to  a  single  component  or  to  the  tur¬ 
bulent  kinetic  energy,  but  not  to  all  of  the  components. 
Finally,  equations  33  and  35  may  give  some  insight  into 
the  influence  of  compressible  turbulence  on  the  high  speed 
boundary  layers,  and  indicate  some  possible  ways  to  in¬ 
vestigate  departures  from  Morkovin’s  hypothesis  in  these 
flows.  In  equation  33,  an  acoustic  time  scale  (or  a  Mach 
number)  may  be  introduced,  while  the  equilibrium  condi¬ 
tion  should  be  modified  by  balancing  the  dissipation  rate 
by  the  sum  of  production  and  pressure  divergence  terms, 
and  by  modifying  equation  35. 


3.5  Mean  turbulence  behavior 

Sandborn  (1974)  and  Fernholz  &  Finley  (1981)  both  crit¬ 
ically  reviewed  turbulence  measurements  in  supersonic 
boundary  layers.  While  many  data  sets  were  acquired 
in  the  period  between  the  two  reviews,  their  conclusions 
were  similar  and  they  continue  to  be  relevant.  In  particu¬ 
lar,  accurate,  repeatable  measurements  of  the  Reynolds- 
stress  tensor  are  still  needed  over  a  wide  Mach-number 
range.  The  most  well-documented  component  is  the  lon¬ 
gitudinal  normal  stress,  which  has  been  widely  measured 
and  properly  scaled.  But  there  have  been  so  few  system¬ 
atic  investigations  of  the  effects  of  Reynolds  number  and 
wall  heat  transfer  in  supersonic  flow  that  their  influence 
on  the  turbulence  field  is  not  well  known.  The  reason 
for  the  scarcity  of  measurements  and  their  genera,lly  poor 
quality  is  simple:  the  measurement  of  turbulence  quanti¬ 
ties  in  supersonic  boundary  layers  is  exceedingly  difficult, 
with  the  level  of  difficulty  increasing  with  flow  complexity 
and  Mach  number.  But  furthermore,  there  are  significant 
measurement  and  data-reduction  errors  associated  with 
every  technique  designed  to  measure  fluctuating  veloci¬ 
ties  in  supersonic  flow:  thermal  anemometry  (see  Smits 
&;  Dussauge,  1989),  laser-Doppler  velocimetry  (Johnson, 
1989),  and  advanced  laser-based  techniques  such  as  laser- 
induced  fluorescence  (Logan,  1987,  Miles  &  Nosenchuck, 
1989). 


Figure  7:  Distribution  of  turbulent  velocity  fluctuations 
in  boundary  layers.  Measurements  are  from  Kistler  (1959) 
and  Klebanoff  (1955).  Figure  from  Schlichting  (1979). 


Despite  these  uncertainties  in  the  measurements,  certain 
trends  can  be  distinguished.  For  example,  when  the  longi¬ 
tudinal  velocity  fluctuations  are  normalized  by  the  shear 
velocity,  there  is  a  clear  decrease  in  fluctuation 

level  with  increasing  Mach  number  (see  Kistler,  1959, 
Fernholz  &  Finley,  1981).  This  is  shown  in  figure  7. 
However,  when  the  streamwise  normal  stress  is  normal¬ 
ized  by  the  wall  shear  stress,  the  data  exhibit  some  de¬ 
gree  of  similarity  (as  suggested  in  section  3.4),  particu¬ 
larly  in  the  outer  layer  (see  figure  8).  This  formulation 
of  the  velocity  fluctuations  indicates  the  success  of  the 
scaling  suggested  by  Morkovin  (1962)  to  account  for  the 
mean-density  variation,  and  provides  some  support  for 
the  discussion  given  in  section  3.4.  In  fairness,  it  should 
be  mentioned  that  Fernholz  &  Finley  (1981),  in  consider¬ 
ing  an  earlier  set  of  data,  concluded  that  the  streamwise 
Reynolds  stress  did  not  show  a  similar  behavior  in  the 
outer  region,  no  matter  which  velocity  scale  was  used  in 
the  non-dimensionalization.  It  appears  that  the  later  data 
shown  in  figure  8  displays  a  more  regular  behavior.  The 
streamwise  normal  stress  distribution  for  supersonic  flows 
is  in  fair  agreement  with  the  incompressible  results  of 
Klebanoff  (1955),  except  near  the  wall  where  reduced  ac¬ 
curacy  affects  the  supersonic  measiuements.  Morkovin’s 
seeding  appears  to  be  appropriate  to  at  least  Mach  5.  Mea¬ 
surements  by  Owen  et  al.  (1975)  at  Me  =  6.7  and  Lader- 
man  &  Demetrieides  (1974)  at  Me  =  9.4  exhibit  damped 
turbulent  fluctuations,  particularly  near  the  wall.  Since 
both  of  the  hypersonic  data  sets  are  for  cold-wall  condi¬ 
tions,  this  may  simply  indicate  the  stabilizing  effect  of 
cooling. 

Cross-wire  measurements  of  both  streamwise  and  wall- 
normal  components  of  velocity  have  suggested  additional 
apparent  differences  between  Mach  3  and  incompressible 
boimdary-layer  structure  (Smits  et  al.,  1989).  Measure- 
ments  of  and  are  less  common  than  those  of 
the  data  exhibit  more  scatter,  and  the  conclusions  are 
therefore  less  certain.  In  contrast  to  the  streamwise  tur¬ 
bulence  intensity,  both  distributions  appear  to  increase 
shghtly  with  increeising  Mach  number  (Fernholz  &  Fin- 
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Figure  8:  Velocity  fluctuation  intensity  in  supersonic 
boundary  layers:  Ht,  Dussauge  &  Gaviglio  (1987);  , 

M  ==  1.72;  O,  M  =  3.56;  O,  M  =  4.67,  Kistler  (1959); 
A,  hot  wire;  O,  laser,  M  =  2.9,  Johnson  Rose  (1975); 

,  M  =  2.9,  Smits  et  al.  (1989);  ■,  M  =  2.32,  Elena 
&  Lacharme  (1988);  D,  Af  =  2.3,  Debieve  (1983);  , 

M  =  2.32,  Elena  &  Gaviglio  (1993);  O,  M  =  3,  Yanta 
&  Crapo  (1976).  Figure  taken  from  Dussauge  &  Gaviglio 
(1987). 


ley,  1981).  In  this  case,  Morkovin’s  scaling  does  not  col¬ 
lapse  the  data,  and  and  'pw'‘^/Tw  show  no  real 

trend  toward  similarity. _ Konrad  (1993)  using  hot-wire 

anemometry  found  that  w'^  and  v'^  in  a  Mach  2.9  bovmd- 
ary  layer  were  approximately  equal  throughout  the  layer 
(see  figure  9).  In  contrast,  the  measurements  by  Elena 
&  Lacharme  (1988)  in  a  Mach  2.3  boimdary  layer  us¬ 
ing  laser  Doppler  anemometry  indicate  that  the  behav¬ 
ior  of  u'^/ut  is  almost  identical  to  that  found  in  subsonic 
flows  (see  figure  10).  The  behavior  of  the  anisotropy 
parameter  is  therefore  not  clear:  the  measurements  by 

Elena  &:  Lacharme  (1988)  indicate  that  j is  al¬ 
most  the  same  as  in  subsonic  flows,  whereas  the  hot-wire 
measurements  by  Fernando  fe  Smits  (1990)  and  Konrad 
(1993)  indicate  that  this  ratio  increases  with  Mach  num¬ 
ber  (Reynolds  number  effects  were  shown  to  be  negligibly 
small  in  Dussauge  et  al.  (1996)).  The  limited  nature  of 
the  data  precludes  any  conclusions  regarding  the  effects 
of  compressibility  on  this  structure  parameter. 

Sandborn  (1974)  reviewed  direct  measurements  and  in¬ 
direct  evaluations  of  the  zero-pressure-gradient  Reynolds 
shear  stress,  — pu'u'  (a  later,  more  comprehensive  study 
was  provided  by  Fernholz  &  Finley,  1981).  Sandborn 
constructed  a  ‘best  fit’  of  normalized  shear  stress  pro¬ 
files  (t/Tw)  from  integrated  mean-flow  data  taken  by  a 
variety  of  researchers  over  a  wide  Mach-nmnber  range, 
2.5  <  Mao  <  7.2  (extended  to  Mach  10  by  Watson  (1978) 
for  adiabatic  and  cold  walls).  The  data  indicate  a  near- 
universal  shear-stress  profile  that  agrees  well  with  the  in¬ 
compressible  measurements  of  Klebanoff  (1955)  (see  fig- 
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Figure  9:  Turbulence  distributions  in  a  Mach  2.9 
boundary  layer,  measured  using  hot-wire  probes  (Ree  = 
65,000).  Adapted  from  Konrad  (1993). 
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Figure  10:  Turbulence  distributions  in  a  Mach  2.3 
boundary  layer,  measured  using  LDV  (Ree  =  5,650). 
Figure  from  Elena  &  Lacharme  (1988). 

ure  11).  As  Sandborn  pointed  out,  the  universality  of 
t/tu,  over  such  a  wide  Mach-number  range  is  not  surpris¬ 
ing  in  light  of  the  fixed  constraints  on  the  values  of  the 
shear  stress  at  the  wall  and  in  the  freestream.  Even  so,  the 
only  Reynolds  shear  stress  measurements  to  agree  with 
the  ‘best  fit’  in  1974,  and  then  only  in  the  outer  layer, 
were  the  LDV  data  of  Rose  &  Johnson  (1975).  Subse¬ 
quent  Reynolds  shear  stress  measurements  by  Mikulla  & 
Horstman  (1975),  Kussoy  et  al.  (1978),  Robinson  (1983), 
Smits  &  Muck  (1984),  and  Donovan  et  al.  (1994)  (all  us¬ 
ing  hot  wires  except  Robinson)  have  exhibited  modest 
agreement  with  Sandborn’s  best  fit  and  the  incompress¬ 
ible  distribution.  The  agreement  is  limited  to  the  outer 
layer,  with  great  scatter  in  the  irmer  layer  and  most  pro¬ 
files  not  tending  toward  t/tw  =  1  near  the  wall.  The  data 
in  the  inner  layer  do  not  scale  with  yurl^w,  almost  cer¬ 
tainly  because  of  the  difficulties  with  the  measurements. 

The  behavior  of  the  shear  correlation  coefficient  R^v  is 
affected  strongly  by  the  level  of  In  the  measurements 
by,  for  example,  Fernando  &  Smits  (1990)  at  Mach  2.9, 
Ruv  decreases  significantly  with  distance  from  the  wall, 
from  a  value  of  about  0.45  near  the  wall  to  about  0.2 
near  the  boundary  layer  edge  (see  figure  12).  This  is  in 
contrast  to  most  subsonic  flows  where  the  correlation  co¬ 
efficient  is  nearly  constant  at  a  value  of  about  0.45  in  the 
region  between  0.1(5  and  0.8^.  As  can  be  seen  in  the  fig¬ 
ure,  the  data  by  Elena  &  Lacharme  (1988)  at  Mach  2.3 
follow  the  subsonic  distribution  closely,  and  it  is  difficult 
to  say  what  the  effect  of  compressibility  is  on  the  level  of 
Ru^  without  further  experiments.  However,  the  subsonic 
data  showed  that  the  maximum  value  of  increases  sig¬ 
nificantly  with  Reynolds  number  (Dussauge  et  al.,  1996), 
and  considering  that  there  is  about  a  factor  of  15  dif¬ 
ference  in  the  Reynolds  numbers  between  the  results  of 
Fernando  &  Smits  (1990)  and  Elena  &  Lacharme  (1988), 
the  differences  seen  in  the  distribution  of  may  well 
indicate  the  effects  of  Reynolds  number.  Joint  probabil¬ 
ity  density  distributions  of  the  two  velocity  (or  mass-flux) 
components  may  also  be  soinewhat  different  between  sub¬ 
sonic  and  supersonic  flows,  with  the  supersonic  case  fa¬ 
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Figure  11:  Distribution  of  turbulence  shear  stress  in 
boundary  layers  at  supersonic  speed.  Figure  from  Sand- 
born  (1974). 
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Figure  12:  Distribution  of  R^v  in  subsonic  and  super¬ 
sonic  boundary  layer:  (a)  Data  from  Elena  &  Lacharme 
(1988):  the  dotted  fine  corresponds  to  the  subsonic  data 
of  Klebanoff  (1955).  (b)  Data  from  Fernando  &  Smits 
(1990):  the  filled-in  symbols  are  subject  to  errors  due  to 
transonic  effects. 
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Figure  13:  Test  of  the  Strong  Reynolds  Analogy  in  a 
supersonic  boundary  layer  (Me  =  2.32,  Ree  =  5,650). 
Data  from  Debieve  (1983). 

voring  vertical  fluctuations  in  the  mid-layer  slightly  more 
than  the  subsonic  case  (for  further  details  see  Fernando 
&  Smits,  1990),  but  again  the  evidence  is  not  conclusive. 

In  section  2.3  the  Strong  Reynolds  Analogy  was  discussed. 
Some  measurements  designed  to  test  the  validity  of  this 
analogy  in  adiabatic  flows  are  presented  in  figures  13  and 
14.  The  results  indicate  that  the  SRA  is  closely  fol¬ 
lowed  in  supersonic  boundary  layers,  and  the  correlation 
coefficient  R^t  is  close  to  the  value  of  0.8  throughout 
the  layer  (note  that  for  y/6  >  0.8,  the  assumptions  used 
in  the  data  reduction  are  probably  invalid).  This  value 
is  considerably  higher  than  that  found  in  slightly  heated 
subsonic  flows,  as  seen  in  figure  14,  and  the  reason  is  not 
entirely  clear.  However,  the  SRA  can  be  a  very  useful  tool 
in  describing  the  behavior  of  supersonic  turbulent  bound¬ 
ary  layers,  especially  in  formulating  turbulence  models. 
The  SRA  can  also  be  extended  to  non-adiabatic  flows,  as 
discussed  by  Gavigho  (1987). 

At  hypersonic  Mach  numbers,  it  is  possible  that  the  triple 
correlation  p'u'v'  may  become  comparable  to  the  ‘in¬ 
compressible’  Reynolds  shear  stress,  pu'v',  since  p'/P  ~ 
M^u'/U.  Owen  (1990)  evaluated  the  various  contribu¬ 
tions  to  the  ‘compressible’  Reynolds  shear  stress  at  Mach 
6  through  simultaneous  use  of  two-component  LDV  and  a 
normal  hot  wire.  His  results  indicate  that  f/u'v'  is  negligi¬ 
ble  compared  to  'pu'v'.  Even  though  density  fluctuations 
increase  with  the  square  of  the  Mach  number,  it  should  be 
remembered  that  the  main  contribution  to  the  Reynolds 
shear  stress  occurs  in  the  region  where  the  local  Mach 
number  is  small  compared  to  the  freestream  value,  so  this 
‘hypersonic  effect’  should  only  be  important  at  very  high 
freestream  Mach  number. 

The  stagnation-temperature  fluctuation  must  be  known 
to  evaluate  the  turbulent  heat-flux  correlation,  —Cp'pv'T' . 
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Figure  14:  Distribution  of  R^t  in  boundary  layers. 
Curve  1:  Me  =  2.32,  Ree  =  5,  650,  from  Debieve  (1983). 
Curves  2  and  3:  Me  —  1.73,  Ree  —  5, 700,  from  Dussauge 
(1981).  Curve  4:  Me  <<  1,  Ree  =  5,000,  from  Pulachier 
(1972).  Figure  from  Elena  &  Gaviglio  (1993). 

Kistler  (1959)  observed  that  Tq^^^/Tq  increased  with 
Mach  number,  with  maxima  of  0.02  at  Moo  =  1-72  and 
0.048  at  Moo  =  4.67.  If  Kistler’s  data  is  alternately  non- 
dimensionalized  by  either  (Fernholz  Finley,  1981)  or 
Tr  —  Te  (Sandborn,  1974),  the  Mach-number  dependence 
appears  to  be  eliminated,  but  similarity  of  the  stagnation- 
temperature  distributions  is  not  achieved.  Similar  con¬ 
clusions  are  reached  from  measurements  by  Morkovin 
Phinney  (1958)  and  Horstman  &  Owen  (1972).  The  maxi¬ 
mum  level  of  stagnation-temperature  fluctuations  is  about 
6%  (for  M  <  7).  Further  analysis  of  these  data  shows  that 
scales  according  to  either  Toe  —  T^u  or  Toe  —  Tt  .  The 
fluctuations  in  total  temperature  appear  to  be  produced 
by  the  difference  in  stagnation  temperature  between  the 
wall  and  the  freestream,  and  not,  for  example,  by  the 
unsteadiness  in  pressure,  through  the  term  dp/dt  in  the 
total  enthalpy  equation.  In  these  experiments,  the  max¬ 
imum  of  Tor^,/{Tos  —  Tt)  is  about  0.5,  regardless  of  the 
Mach  number,  a  rather  satisfactory  result  since  it  shows 
that  the  total  temperature  fluctuations  are  of  the  order  of 
(but  less  than)  the  total  temperature  difference  across  the 
boundary  layer.  Finally,  “rm* 

and  Trms,  but  not  low  enough  to  satisfy  the  strict  Strong 
Reynolds  Analogy  (see  Gaviglio,  1987).  In  fact,  the  SRA 
can  be  used  to  estimate  that  To  is  about  60%  of  T™ . 

at  Mach  3  (Smits  fe  Dussauge,  1989). 

3.5.1  Outer- layer  structure 

There  is  also  considerable  controversy  regarding  the  na^- 
ture  of  the  outer-layer  structiue.  Nevertheless,  a  general 
picture  has  emerged.  A  specific  characteristic  component 
of  the  outer  layer  is  beheved  to  be  the  large  scale  turbulent 
“bulge”,  also  referred  to  as  a  “large  scale  motion”  (LSM). 
The  large  scale  motions  evolve  and  decay  slowly  as  they 
convect  downstream,  and,  on  average,  they  are  inclined 
to  the  wall  at  an  acute  angle,  leaning  in  the  downstream 
direction.  Between  neighboring  bulges,  the  flow  is  irrota- 
tional,  resulting  in  the  intermittent  character  of  the  outer 
layer.  Figure  15  shows  several  LSM’s.  The  structures 
are  seen  to  vary  greatly  in  size  and  inclination  angle.  The 
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Figure  15:  Flow  visualization  by  Falco  (1977),  of  a  boundary  layer  at  Reg  ss  4,000,  obtained  by  seeding  the  flow  with 
a  fog  of  oil  droplets,  and  illuminating  the  flow  with  a  planar  laser  sheet.  Flow  is  from  left  to  right.  Figure  from  Van 
Dyke  (1982). 


properties  of  the  large  scale  motions,  such  as  length  scales, 
time  scales,  convection  velocity,  and  stucture  angle,  as 
well  their  internal  structure,  such  as  velocity,  vorticity, 
and  pressure  fields,  remain  the  subject  of  controversy  and 
active  research.  Furthermore,  the  Reynolds  number  and 
Mach  number  dependence  of  the  LSM’s,  if  any,  is  not  well 
imderstood. 

Part  of  the  difficulty  in  experimental  studies  of  the  outer- 
layer  structure,  as  it  is  in  studies  of  the  inner-layer  struc¬ 
ture,  is  finding  an  unambiguous  criterion  for  ensemble- 
averaging.  One  method  is  based  on  discriminating  be¬ 
tween  “turbulent”  and  “non-tmbulent”  fluid,  and  using 
the  intermittency  function  (a  box-car  logic  function)  to 
sort  the  data.  The  most  basic  output  is  the  intermit¬ 
tency  itself,  7,  which  is  the  fraction  of  the  time  the  flow 
is  judged  to  be  turbulent.  One  definition  of  7  is  3/F, 

where  the  flatness  F  =  u'*  j (u'^)^.  The  distribution  of  F 
is  shown  in  figure  16  for  a  number  of  different  freestream 
Mach  numbers.  The  results  imply  that  the  intermittency 
in  the  outer  part  of  the  layer  decreases  with  Mach  num¬ 
ber.  Another  method  uses  the  VITA  technique  originally 
developed  by  Blackwelder  fe  Kaplan  (1976)  for  studies 
of  the  near-wall  bursting  process.  A  variety  of  similar 
techniques  have  been  developed  (for  example,  VISA  by 
Kim  &  Spalart  (1987),  WAG  by  Antonia  et  al.  (1990a), 
Antonia  et  al.  (1990b)),  but  they  are  all  subject  to  am¬ 
biguities  related  to  the  imcertainties  in  setting  threshold 
levels.  Nevertheless,  they  may  still  give  useful  insights  if 
carefully  used. 

Another  useful  method  for  investigating  the  large  scale 
structure  is  multiple-point  measurements  of  one  or  more 
flow  variables,  typically  velocity,  density,  wall  pressure, 
and  wall  shear  stress.  The  data  are  then  analysed  in  the 
context  of  space-time  correlations.  The  correlation  of  two 
variables  measured  at  two  points  in  the  flow  field  is  given 

by 
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Figure  16:  Comparison  of  flatness  distributions:  Q, 
Owen  et  al.  (1975)  {Reg  =  8,500,  M  =  7),  based  on 
mass  flux;  O,  Robinson  (1986)  {Reg  —  15,000,  M  =  3.0, 
based  on  mass  flow;  A,  Klebanoff  (1955)  {Reg  =  7, 100, 
M  «  0),  based  on  velocity.  Figure  from  Robinson  (1986). 
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a(x,  y,  z,  t)b{x  +  ^x,y  +  ^y,  z  +  ^z,t  +  t) 

^rms^rma 

where  a  and  b  are  the  two  flow  variables  being  correlated, 
Cx)  Cy>  ^nd  are  the  separations  between  the  two  points 
in  the  three  coordinate  directions  x,  y,  and  z,  respectively, 
and  r  is  the  time  delay  applied  to  the  signal  of  variable 
b.  For  the  case  when  both  a  and  b  are  velocities.  Rah  is 
typically  denoted  by  Rij ,  where  i  and  j  are  the  indices  of 
the  velocity  components  (fin  =  fiuu,  R12  =  fiii«,  etc. . , 
When  any  of  are  nonzero  in  equation  37,  Rab  is  called  a 
space-time  correlation.  Space-time  correlations  generally 
have  a  single  well-defined  peak,  which  occurs  at  r  =  T^ax , 
the  optimum  time  delay,  which  may  be  nonzero. 


3-6  Boundary-layer  structure 

The  eddy-structure  and  internal  dynamics  of  compressible 
turbulent  boundary  layers  play  an  important  role  in  many 
aerospace  engineering  applications.  These  include  turbu¬ 
lent  mixing  for  high-speed  propulsion  systems,  tripping  of 
hypersonic  laminar  boundary  layers  (for  inlet  efficiency), 
acoustic  noise  generation  and  propagation  from  high¬ 
speed  engines,  surface  heat-transfer  on  high-speed  vehi¬ 
cles,  performance  optimization  for  low-observable  config¬ 
urations,  and  imsteadiness  in  shock/turbulent  boundary 
layer  interactions.  The  following  review  was  adapted  from 
the  paper  by  Spina  et  al.  ,  where  further  details  may  be 
found. 

The  current  state  of  knowledge  concerning  compressible 
boundary  layer  structure  is  limited  to  large-scale  motions 
in  the  outer-region,  and  is  derived  largely  from  recent 
studies  by  Spina  et  al.  (1991a),  Spina  et  al.  (1991b),  Smits 
et  al.  (1989),  Spina  &  Smits  (1987),  Fernando  &:  Smits 
(1990),  Donovan  et  al.  (1994),  and  Robinson  (1986)  of 
flat-plate  layers  with  free-stream  Mach  numbers  of  ap¬ 
proximately  3.0.  These  studies  were  preceded  by  a  pio¬ 
neering  investigation  by  Owen  &  Horstman  (1972),  who 
made  extensive  two-point  cross-correlation  measurements 
with  hot-wires  in  a  Mach  7.2  boundary  layer.  Most  of  the 
results  available  in  the  hterature  were  obtained  using  hot¬ 
wire  anemometry  (with  its  attendant  limitations),  with 
some  degree  of  corroboration  by  high-speed  flow  visual¬ 
ization  techniques  (Cogne  et  al.,  1993,  Smith  &  Smits, 
1988). 

For  moderate  Mach  numbers,  the  outer  region  of  the 
boundary  layer  (beyond  the  logarithmic  region)  is  domi¬ 
nated  by  the  entrainment  process  rather  than  by  turbu¬ 
lence  production.  Thus  the  available  studies  of  supersonic 
tmbulent  boundary  layer  structure  are  primarily  relevant 
to  the  processes  by  which  the  boimdary  layer  grows.  In 
contrast,  for  subsonic  turbulent  boimdary  layers,  most  of 
the  attention  has  focused  upon  the  near-wall  tiubulence 
production  processes.  In  addition,  while  most  structiue 
measurements  in  supersonic  flow  have  been  conducted  at 
very  high  Reynolds  number,  the  majority  of  studies  in 
subsonic  flow  has  been  at  quite  low  Reynolds  number. 
These  mismatches  in  emphases  between  subsonic  and  su¬ 
personic  investigations  sometimes  make  comparisons  in¬ 
conclusive,  at  least  for  isolating  effects  of  compressibility 
on  turbulence  physics.  To  avoid  the  additional  uncer¬ 
tainties  due  to  measinement  difficulties,  it  seems  best  to 


Figure  17:  Rayleigh  scattering  image  of  a  turbulent 
boundary  layer  in  a  Mach  8  flow  at  Reg  —  3, 200.  Flow  is 
from  left  to  right.  Figure  from  Baumgartner  et  al.  (1997). 

study  quantities  which  are  largely  independent  of  calibra.- 
tion  and  measurement  errors,  such  as  the  intermittency, 
ratios  of  Reynolds  stresses,  space-time  correlations  and 
structure  angles. 

The  intermittency  is  one  measure  of  the  waUward  ex¬ 
tent  of  the  entrainment  process.  The  intermittency  pro¬ 
file  is  often  estimated  with  measurements  of  u'  flatness. 
The  measured  flatness  profile  displays  an  apparent  Mach- 
number  dependence  (see  figure  16),  wherein  the  onset  of 
intermittency  (corresponding  to  the  rise  in  flatness  fac¬ 
tor)  occurs  nearer  the  boundary-layer  edge  as  the  Mach 
number  increases.  Since  the  cone  of  influence  of  a  flow  dis¬ 
turbance  is  inversely  proportional  to  Mach  number,  the 
intermittent  zone  could  become  thinner  as  the  Mach  num¬ 
ber  increases.  This  interpretation  is  not  fully  supported 
by  high-speed  flow  visuahzations,  however,  so  the  data  re¬ 
main  provocative.  For  example,  Rayleigh-scattering  flow 
visualization  by  Baumgartner  et  al.  (1997)  show  deep  po¬ 
tential  inclusions  into  the  turbulent  eddies  of  a  Mach  8 
boundary  layer  (figure  17)  in  patterns  that  are  strikingly 
similar  to  visualizations  of  low-speed  boimdary  layers.  Es¬ 
timates  of  the  intermittency  distribution  from  such  im¬ 
ages  indicate  very  good  agreement  with  the  subsonic  data 
by  Klebanoff  (1955),  suggesting  that  the  earlier  results 
may  be  flawed  in  some  way. 

For  both  incompressible  low  Reynolds  number  boundary 
layers,  and  compressible  high  Reynolds  number  boundary 
layers,  the  most  identifiable  feature  of  the  outer-region  is 
a  downstream-sloping  shear-layer  interface  between  up¬ 
stream  high-speed  fluid  and  downstream  low-speed  fluid. 
(Unfortunately,  these  structures  have  been  labeled  both 
“fronts”  and  “backs”  in  the  literature.)  These  interfaces 
are  three-dimensional  shear  layers  which  are  believed  to 
form  the  upstream  side  of  the  largest  of  the  boundary- 
layer  eddies,  and  remain  coherent  long  enough  to  convect 
several  boundary-layer  thicknesses  downstream.  They  are 
not  inert,  however,  since  Spina  et  al.  (1991a)  have  shown 
that  40%  of  the  outer-layer  Reynolds  shear  stress  can 
be  found  in  the  neighborhood  of  these  sloping  interfaces 
(causality  is  not  implied.)  The  intense  turbulence  produc¬ 
tion  processes  near  the  wall  in  the  Mach  3  layer  have  not 
been  investigated,  but  incompressible  experience  suggests 
that  the  large-scale  sloping  interfaces  are  not  closely  affili¬ 
ated  with  near-wall  regions  of  high  Reynolds  shear  stress. 

Sloping  interfaces  are  easily  detected  with  dual  hot-wires 
separated  in  y,  using  either  traditional  space-time  corre¬ 
lations,  or  a  variety  of  conditional  sampling  techniques. 
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For  Mach  3  turbulent  boundary  layers,  the  effect  of  com¬ 
pressibility  on  the  large-scale  outer  structures  has  heen 
found  to  be  generally  small,  which  may  be  expected  since 
the  fluctuating  Mach  number  in  the  outer  regions  is  un- 
bkely  to  approach  imity  (figure  3).  However,  differences 
between  subsonic  and  supersonic  large-scale  motions  have 
been  observed,  and  some  of  these  results  were  mentioned 
in  earlier  sections.  The  main  results  can  be  summarized 
as  follows. 

The  average  “structure  angle”  at  which  delta-scale  in¬ 
terfaces  lean  downstream  in  a  Mach  3  turbulent  bormd- 
ary  layer  ranges  from  45°  to  60°  (standard  deviation 
w  20°)  across  most  of  the  boundary  layer,  with  a  de¬ 
crease  near  the  wall  and  an  increase  near  the  boundary 
layer  edge.  The  measmed  value  of  the  structure  angle  is 
strongly  dependent  on  measurement  technique,  although 
one  method  in  current  favor  employs  two  hot-wires,  sep¬ 
arated  by  a  fixed  distance  in  y  of  0.15  to  0.35,  with  both 
traversed  across  the  layer.  Structure  angles  measured  us¬ 
ing  this  technique  in  subsonic,  low-Reynolds-niunber  tur¬ 
bulent  boundary  layers  are  somewhat  lower  than  those 
for  Mach  3,  high-Reynolds-number  layers  (Alving  et  o/., 
1990b).  As  indicated  in  section  3.7,  it  seems  likely  that 
increasing  Reynolds  number  decreases  the  structure  an¬ 
gle,  while  increasing  Mach  number  increases  the  structure 
angle. 

Hot-wire  and  flow  visualizations  show  that  the  sloping 
delta-scale  structures  convect  downstream  at  approxi¬ 
mately  90%  of  the  freestream  velocity  (slightly  greater 
than  for  similar  structures  in  low  Reynolds  number,  in¬ 
compressible  turbulent  boimdary  layers),  and  persist  for 
at  least  4  bormdary-layer  thicknesses  (and  probably  much 
farther)  downstream  (Spina  et  al.,  1991b). 

Space-time  correlation  measurements  by  Smith  (1994)  at 
Reynolds  numbers  in  the  range  4,600  <  Ree  <  13,200 
showed  that  the  broad-band  convection  velocity  and  the 
decay  of  the  large  scales  with  increasing  time  delay  scaled 
on  outer-layer  variables  (specifically  Ue  and  5)  were  only 
weakly  dependent  on  Reynolds  number.  However,  iso¬ 
correlation  contours  indicated  that  the  streamwise  length 
scales  increased  with  Reynolds  number,  in  agreement  with 
the  results  by  Liu  et  al.  in  a  fully-developed  channel  flow. 
Furthermore,  space-time  correlations  in  the  wall-normal 
direction  revealed  that  the  broeidband  structure  angle  de¬ 
creased  by  about  10°  over  the  same  range  in  Ree. 

Isocorrelation  contour  maps  (figures  18  and  19)  showed  an 
increase  of  between  30  and  60%  in  the  streamwise  length 
scale  over  the  same  Reynolds  number  range,  and  this  be¬ 
havior  may  be  related  to  the  decrease  in  the  structure 
angle.  The  spanwise  length  scale  showed  comparatively 
little  variation. 

These  subsonic  results  provide  an  interesting  contrast  to 
the  results  obtained  by  Spina  et  al.  (1991a)  in  a  Mach  3 
boundary  layer  with  Ree  =  80,000  (see  figures  20  and  21). 

In  the  supersonic  flow,  the  streamwise  length  scales  were 
two  to  three  times  smaller  than  in  the  subsonic  flow,  and 
the  structure  angles  were  about  10°  larger.  The  span- 
wise  scales  were  almost  independent  of  the  Mach  num¬ 
ber.  Now,  the  smaller  streamwise  scales  correlate  well 
with  the  increased  structiue  angle,  but  the  trend  with 
Reynolds  number  seen  in  the  subsonic  data  does  not  seem 
to  hold  for  the  supersonic  flow.  Therefore  it  seems  that 


Figure  18:  Isocorrelation  contour  maps  in  the  x-y  plane 
in  a  turbulent  boundary  layer  at  Ree  =  4, 981  (top)  and 
13,052  (bottom)  using  different  wall-normal  probe  sepa¬ 
rations:  a)  ^y/6  Rs  0.1.  Figure  from  Smith  (1994). 
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Figure  18  (cont.)  b)  ^y/S  «  0.2. 
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Figure  19:  Isocorrelation  contour  maps  in  the  x-z  plane 
in  a  turbulent  boundary  layer  at  y/S  =  0.09  (top) ,0.42 
(middle),  0.80  (bottom),  (a)  Ree  w  4,600.  Figure  from 
Smith  (1994). 


the  streamwise  length  scale  and  the  structure  angle  de¬ 
pend  on  the  Mach  number  and  the  Reynolds  number. 
These  observations  have  important  implications  for  de¬ 
veloping  turbulence  models  for  high  speed  flows,  where  it 
is  commonly  assumed  that  length  scales  follow  the  same 
scaUng  as  in  subsonic  flow,  and  only  fluid  proerty  varia^ 
tions  are  important.  The  fact  that  some  charaicteristics  of 
the  turbulence  depend  on  Meich  number  in  a  more  subtle 
way,  even  at  supersonic  speeds  where  these  assumptions 
work  reasonably  well,  indicate  that  at  higher  Mach  num¬ 
bers  the  scaling  will  need  to  include  compressibility  effects 
directly. 


3.7  Spectral  data 

Experimentally,  the  integral  scales  are  deduced  mainly 
from  one  point  hot-wire  measurements,  so  that  the  spa¬ 
tial  scales  are  deduced  using  Taylor’s  hypothesis.  Even 
when  measurements  of  two-point  correlations  are  avail¬ 
able  (see,  for  example.  Spina  &  Smits,  1987,  Robinson, 
1986),  it  is  often  difficult  to  determine  integral  scales  from 
the  data.  The  types  of  data  which  are  available  also  de¬ 
pend  on  the  measurement  technique.  For  instance,  when 
constant  current  anemometers  (CCA)  are  used,  time  his¬ 
tories  are  generally  not  measured.  Spectral  data  for  u' 
and  T'  can  be  obtained  directly  by  processing  the  signal 
with  the  fluctuation  diagram  technique  to  separate  the 
contributions  of  u'  and  T'  (see  Fulachier,  1972,  Bestion, 
1982,  Debieve,  1982,  Debieve,  1983,  Bestion  et  al.,  1983, 
Audiffren,  1993).  Bestion  (1982),  and  Audiffren  (1993) 
showed  that  for  an  adiabatic  flat-plate  boundary  layer  at 
a  Mach  numbers  of  2.3  the  shapes  of  the  spectra  of  (pu)' 


Figure  20:  Isocorrelation  contour  maps  in  the  x-y  plane 
in  a  turbulent  boundary  layer  at  Ree  —  81,000  and 
M  =  2.9  using  different  wall-normal  probe  separations: 
a)  =  0.09;  b)  iy/S  =  0.30;  c)  ^y/6  =  0.51.  Figure 
from  Spina  (1988). 


Figure  21 :  Isocorrelation  contour  maps  in  the  x-z  plane 
in  a  turbulent  boundary  layer  at  Reg  =  81, 000  and  M  = 
2.9  at  three  positions  in  the  boimdary  layer;  a)  y/S  = 
0.20;  b)  y/6  =  0.51;  c)  y/6  -  0.82.  Figure  from  Spina 
(1988). 
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and  u'  are  practically  the  same,  but  differ  considerably 
from  the  spectrum  of  total  temperature  To-  Therefore, 
when  anemometers  are  operated  with  a  single  overheat,  a 
sufficiently  high  value  of  the  resistance  should  be  chosen 
to  minimize  the  contribution  of  Tq  and  to  obtain  a  signal 
practically  proportional  to  (pu)'.  When  constant  temper¬ 
ature  hot-wire  anemometers  (CTA)  are  used  at  a  high 
overheat  ratio,  the  measured  signal  is  practically  propor¬ 
tional  to  {pu)',  which  in  turn  gives  spectral  information 
on  u'.  Such  data  can  be  instccurate  at  low  wave  num¬ 
bers.  The  spectral  measurements  of  velocity  and  temper¬ 
ature  performed  with  a  CCA  in  adiabatic  boundary  lay¬ 
ers  by  Morkovin  (1962),  Bestion  (1982),  Audiffren  (1993) 
show  that  the  ratio  {u' /U)/{T' /T)  at  low  frequencies  is 
not  a  constant,  and  that  the  spectral  correlation  coeffi¬ 
cient  RuT  if)  increases  to  unity  at  zero  frequency.  This 
may  be  the  cause  for  the  differences  in  the  shapes  of  the 
spectra  for  u'  and  (pu)'  at  low  frequencies,  depending 
on  the  Mach  number.  For  higher  fi'equencies,  the  ratio 
{v! /U)/{T' /T)  and  the  correlation  coefficient  are  approx¬ 
imately  constant,  and  the  spectra  are  nearly  proportional 
to  each  other. 

Now,  the  classical  integral  scale  can  be  determined  from 
one-point  measurements  by  integrating  the  autocorrela¬ 
tion  coefficient  of  v! .  It  is  then  necessary  to  define  the 
domain  of  integration,  since  the  autocorrelation  can  be¬ 
come  negative.  When  using  hot-wire  anemometry  in  su¬ 
personic  flows,  this  question  can  be  comphcated  by  possi¬ 
ble  “strain-gauge”  effects.  These  effects  can  cause  peaks 
in  the  spectrum,  which  may  be  acceptable  for  measure¬ 
ments  of  the  overall  stress  or  the  turbulence  energy,  but 
which  can  cause  spurious  oscillations  in  the  autocorrela¬ 
tions,  and  make  the  estimates  of  the  integral  scale  inac¬ 
curate. 

To  avoid  this  effect,  the  integral  scale  can  be  determined 
by  finding  the  value  of  the  energy  spectrmn  at  zero  fre¬ 
quency.  However,  since  the  signal  is  usually  filtered  with 
a  high-pass  filter,  it  has  zero  mean  and  its  spectrum  has  a 
zero  value  at  zero  frequency.  The  integral  scale  must  then 
be  found  by  extrapolating  the  spectrum  to  zero  frequency. 
In  practice,  the  value  at  a  frequency  slightly  larger  than 
the  limit  of  the  high-pass  filter  is  taken  as  the  best  esti¬ 
mate.  Moreover,  it  may  be  difficult  to  measure  the  low 
frequencies,  because  they  can  be  affected  by  noise  of  the 
power  supply,  and  by  the  peculiarities  of  each  wind  tuimel 
such  as  acoustic  resonances.  For  CTA  measurements,  it 
has  also  been  shown  that,  the  spectra  of  u'  and  of  {pu)' 
may  be  different  at  very  low  frequencies. 

For  these  reasons,  an  additional  scale  has  also  been  used. 
Since  we  expect  that  the  spectra  have  a  region  of 
dependence  in  the  logarithmic  zone,  E{k\)  varies  as 
and  kiE{ki)  is  constant  or  presents  a  maximum.  Here 
we  have  chosen  the  wave  number  for  which  this  maximiun 
occurs  as  the  (inverse  of  the)  characteristic  space  scale. 

This  probably  has  a  clearer  physical  meaning  than  the 
integral  scale,  since  for  the  incompressible  part  of  the 
fluctuating  motion  it  characterizes  the  eddies  extracting 
energy  from  the  mean  field.  As  indicated  earlier,  exper¬ 
imentalists  usually  measure  frequency  spectra,  so  that  a 
characteristic  frequency  is  measured,  and  then  a  length 
scale  is  deduced  using  Taylor’s  hypothesis.  There  is  usu¬ 
ally  a  considerable  amount  of  scatter  because  the  loca- 
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tion  of  the  maximum  is  not  always  well  defined.  For  the 
data  considered  here,  a  maximum  was  generally  found  in 
the  external  layer,  but  in  the  logarithmic  zone  of  the  sub¬ 
sonic  boundary  layer  the  spectra  were  frequently  “double¬ 
humped”  and  the  maximum  was  difficult  to  determine. 
Such  shapes  were  also  mentioned  by  Perry  et  cd.  (1986) 
who  interpreted  them  to  mean  that  Taylor’s  hypothe¬ 
sis  failed  for  low  frequencies.  Uddin  (1994)  noted  that 
the  bump  at  low  wavenumber  became  more  prominent  at 
higher  Reynolds  mnnbers  (see  also  Smith,  1994).  These 
double-humped  profiles  led  to  some  difficulty  in  determin¬ 
ing  the  length  scale,  and  it  was  necessary  to  discard  some 
points  in  the  log-law  region  of  the  subsonic  boundary  layer 
data.  However,  the  typical  situation  was  that  the  higher 
frequency  bump  corresponds  to  scales  comparable  to  the 
scales  of  the  outer  layer,  and  the  other  maximum  occurs 
at  frequencies  an  order  of  magnitude  lower,  correspond¬ 
ing  to  length  scales  five  to  ten  times  larger  than  the  outer 
layer  scales. 

For  supersonic  boundary  layers,  there  is  another  source  of 
uncertainty.  Generally,  the  point  where  the  slope  is  -1  oc¬ 
curs  at  frequencies  beyond  the  natural  cut-off  of  the  wire; 
this  means  that  it  occurs  in  a  range  where  the  shap)e  of 
the  spectrmn  depends  on  the  system  used  to  extend  the 
system  frequency  response  beyond  the  wire  thermal  lag  (a 
feed-back  loop  is  used  for  the  CTA,  and  a  compensation 
circuit  is  used  for  the  CCA).  In  such  conditions,  it  can  be 
misleading  to  rely  on  one  series  of  experiments.  The  data 
from  supersonic  flows,  however,  were  obtained  in  different 
laboratories  using  different  techniques  (CTA  and  CCA). 
In  the  CCA  data,  two  different  generations  of  anemome¬ 
ters  were  used,  where  the  compensation  of  the  wire  was 
performed  in  completely  different  ways.  With  such  sets  of 
independent  measurements,  it  is  believed  that  firm  con¬ 
clusions  can  be  drawn  from  the  results. 

The  characteristics  of  the  boundary  layers  considered  in 
the  analysis  of  spectra  are  given  in  table  2.  As  noted  in  the 
Introduction,  Reg  and  Rs2  are  Reynolds  numbers  based 
on  momentum  thickness.  Reg  is  defined  in  the  usual  way 
{Rg  =  peUe^lpc),  whereas  Re2  =  p^U^e/p.^. 


Figure  22:  Integral  scales  in  turbulent  boundary  layers.  Subsonic  data:  +>  Klebanoff  (1955);  A,  Fulachier  (1972);  O 
=  20,900,  Fernholz  et  al.  (1995);  □  Rs2  =  57,720,  Fernholz  et  al.  (1995).  Supersonic  data:  +,  Debieve  (1983); 
A,  Bestion  et  al.  (1983);  O,  Spina  &  Smits  (1987);  V,  Audiffren  (1993);  O  Rs2  =  633,  McGiiJey  et  al.  (1994);  V 
Rs2  —  1, 115,  McGinley  et  al.  (1994).  Figure  from  Dussauge  &  Smits  (1995). 
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Figure  23:  Production  scales  in  turbulent  boundary  layers.  Symbols  as  in  figure  22.  Figure  from  Dussauge  &  Smits 
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The  results  on  the  integral  scale  A  are  given  in  figure  22. 
The  outer-layer  scaling  was  used,  since  most  of  the  data 
were  obtained  outside  the  inner  layer.  Plotting  the  data  in 
inner-layer  variables  does  not  alter  the  conclusions.  The 
data  points  from  Smits  &  Dussauge  (1989)  were  deduced 
from  autocorrelations  in  a  way  which  may  underestimate 
the  integral  scale,  due  to  a  lack  of  experimental  points  for 
large  time  delays.  The  results  in  figure  22  were  obtained 
by  defining  the  boundary-layer  thickness  from  the  profiles 
of  total  pressure.  This  was  recommended  by  Fernholz  & 
Finley  (1980)  since  the  usual  definition  based  on  the  ve¬ 
locity  is  probably  not  appropriate  at  high  Mach  numbers 
because  variations  of  velocity  near  the  edge  of  the  layer  are 
weak  whereas  the  temperature  or  Mach  number  still  vary 
significantly.  Choosing  a  boundary-layer  thickness  based 
on  0.99C/e  would  make  some  difference  in  the  magnitude 
of  A/<5  at  Mach  3:  in  this  experiment,  the  integral  scale 
would  be  a  little  closer  to  its  subsonic  value.  It  would  also 
significantly  increase  A/6  for  the  hypersonic  experiment 
by  McGinley  et  al.  (1994),  but  in  this  case,  the  mean  pro¬ 
files  indicate  that  the  traditional  choice  based  on  0.9917^ 
would  be  rather  unphysical.  In  any  case,  a  first  residt 
appears  very  clearly:  the  subsonic  data  indicate  that  in 
the  external  layer,  A  is  about  0.56  in  subsonic  flows,  but 
is  only  about  half  that  value  in  supersonic  layers.  The 
hypersonic  data  of  McGinley  et  al.  (1994)  indicate  a  very 
low  value,  about  0.26,  for  i?62  =  Ij  115i  but  larger  values 
at  the  lower  Reynolds  number.  In  this  case,  the  spectra  at 
low  frequency  reveal  peaks  and  bumps  which  precludes  an 
accurate  estimate  of  the  integral  scale.  The  uncertainty 
on  A  has  been  evaluated  and  is  indicated  in  figure  22  by 
error  bars.  In  fact,  the  lower  limit  of  the  error  bar  over¬ 
laps  the  other  high  speed  data.  This  could  be  due  to 
the  renmants  of  transition,  as  speculated  formerly.  In  the 
data  by  Spina  &  Smits,  the  point  at  at  y/6  =  0.1  has 
an  integral  scale  nearly  equal  to  the  subsonic  value.  This 
is  due  to  the  significant  slope  in  the  spectrum,  observed 
at  low  frequency,  where  the  spectra  of  u'  and  {pu)'  are 
perhaps  not  proportional,  as  discussed  above.  In  spite  of 
this  trend,  the  integral  scales  at  Mach  2.9  in  the  middle 
of  the  layer  are  significantly  below  the  subsonic  results. 
Note  that  Demetriades  &  Martindale  (1983)  in  a  bound¬ 
ary  layer  on  a  flat  plate  at  Mach  3  report  measuring  an 
integral  scale  of  0.286,  also  considerably  smaller  than  that 
foimd  in  subsonic  flows.  Within  the  experimental  accu¬ 
racy  the  results  are  independent  of  Reynolds  number. 

The  production  scales  L  are  given  in  figure  23.  The 
Reynolds  numbers  in  the  subsonic  and  supersonic  cases 
cover  comparable  ranges,  except  perhaps  for  the  hyper¬ 
sonic  data.  It  is  clear  that  the  production  range  is  shifted 
to  higher  frequencies  in  supersonic  flows.  It  should  be  em¬ 
phasized  that  the  limited  spatial  resolution  of  the  wires 
probably  precludes  any  accurate  determination  of  the 
—5/3  law  in  the  supersonic  data,  and  it  tends  to  shift  the 
maximum  of  fE  (/)  to  lower  frequencies,  and  therefore  if 
such  systematic  errors  are  significant  the  values  measured 
in  high-speed  flows  are  probably  overestimated,  reinforc¬ 
ing  the  notion  that  the  scales  are  reduced  with  increasing 
Mach  number. 

It  appears  that  the  production  scale  L  follows  the  same 
trends  as  A,  and  L  w  2A.  That  is,  L  is  about  26  for  low 
speed  boundary  layers,  and  about  6  in  high  speed  boimd- 
ary  layers.  Note  that  the  measurements  of  Morkovin 


&  Phinney,  quoted  in  Morkovin  (1962)  and  not  shown 
here,  suggested  the  same  trend  for  the  production  scales. 
Again,  plotting  these  data  in  irmer  layer  variables  does 
not  change  the  differences  between  the  subsonic  and  su¬ 
personic  data.  The  only  discrepancy  is  found  in  the  Mach 
11  boundary  layer,  but  several  reasons  can  be  found  for 
this  departure.  First,  the  boundary  layer  is  probably  not 
fully  tiubulent,  at  least  at  the  lower  Reynolds  number. 
Second,  it  is  not  clear  that  the  velocity  and  mass  flux 
spectra  are  proportional  to  each  other  at  this  Mach  num¬ 
ber.  Third,  the  conclusions  drawn  from  the  power  law 
analysis  are  probably  not  valid  if  strong  compressibility 
effects  are  present.  Fourth,  the  change  in  the  shape  of 
the  spectra  may  indicate  a  modification  of  the  turbulence 
structure.  In  hypersonic  boundary  layers,  most  of  the 
mass  flux  occurs  near  the  external  edge  of  the  layer,  and 
the  mean  mass  flux  profiles  have  an  inflexion  point.  This 
suggests  that  the  external  layer  can  behave  more  like  a 
mixing  layer  than  like  a  classical  boundary  layer.  Such 
free  shear  flows  are  known  for  containing  turbulent  struc¬ 
ture  of  large  spatial  extent,  with  production  scales  several 
layer  thicknesses  in  size.  This  would  be  consistent  with 
the  smprisingly  high  level  of  energy  observed  at  low  fre¬ 
quencies  in  the  present  Mach  11  experiments. 

So  it  seems  that  the  apparent  size  of  the  energetic  eddies 
in  the  longitudinal  direction,  deduced  from  u'  or  {pu)' 
measurements  in  zero  pressure  gradient  boundary  layers, 
decreases  with  increasing  Mach  number,  whatever  the  ex¬ 
perimental  method.  This  trend  can  also  be  illustrated 
by  using  another  representation.  If  we  assume  that  the 
friction  Mach  number  can  be  used  to  characterize  com¬ 
pressibility  in  turbulent  boundary  layers  is  the  friction 
Mach  number  Mt-  Since  this  parame¬ 

ter  depends  on  Mach  and  Reynolds  number.  The  average 
value  of  L/6  in  the  outer  layer  is  shown  as  a  function 
of  Mt  in  figure  24.  The  results  obtained  for  Me.  =  2 
by  Bestion,  Debieve,  Dussauge  and  Audiffren  have  prac¬ 
tically  the  same  values  of  Mt  and  L/S,  and  the  results 
obtained  by  Smits  et  al.  ,  although  at  Me  =  2.89,  have  a 
comparable  value  of  Mt.  All  these  results  agree  on  the 
average  value  of  L/6  in  supersonic  flows.  The  hypersonic 
results  by  McGinley  et  al.  have  a  value  of  Mt  only  a  little 
larger  than  0.1,  but  they  indicate  a  further  decrease  in 
the  production  scale. 

This  change  in  typical  frequencies  or  time  scales  can  be 
attributed  either  to  variations  in  the  convection  veloc¬ 
ity  or  variations  in  the  spatial  scales.  Measurements  of 
convection  velocity  by  Spina  &  Smits  (1987)  in  a  high 
Reynolds  number  boundary  layer  at  Mach  2.9  showed  that 
this  quantity  is  not  very  sensitive  to  compressibility.  This 
implies  that  smaller  space  scales  are  foimd  in  supersonic 
flows.  In  contrast,  the  transverse  scales  related  to  turbu¬ 
lent  diffusion  remain  unchanged,  while  the  longitudinal 
scales  determined  from  u'  decrease.  Now  Spina  &  Smits 
(1987)  showed  that  the  direction  of  the  maximum  space- 
time  correlation  in  their  boundary  layer  at  Mach  2.9  is 
steeper  than  at  low  speeds  (see  figure  25).  If  the  bound¬ 
ary  layer  is  thought  of  as  a  forest  of  hairpin  vortices,  it 
can  be  imagined  that  the  cross-section  of  the  vortices  is 
unchanged,  but  their  inclination  is  changed.  In  fact,  Ud- 
din  (1994)  suggested  that  at  high  Reynolds  numbers,  the 
cross-section  of  the  vortices  reduces.  This  purely  geomet¬ 
ric  explanation  is  not  sufficient  to  explain  all  the  evolution 
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Figure  24:  Evolution  of  the  integral  scale  as  a  function 
of  the  friction  Mach  number.  Symbols  as  in  figure  23. 
Figure  from  Dussauge  &  Smits  (1995). 

observed  seen  in  figure  24  since  it  would  not  be  consistent 
either  with  the  rather  high  values  of  v'  measured  in  the 
same  boundary  layer. 

It  is  expected  that  the  observed  modifications  in  the  flow 
structure  and  scales  are  due  to  compressibility.  Therefore, 
a  possible  interpretation  can  be  found  in  the  changes  in 
the  potential  field  induced  in  the  externa!  flow  by  the 
boundary  layer,  and  in  the  generation  of  acoustic  noise 
by  supersonic  boundary  layers.  Can  they  create  smaller 
scales,  and  modify  the  orientation  of  the  lines  of  maxi¬ 
mum  correlations?  The  variation  of  the  angle  has  been 
interpreted  in  the  previous  paragraph  as  a  change  in  the 
direction  of  vortical  structures.  In  fact,  the  two-point 
measurements  by  Spina  &  Smits  did  not  use  conditional 
statistics,  and  therefore  did  not  discriminate  between  the 
vortical  and  potential  contributions  in  the  intermittent 
zone.  In  supersonic  flows,  the  induced  pressure  field  can 
depend  on  local  condition  (the  pressure  perturbation  in¬ 
duced  by  a  large  scale  structure,  for  instance),  but  also 
by  the  noise  radiated  by  Mach  waves  (see  for  example, 
Laufer,  1961).  These  waves  can  have  low  levels  of  (pu)', 
but  they  are  generally  more  conservative  than  ordinary 
turbulence,  and  could  modify  the  space-time  correlations 
for  large  separation  distances.  The  formation  of  these 
Mach  waves  necessitates  the  velocity  difference  between 
the  sources  and  the  external  flow  to  be  supersonic.  In  a 
boundary-layer,  this  condition  is  always  fulfilled,  but  at 
moderate  supersonic  Mach  numbers  the  part  of  the  layer 
able  to  radiate  Mach  waves  is  very  thin  and  generally 
confined  to  the  viscous  sublayer  or  the  logarithmic  zone. 
In  this  case,  the  behaviour  will  be  Reynolds  and  Mach 
number  dependent.  The  orientation  of  the  Mach  waves 
will  depend  on  this  Mach  number  difference.  For  ex¬ 
ample,  transonic  perturbations  would  be  very  steep,  and 


would  contribute  to  make  the  maximum  space-time  cor¬ 
relation  locus  more  vertical.  Another  element,  as  noted 
by  Laufer  (1961),  is  an  increase  of  the  radiated  field  near 
Mach  3,  which  could  be  interpreted  as  follows.  If  the  con¬ 
vection  velocity  of  the  large  eddies  in  the  external  layer 
is  typically  0.817*,  as  at  low  speeds,  the  velocity  differ¬ 
ence  with  respect  to  the  external  flow  is  0.217*.  Now,  it 
may  be  expected  that  these  large  eddies  will  start  forming 
eddy  shocklets  when  this  relative  Mach  number  is  larger 
than,  say,  0.6.  This  corresponds  to  an  external  Mach 
number  of  3,  and  this  criterion  would  be  independent  of 
the  Reynolds  number  since  the  convection  velocity  of  the 
large  structures  appears  to  be  independent  of  Reynolds 
number.  The  measurements  taken  at  a  Mach  number 
of  2.9  would  then  be  at  the  onset  of  a  new  regime,  and 
represent  the  first  manifestation,  in  boundary  layers,  of 
compressible  turbulence  phenomena  as  observed  in  mix¬ 
ing  layers.  Of  course,  the  previous  interpretation  is  very 
approximate,  because  it  depends  critically  on  the  value 
of  the  instantaneous  convection  velocities  which  are  not 
known  very  accurately,  so  that  the  value  of  the  Mach  num¬ 
ber  for  which  such  effects  are  important  remains  poorly 
determined.  Such  an  interpretation,  although  specula^ 
tive  in  many  respects,  is  tempting  because  it  can  explain 
changes  in  the  structure  of  u',  as  long  as  the  radiated  noise 
does  not  affect  significantly  the  shear  stress.  To  conclude, 
the  spectral  data  show  that  there  are  modifications  to  the 
motions  which  contribute  to  the  energy  scales  but  not  to 
the  turbulent  transport.  This  imphes  that  the  primary 
action  of  compressibility  is  to  alter  inactive  motions.  As 
these  motions  are  related  to  the  irrotational  part  of  the 
fluctuations  and  to  the  pressme  fluctuations  induced  by 
the  layer,  this  explanation  may  be  correct,  but  a  full  as¬ 
sessment  would  require  a  more  complete  knowledge  of  the 
two- point  correlations,  and  of  conditional  statistics  of  tur¬ 
bulence  in  these  flows. 


3.8  Overview  of  structural  features 

Outer-region  space-time  correlations  and  spectral  data 
suggest  that  the  average  spanwise  extent  of  the  largest 
eddies  in  the  Mach  3  turbulent  boundary  layer  is  sim¬ 
ilar  to  that  of  subsonic  turbulent  boundary  layers:  ap¬ 
proximately  1/2S  in  the  outer  layer,  decreasing  near  the 
wall.  (Although  mean  and  instantaneous  results  for  the 
sloping  interface  structme  are  in  good  agreement,  the  av¬ 
erage  cross-correlations  used  to  deduce  spanwise  extent 
probably  suffer  from  ‘jitter’  averaging,  and  the  instanta-- 
neous  extents  may  be  larger.)  The  average  streamwise 
scales  of  the  largest  eddies  in  the  high  Reynolds  num¬ 
ber,  Mach  3  turbulent  boundary  layer  are  about  two  to 
three  times  those  of  low  Reynolds  number,  subsonic  tur¬ 
bulent  boundary  layers  (see  figures  18,  19,  20  and  21). 
This  seems  to  be  the  most  significant  structural  differ¬ 
ence  between  the  two  flows  yet  found,  and  as  indicated 
earUer  Reynolds  number  and  compressibihty  appear  to  be 
important.  Increasing  Reynolds  number  will  increase  the 
streamwise  scales,  whereas  increasing  Mach  number  will 
decrease  them.  Otherwise,  the  structural  model  for  the 
large-scale  motions  in  a  supersonic  is  very  similar  to  that 
derived  from  studies  of  subsonic  flows,  as  can  be  seen  from 
figure  26. 

Since  the  influence  of  compressibility  on  the  large-scale 


Figure  25:  Characteristics  of  the  large  scale  structure,  as  measured  by  Spina  et  al.  (1991a),  in  a  turbulent  boundary 
layer  at  Reg  =  81,000  and  M  —  2.9.  a)  Broadband  convection  velocity  based  on  measurements  with  three  different 
streamwise  probe  separations.  ^x/S  =  0.11  O  ;  0.16  O;  0.18  A.  b)  Broadband  structure  angle  based  on  different 

waU-normal  probe  separations.  ^y/S  =  0.09 - □;  0.21 - O,  0.30 - A;  0.40 - 

— h-  Figure  from  Spina  et  al.  (1991a). 
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Figure  26:  Ensemble-averaged  view  of  the  large-scale  motions  in  a  Mach  2.9  boundary  layer.  Figure  from  Spina  et  al. 
(1991a). 


turbulent  boxmdary  layer  motions  seems  to  be  subtle,  ex¬ 
planations  for  the  observed  differences  between  low-  and 
high-speed  boundary  layer  structure  are  mostly  specula¬ 
tive.  Density-gradient  effects  are  known  to  play  a  signif¬ 
icant  role  in  turbulent  shear  layers,  but  these  effects  are 
most  likely  to  influence  the  near-wall  region  of  the  wall- 
layer,  out  of  reach  of  standard  measurement  techniques. 
Parallels  have  also  been  drawn  between  the  45-degree 
slope  of  the  interfacial  structures  in  supersonic  boundary 
layers  and  that  of  the  hairpin-vortex  structure  observed 
in  incompressible  boundary  layers.  Insufficient  evidence 
exists  to  support  either  side  of  this  comparison,  however. 
More  conclusive  results  concerning  compressibility  effects 
on  large-scale  structirre  require  higher  Mach  number  in¬ 
vestigations. 

For  boundary  layers  with  freestream  Mach  numbers  above 
5,  the  near- wall  region  is  more  hkely  to  show  signiflcant 
departures  from  known  incompressible  structure.  The  vis¬ 
cous  sublayer  for  hypersonic  boundary  layers  is  likely  to 
be  much  more  quiescent  than  for  incompressible  flows  (al¬ 
though  pressure  fluctuations  will  be  imposed  from  above), 
and  may  not  display  the  familar  streaky  structure.  Since 
the  mass-flux  near  the  wall  is  very  low  for  high  Mach 
numbers,  the  buffer  region  may  not  be  the  dominant  re¬ 
gion  for  tmbulence  production,  as  in  subsonic  boundary 
layers  (note  that  hypersonic  laminar  boxmdary  layers  xm- 
dergo  transition  by  distxrrbances  spreading  inward  from 
the  outer  layer).  Further  investigation  will  depend  on  the 
development  and  apphcation  of  non-intrxisive  measxrre- 
ment  techniques  to  the  near-wall  regions  of  hypersonic 
boundary  layers. 

Finally,  we  note  that  the  rate  of  decay  of  the  large  scale 
motions,  as  measxued  by  the  rate  at  which  the  peak  in 
the  spEice-time  correlation  decays  with  distance,  appears 
to  decrease  significantly  with  Mach  number.  For  exam¬ 
ple,  the  distance  over  which  the  peak  decreased  to  half 
its  original  level  differs  by  an  order  of  magnitude  in  the 
experiments  by  Favre  et  al.  (1957),  Favre  et  al.  (1958) 
at  Mach  0.04  and  Owen  &  Horstman  (1972)  at  Mach  7 


when  scaled  by  6.  A  better  scaling  for  the  rate  of  de¬ 
cay  may  be  the  time  scale  of  the  energy-containing  ed¬ 
dies,  A/u'.  A  and  u'  both  decrease  with  Mach  nximber, 
so  that  their  ratio  seems  to  remain  approximately  con¬ 
stant.  This  result  may  in  turn  suggest  that  the  decrease 
in  the  streamwise  length  scales  with  Mach  nxxmber  simply 
reflects  the  fact  that  the  time  scale  of  the  large  eddies  re¬ 
mains  constant  as  the  absolute  fluctuation  level  decreases. 
The  more  complex  scaling  arguments  presented  by  Smith 
&  Smits  (1991)b  to  explain  the  experimental  observations 
may  therefore  not  be  necessary. 


4  Perturbed  Boundary  Layers 

So  far  we  have  considered  boundary  layers  on  a  smooth 
flat  plate.  These  studies  help  to  improve  our  fundamen¬ 
tal  imderstanding,  but  such  flows  are  rarely  encoxmtered 
in  practice.  For  the  aerodynamic  design  of  high-speed 
vehicles,  for  example,  it  is  necessary  to  xmderstand  the 
behavior  of  txirbulence  in  more  complex  geometries,  and 
it  is  not  surprising  that  a  considerable  amoxmt  of  exper¬ 
imental  work  has  been  performed  to  study  the  effects  of 
pertxubations  or  distortions  on  the  behavior  of  txubulent 
boxmdary  layers  in  supersonic  flows,  including  the  effects 
of  pressxxre  gradients,  extra  strain-rates  such  as  stresim- 
line  cxirvature,  divergence  and  dilatation,  and  the  inter¬ 
action  with  shock  waves.  Reviews  of  this  work  were  given 
by  Fernholz  &  Finley  (1980),  Fernholz  &  Finley  (1981), 
Smits  &  Wood  (1985),  Fernholz  et  al.  (1989)  and  Spina 
et  al.  (1994).  The  general  featxues  of  the  mean  flow  be¬ 
havior  have  been  docximented  in  detail,  but  there  are  only 
a  few  studies  where  extensive  txirbulence  measxirements 
have  been  made,  most  of  them  quite  recently.  As  we  in¬ 
dicated  earlier,  reUable  and  accxuate  txirbulence  measure¬ 
ments  are  difficult  to  make  in  any  supersonic  flow,  and 
the  difficulties  are  usually  more  extreme  in  the  presence 
of  flow  distortions.  For  example,  hot-wire  measurements 
can  suffer  from  many  errors  in  flows  with  strong  pres- 
sxue  gradients.  In  adverse  pressxue  gradients,  transonic 
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effects  may  become  important  in  large  regions  of  the  flow 
and  the  flow  may  separate,  whereas  in  favorable  pressure- 
gradients  the  signal-to-noise  ratio  degrades  because  the 
turbulence  intensities  are  greatly  reduced.  In  a  shock- 
wave  boundary-layer  interaction,  the  xmsteady  shock  mo¬ 
tion  can  impose  severe  loadings  on  the  probe  body,  greatly 
increasing  the  possibihty  of  breaking  the  hot-wire.  In  all 
cases,  particular  care  must  be  exercised  to  produce  re¬ 
peatable  and  reliable  measurements,  and  (as  usual)  the 
measurement  errors  must  be  taken  into  2iccount  when  in¬ 
terpreting  the  results. 

The  experiments  have  covered  a  broad  range  of  model 
geometries  and  flow  conditions.  To  help  understand  the 
implications  of  the  results  it  is  useful  to  classify  the  ex¬ 
isting  work  according  to  the  particular  perturbation  or 
set  of  multiple  perturbations  that  were  applied  to  the 
flow.  One  of  the  major  contributions  made  by  Brad¬ 
shaw  (1973)  in  this  area  was  to  provide  a  classification 
scheme  for  the  effects  of  different  kinds  of  extra  strain- 
rates  e,  that  is,  strain  rates  additional  to  the  principal 
shear  dUjdy.  By  identifying  the  particular  extra  strain- 
rates  associated  with  streamline  curvature  {dV/dx),  con¬ 
vergence  and  divergence  (dW jdz) ,  and  compression  and 
dilatation  (V  •  V),  he  formulated  a  general  framework  for 
the  understanding  of  such  complex  flows.  Bradshaw  in¬ 
cluded  pressure  gradients  in  this  classification  scheme,  in 
the  sense  that  dp/dx  is  simply  related  to  dUf:/dx  for  in¬ 
compressible  thin  shear-layers. 

Smits  &  Wood  (1985)  and  Spina  et  al.  (1994)  extended 
this  concept  to  include  a  wider  variety  of  flows.  One  of 
the  complications  encountered  in  classifying  compressible 
flows  is  that  it  becomes  difficult  to  uncouple  the  effects 
due  to  pressure  gradient,  streamline  curvature  and  bulk 
dilatation.  This  coupling  occurs  in  all  flows,  but  in  a 
subsonic  flow  with  streamhne  curvature,  for  example,  di- 
latational  effects  are  negligible  by  definition,  and  mean 
radial  pressure  gradients  simply  balance  the  centripetal 
acceleration,  without  straining  fluid  elements.  In  flows 
with  streamwise  pressure  gradients  there  will  always  be 
a  measure  of  streamhne  curvature  as  well,  but  for  two- 
dimensional  subsonic  flows  the  ratio  of  dV fdx  to  dU jdx 
will  be  of  order  V/U ,  and  therefore  it  is  always  small.  In  a 
supersonic  flow,  a  coupling  also  exists  between  streamhne 
curvature  (that  is,  radial  pressure  gradient)  and  longitudi¬ 
nal  pressirre  gradient,  and  the  degree  of  coupling  depends 
on  the  geometry.  In  simple  wave  flows,  as  in  the  flow 
over  a  compression  surface,  the  streamline  curvature  and 
pressure  greidient  are  directly  coupled  through  the  angle  of 
turn  and  the  Mach  number.  In  reflected  wave  flows,  where 
the  pressure  gradients  are  imposed  on  the  boimdary  layer 
by  an  external  wave  generator,  tbe  streamhne  curvature  is 
(approximately)  coupled  to  the  streamwise  pressure  gra¬ 
dient.  This  is  similar  to  the  case  in  subsonic  flows,  but 
for  a  given  pressiure  rise  the  degree  of  curvatme  will  de¬ 
pend  on  the  decrease  in  streamtube  area,  which  increases 
with  Mach  number.  Curvature  effects,  pressure  gradients 
and  mean  dilatational  effects  are  always  strongly  coupled, 
regardless  of  how  the  pressure  gradient  is  applied. 

As  seen  in  section  3,  many  of  the  differences  observed 
between  boundary  layers  on  adiabatic  walls  in  subsonic 
and  supersonic  flow  can  be  explained  in  terms  of  the 
fluid  property  variations  that  occur  as  a  result  of  the 
cross-stream  temperature  gradients  that  exist  at  super¬ 


sonic  Mach  numbers.  We  will  see  that  this  approach 
continues  to  hold  when  the  wall  temperature  suddenly 
increases.  However,  perturbations  such  as  the  sudden  im¬ 
position  of  a  pressure  gradient,  or  longitudinal  streamline 
curvature,  or  the  interaction  with  a  shock  wave,  produce  a 
boundary  layer  response  that  does  not  have  an  equivalent 
subsonic  counterpart,  and  which  cannot  be  explained  in 
terms  of  fluid-property  variations.  Vorticity  can  be  pro¬ 
duced  through  baroclinic  torques.  Longitudinal  pressure 
gradients  will  lead  to  the  compression  or  dilatation  of  vor¬ 
tex  tubes,  enhancing  or  reducing  turbulent  velocity  smd 
pressure  fluctuations.  Separation  can  occur  when  shock 
waves  are  present,  if  the  shock  is  strong  enough  (a  phe¬ 
nomenon  that  can  be  understood  from  subsonic  experi¬ 
ence),  but  even  in  the  absence  of  separation  there  exists 
a  strong  couphng  between  the  shock  and  the  turbulence, 
which  leads  to  unsteady  shock  motion  and  distortions  of 
the  shock  sheet.  Understanding  the  shock  motion  £md 
the  resultant  unsteady  heat-transfer  and  pressure-loading 
is  of  great  importance  in  many  aerodynamic  flows.  Since 
the  shock  motion  seems  closely  connected  with  the  in¬ 
coming  turbulence  field  Eind  the  separation  unsteadiness, 
there  is  a  clear  need  to  understand  the  nature  of  the  or¬ 
ganized  motions  in  the  incoming  boundary  layer,  particu¬ 
larly  the  large  scales.  Unfortunately,  studies  of  the  instan¬ 
taneous  or  ensemble-averaged  turbulent  motions  in  super¬ 
sonic  flows  are  uncommon,  and  very  few  studies  have  been 
made  in  perturbed  supersonic  flows  to  try  to  describe  the 
distortion  of  the  large-scale  structure. 

The  pertmbation  may  originate  in  a  number  of  differ¬ 
ent  ways.  It  may  be  the  result  of  a  step  change  in  the 
flow  conditions  where,  for  instance,  the  wall  curvature 
changes  suddenly.  Alternatively,  the  distortion  may  be 
produced  by  an  impulsive  change,  where  the  impulse  con¬ 
sists  of  two  step-changes  of  opposite  character,  separated 
by  a  short  streamwise  distance.  An  example  of  this  case 
would  be  the  flow  which  develops  on  a  flat  plate,  passes 
over  a  short  region  of  concave  curvature,  and  then  relaxes 
further  downstream  over  a  second  flat  surface.  At  some 
point  away  from  the  wall,  the  compression  waves  gener¬ 
ated  by  the  concave  surface  curvature  will  form  a  shock. 
For  large  radii  of  curvature,  the  shock  will  form  outside 
the  boundary  layer,  but  for  small  radii  it  forms  inside  the 
layer.  For  compression  corners,  where  the  radius  of  curva¬ 
ture  is  essentially  zero,  a  shock  forms  immediately  outside 
the  sonic  layer,  and  multiple  shocks  form  when  the  flow 
separates.  The  perturbations  may  also  occur  successively, 
as  in  the  case  where  the  surface  curvature  or  the  pressure 
gradient  changes  sign  in  the  streamwise  direction.  For  ex¬ 
ample,  as  the  flow  passes  over  a  forward-facing  step  the 
surface  curvature  changes  sign  from  concave  to  convex, 
and  the  pressure  first  rises  and  then  falls. 

Here  we  will  try  to  use  the  extra  strain-rate  classification 
as  a  basis  for  discussing  the  response  of  a  supersonic  tur¬ 
bulent  boundary  layer  to  a  sudden  change  in  wall  temper¬ 
ature,  pressure  gradient,  streamline  curvature  or  bulk  di¬ 
latation,  despite  the  anticipated  difficulties.  Flows  where 
an  additional  degree  of  complexity  is  introduced  by  the 
application  of  successive  perturbations  will  also  be  con¬ 
sidered.  At  some  points  in  this  treatment,  it  will  be  useful 
to  compare  the  response  to  these  kinds  of  perturbations 
to  the  strong  perturbations  produced  when  a  turbulent 
boundary  layer  interacts  with  a  shock  wave,  although  a 
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fuller  discussion  will  be  given  in  section  5. 


4.1  Perturbation  strength 


The  strength  of  a  perturbation  can  be  difficult  to  define  in 
supersonic  boundary  layer  flows.  The  simplest  cases  may 
be  where  the  wall  boundary  condition  is  changing.  For 
instance,  when  the  wall-roughness  changes  suddenly,  the 
ratio  of  the  upstream  and  downstream  equivalent  rough¬ 
ness  heights  is  a  reasonably  obvious  parameter  to  charac¬ 
terize  the  strength  of  the  perturbation  (Smits  &  Wood, 
1985).  For  a  flow  where  the  wall-temperature  changes 
suddenly,  the  ratio  of  the  wall  temperatures  upstream 
and  downstream  serves  a  similar  fimction  (Debieve  et  al., 
1996).  The  strength  of  a  pertiubation  in  pressure  gra¬ 
dient  is  more  difficult  to  define.  In  subsonic  flows  the 
strength  of  a  pressure  gradient  distortion  may  be  defined 
in  terms  of  the  parameter,  /9  =  6*  Ir^dp/dx,  as  suggested 
by  Clauser  (1954).  In  a  supersonic  flow  where  stream- 
wise  pressure  gradients  can  be  accompanied  by  significant 
pressure  gradients  normal  to  the  wall,  additional  param¬ 
eters  will  be  necessary  to  define  the  perturbation  fully. 
For  instance,  it  is  possible  to  obtain  the  same  boundary 
layer  wall-pressure  distribution  in  two  different  ways:  one 
by  using  a  ciuved  wall  so  that  the  curvature  generates 
the  pressxue  gradient,  the  other  on  a  flat  plate  by  using 
a  contoured  ceiling  to  generate  a  reflected  wave  system 
(see  figure  27).  Clearly,  the  gradients  normal  to  the  wall 
in  these  two  flows  will  be  different.  To  make  this  more 
quantitative,  at  least  for  disturbances  which  are  approxi¬ 
mately  isentropic  such  as  simple  wave  flows,  the  ratio  of 
the  normal  and  streamwise  pressure-gradients  is  given  ap¬ 
proximately  by  l/(tanaM)>  where  au  is  the  local  Mach 
angle.  This  ratio  is  equal  to  1.7  at  Mach  2,  and  5.9  at 
Mach  6,  so  that  the  effects  of  the  cross-stream  pressiue 
gradient  increase  quickly  at  higher  Mach  numbers.  For  re¬ 
flected  wave  flows,  the  analysis  is  more  complicated,  but 
the  the  normal  gradients  take  their  maximum  values  in 
simple  flow  regions  (in  the  non-simple  region,  where  the 
incident  wave  system  crosses  the  reflected  system,  the  nor¬ 
mal  pressure  gradients  are  generally  small),  so  that  the 
simple-wave  estimate  can  be  taken  Jis  an  upper  bound. 
This  issue  is  discussed  more  fully  by  Finley  (1977)  and 
Fernholz  &  Finley  (1980). 

As  indicated  earlier,  differences  between  simple  and  re¬ 
flected  wave-systems  also  appear  in  the  resulting  stream¬ 
line  curvature.  For  a  simple  wave-system,  the  curvatvue 
can  be  convex  or  concave,  and  for  a  given  overall  stream¬ 
line  deflection  the  pressure  rise  is  fixed  by  the  incoming 
Mach  number.  A  linearized  analysis  gives: 


A6i  = 


Ap  V —  1 

p  7M^ 


In  terms  of  the  radius  of  curvature  Rc  and  the  initial 
boundary  layer  thickness  <5o, 


(5o  _  ^0  dp  —  1 

Rc  p  dx  'fM'^ 

Consequently  it  is  not  usually  possible  to  discriminate 
between  the  individual  contributions  due  to  ciuvature, 
compression  and  pressiue  gr2idient  to  the  distortion  of 
the  boundary  layer  without  performing  the  same  exper¬ 
iment  over  a  range  of  Mach  numbers,  which  can  in  turn 


introduce  additional  effects.  However,  for  a  reflected  wave 
system  with  a  rising  pressure,  the  curvature  is  initially 
convex  and  then  concave,  and  the  overall  streamhne  de¬ 
flection  and  pressure  rise  are  independent.  For  example, 
in  a  reflected  wave  flow  such  as  that  shown  in  figure  27 
the  overall  streamline  deflection  is  zero  even  though  the 
overall  pressure  rise  is  not. 


To  help  resolve  these  issues  of  discrimination,  and  to  de¬ 
termine  the  strength  of  the  disturbance  in  a  complex  su¬ 
personic  flow,  all  perturbations  need  to  be  quantified  sep¬ 
arately,  and  their  interactions  need  to  be  determined.  For 
flows  where  extra  strain-rates  are  important,  one  useful 
measure  is  the  ratio  of  each  extra  strain-rate,  c,  to  the 
principal  strain-rate,  dU/dy  (Bradshaw,  1973,  1974).  A 
distortion  is  generally  classified  as  weak  if  e/{dUldy)  « 
0.01,  and  strong  if  el(dUfdy)  «  0.1.  The  final  response 
of  some  structure  parameter  to  the  prolonged  application 
of  a  constant,  small  extra  strain-rate  c  can  be  expressed 
in  a  linearized  and  dimensionless  form  by  an  amplifica^ 
tion  factor  1  +  aoeL/{dU/dy),  where  qo  is  an  empirical 
constant  of  order  10  for  several  types  of  extra  strain-rate, 
and  {dU/dy)  can  be  taken  as  a  measure  of  the  typical 
rms  eddy  strain-rate  (following  Bradshaw,  a  better  esti¬ 
mate  may  be  given  by  yZ—u'v'jLe,  where  Le  is  the  dis¬ 
sipation  length-scale).  This  ampUfication  factor  depends 
only  on  the  local  rate  of  strain  rather  than  the  rate-of- 
strain  history.  If  the  extra  strain-rate  is  applied  over  a 
time  comparable  to  the  eddy  lifetime,  then  it  might  be 
better  to  replace  aoe  with  an  “effective”  value  J,  given  by 
the  integral  of  the  extra  strain-rate  over  the  time  which 
it  is  applied  (=  Jedt).  For  example,  a  measure  of  the 
strength  of  the  impulsive  perturbation  due  to  a  short  re¬ 
gion  of  bulk  compression  {Ip)  is  given  by  (I/7)  log(P2/pi) 
(Hayakawa  et  al.,  1983),  where  p2/pi  is  the  pressure  ratio 
across  the  compression,  and  for  an  impulse  in  curvature 
the  strength  (/«)  is  given  by  the  angle  through  which  the 
flow  has  been  turned  (Smits  et  al.,  1979b).  It  is  implied 
that  for  an  impulsive  perturbation  the  overall  distortion  is 
the  more  important  parameter,  and  not  the  rate  at  which 
it  is  applied. 


In  the  assessment  of  perturbation  strength,  it  is  implic¬ 
itly  assumed  that  the  perturbations  are  sufficiently  small 
for  a  linear  analysis  to  be  meaningful.  That  is,  the  re¬ 
sponse  of  the  boundary  layer  can  be  described  in  terms 
of  a  simple  first-order  lag  equation.  When  more  than  one 
strain-rate  acts,  as  in  the  case  of  a  deflected  supersonic 
flow  where  streamline  curvature  and  bulk  compression  act 
in  addition  to  longitudinal  and  normal  pressure  gradients, 
the  linear  addition  of  different  perturbation  strengths  to 
arrive  at  some  overall  measure  is  unlikely  to  hold  in  any 
quantitative  sense.  Nevertheless,  the  linear  analysis  can 
still  serve  as  a  crude  guide  for  making  comparisons  among 
different  flow  cases,  as  we  hope  to  show  here.  For  stronger 
perturbations,  we  know  that  Rapid  Distortion  Approxi¬ 
mations  (RDA)  can  give  quantitatively  useful  results.  For 
concavely-curved  flows  this  was  shown  by  Jayaram  et  al. 
(1989)  and  Donovan  (1989),  but  the  analysis  will  be  valid 
only  for  times  short  compared  to  the  (local)  eddy  response 
time. 
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Figure  27:  Boundary  layer  flow  distortions.  Left:  adverse 
From  Smith  &  Smits  (1994). 

4.2  A  step  change  in  wall  temperature 

The  response  of  turbulent  boundary  layers  to  step  changes 
in  boundary  conditions  has  been  widely  studied  in  sub¬ 
sonic  flows  (for  a  review  see  Smits  &  Wood,  1985). 
The  step  change  may  be  caused  by  a  sudden  change 
in  wall  roughness,  surface  curvature,  pressure  gradient, 
suction/blowing,  or  heat  transfer.  The  response  to  the 
change  depends  on  how  the  step  change  is  applied,  but 
if  the  step  is  caused  by  a  change  in  the  wall  boimdary- 
condition,  such  as  a  sudden  change  in  wall-temperature, 
the  boimdary  layer  adjusts  to  the  new  boundary  condition 
first  at  the  wall,  and  then  progressively  further  from  the 
wall  as  turbulent  diffusion  begins  to  affect  the  rest  of  the 
flow.  Prom  a  fundamental  viewpoint,  the  initial  response 
of  the  boundary  layer  and  its  subsequent  relaxation  to  the 
new  boundary  conditions  provides  useful  information  on 
the  time  and  length  scales  of  turbulent  diffusion. 

The  relaxation  process  downstream  of  the  step  change 
is  often  described  in  terms  of  the  growth  of  an  internal 
boundary  layer,  which  is  the  region  near  the  wall  where 
the  flow  scales  with  variables  btised  upon  the  new  wall 
condition  (for  example,  the  friction  velocity  and  temper¬ 
ature  based  on  the  new  level  of  heat  transfer),  whereas  the 
rest  of  the  boundary  layer  continues  to  scale  on  the  vari¬ 
ables  based  upon  the  wall  conditions  that  apply  in  the 
flow  upstream  of  the  step  change.  Typically,  the  inter¬ 
nal  layer  grows  at  a  rate  similar  to  that  of  an  undisturbed 
turbulent  boimdary  layer,  that  is,  at  a  rate  approximately 
proportional  to  x®’®.  The  relaxation  rate,  therefore,  de¬ 
creases  with  downstream  distance,  and  in  some  instances 
the  asymptotic  state  may  not  be  reached  for  distances  of 
the  order  of  100  initial  boundary  layer  thicknesses  (fio),  if 
at  all  (see,  for  example,  the  slow  relaxation  downstream  of 
a  prolonged  region  of  convex  curvature  studied  by  Alving 


pressure  gradients.  Right;  favorable  pressure  gradients. 


et  ai,  1990b). 

The  response  of  boundary  layers  in  supersonic  flow  to  step 
changes  in  boundary  conditions  has  not  been  studied  so 
extensively,  but  a  number  of  interesting  experiments  have 
been  performed.  For  example,  Kubota  &  Berg  (1977) 
studied  the  effects  of  sudden  changes  in  wall  roughness 
(smooth-to-rough  and  rough-to-smooth)  in  a  Mach  6  tur¬ 
bulent  boundary  layer.  For  a  step  change  from  smooth-to- 
rough,  the  boundary  layer  attained  a  self-preserving  state 
in  the  mean  flow  at  a  distance  of  about  20So ,  and  in  the 
fluctuation  profiles  at  about  305o.  The  relaxation  follow¬ 
ing  a  step  change  from  rough-to-smooth  was  somewhat 
slower  with  the  mean  flow  relaxing  over  286o  and  the  tur¬ 
bulent  field  over  40-50^o.  In  essence,  their  results  were 
not  significantly  different  from  similar  work  in  subsonic 
flow  (Antonia  &  Luxton,  1971,  1972). 

Another  interesting  case  is  the  boundary  layer  response 
to  sudden  changes  in  heat  transfer.  Despite  the  prac¬ 
tical  significance  of  such  flows,  the  extensive  reviews  by 
Fernholz  &  Finley  (1980,  1981)  list  only  a  few  experi¬ 
ments  where  heat  transfer  was  important,  and  these  cases 
were  confined  to  uniformly  cooled  walls  (Voisinet  &  Lee, 
1972,  Laderman  &  Demetriades,  1974).  However,  Debieve 
et  al.  (1996)  studied  a  Mach  2.3  fully-developed  tiubu- 
lent  boundary  layer  experiencing  different  step  increases 
in  wall  temperature,  and  we  will  consider  this  experiment 
in  some  detail.  The  ratio  of  wall  temperature  to  recovery 
temperature,  Tw/Tr,  varied  from  1.0,  to  1.5,  to  2.0.  To 
capture  the  relaxation  process,  the  response  was  studied 
over  a  distance  of  approximately  505o ,  and  many  detailed 
mean  flow  and  turbulence  measurements  were  made. 

We  expect  the  step  change  in  heat  transfer  to  be  some¬ 
what  different  to  a  step  change  in  wall  roughness.  First, 
two  internal  layers  will  form;  one  for  the  temperature 
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field,  and  the  other  for  the  velocity  field  (since  we  expect 
the  firiction  velocity  to  be  affected  by  the  heating).  The 
two  internal  layers  are  not  coincident  since  the  Prandtl 
number  is  not  unity.  Second,  the  step  change  is  applied 
in  the  temperature  field,  and  we  expect  to  see,  at  least 
initially,  some  differences  appearing  in  the  usual  relation¬ 
ships  between  temperature  and  velocity,  that  is,  Crocco’s 
relation  for  the  mean  field,  and  the  Strong  Reynolds  Anal¬ 
ogy  for  the  fluctuations. 

In  section  3.1,  we  showed  that  in  a  self-preserving  flow 
a  relationship  between  velocity  and  temperature  may  be 
derived  under  the  conditions  that  the  mixed  Prandtl 
number.  Pm  [=  {Tdh/dy)/{qdU/dy)],  is  constant  and 
0.7  <  Pm  <  1.0  (van  Driest,  1955,  Walz,  1959).  The  result 
is  known  as  the  modified  Crocco  relationship,  or  some¬ 
times  Walz’s  solution  (equation  13).  If  we  consider  only 
the  flow  in  the  region  where  molecular  transport  processes 
can  be  neglected  {y  '>  yv)  and  where  the  stress  is  con¬ 
stant,  dimensional  analysis  or  mixing  length  arguments 
give,  for  zero  pressure  gradient  (Rotta,  1960,  Bradshaw, 
1977): 


Ju+  y  ^  ^ 

If  the  temperature  variation  is  known,  either  by  mea¬ 
surement  or  by  assuming  the  validity  of  Crocco’s  Law, 
the  integral  in  equation  38  may  be  evaluated.  Further¬ 
more,  since  the  appropriate  velocity  scale  for  the  iimer 
and  outer  regions  of  the  boundary  layer  is  we 

expect  from  previous  considerations  that  the  mean  (and 
fluctuating)  velocities  scale  with  this  variable  if  the  flow  is 
self-preserving.  For  an  adiabatic,  zero  pressure-gradient 
boundary  layer,  the  variation  in  density  is  due  to  the 
Mach  number  gradient.  For  a  heated  wall,  the  density 
variation  is  also  affected  by  the  level  of  heating. 


where  Ms  =  Ua/ s/'iR'I't,  and: 
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(for  details,  see  Garvin  et  al.,  1988).  Equation  39  can  be 
applied  to  perturbed  flows  that  display  a  constant-stress 
region.  Furthermore,  in  the  region  where  molecular  trans¬ 
port  processes  can  be  neglected  (j/  ^  y«)  and  where  the 
stress  is  constant,  equation  38  still  applies  as  long  as  the 
scaling  is  based  on  the  local  wall  values.  Equations  38  and 
39  then  completely  define  the  mean  velocity  and  temper¬ 
ature  fields  for  yv  <^y  <ya- 

If  we  assume  that  the  presence  of  a  logarithmic  veloc¬ 
ity  profile  indicates  the  presence  of  a  constant  stress  re¬ 
gion  (this  does  not  necessarily  follow,  but  for  the  present 
purpose  it  may  be  a  reasonable  approximation),  then 
equation  39  may  be  used  to  determine  the  heat  trans¬ 
fer  at  the  wall  by  fitting  it  to  the  data  in  the  region 
yv  y  <  ya-  This  method  for  finding  the  friction  temper¬ 
ature  Tt(=  qwIpwCpUr)  is  similar  to  the  Clauser  method 
for  finding  the  friction  velocity  from  the  measured  veloc¬ 
ity  profile.  The  skin-friction  and  heat-transfer  coefficients 
can  then  be  found  from  the  experimental  profiles  by  an 
iterative  solution  of  equations  38  and  39.  In  principle,  it 
should  also  be  possible  to  find  Pm  using  this  procedure 
but  the  estimates  of  Tt  and  Ch  are  rather  insensitive  to 
the  value  of  Pm,  and  it  difficult  to  find  Pm  accurately 
from  the  data. 

To  express  the  temperature  profile  in  a  similar  logarithmic 
form,  we  note  that  equation  39  may  be  rewritten  using  a 
turbulent  total  temperature,  Ti.  This  leads  to 


The  time  scale  for  the  adjustment  of  the  velocity  field  to 
a  given  perturbation  varies  approximately  as  the  turbu¬ 
lent  kinetic  energy  divided  by  the  rate  of  its  production 
(Townsend,  1976).  That  is,  the  relaxation  time  varies 
approximately  as  (dU /dy)~^ .  The  flow  near  the  wall, 
therefore,  adjusts  relatively  quickly,  and  a  limited  region 
of  self-preserving  flow  may  occur  (it  is  assumed  here  that, 
since  Pt  is  close  to  one,  an  approximately  self-preserving 
state  can  occur).  A  similar  argument  can  be  made  for  the 
relaxation  rate  of  the  temperature  field^ ,  bearing  in  mind 
that  the  Prandtl  number  is  not  unity  so  that  the  physi¬ 
cal  extents  of  the  velocity  and  temperature  layers  are  not 
identical.  Within  this  self-preserving  part  of  the  bound¬ 
ary  layer  (the  internal  layer)  the  velocity  and  temperature 
fields  may  display  a  logarithmic  variation,  and  the  total 
stress  is  then  expected  to  be  approximately  constant  over 
the  same  region. 

When  the  mixed  Prandtl  number  is  constant,  it  is  possible 
to  obtain  for  y  <  ya,  where  ?/*  lies  in  the  constant  stress 
region,  a  temperature-velocity  relationship  for  perturbed 
flows  of  the  form: 
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^For  the  velocity  field,  tu  =  /{—u'v'dU /dy),  and  by  anal¬ 
ogy  for  the  temperature  field,  =  T'^/(— v'T'dr/Sy). 


where  =  -Ti/iTrPm),  and  Ct  depends  on  the  inner 
limits  of  the  logarithmic  region.  It  will  also  depend  on  the 
Prandtl  number  and  the  ratio  of  the  wall  temperature  to 
the  recovery  temperature  TwITr  (Garvin  et  al.,  1988). 

Some  results  from  the  experiments  by  Debieve  et  al. 
(1996)  are  shown  in  figures  28-30.  FVom  figure  28  we  see 
that  the  internal  thermal  layer  grows  relatively  rapidly: 
at  a;  =  8  cm  it  fills  about  half  the  boundary  layer,  and 
by  X  =  46  cm  the  temperature  and  the  velocity  layers 
are  almost  coincident.  A  comparison  with  Grocco’s  rela¬ 
tion  (equation  39)  indicated  that  the  boundary  layer  at 
X  =  8  cm  is  strongly  pertiubed  by  the  heating,  and  by 
X  —  46  cm  has  not  yet  reached  equilibrium.  In  contrast, 
the  velocity  profiles  demonstrate  that  the  temperature 
field  has  only  a  mild  effect  on  the  velocity  distribution 
far  from  the  wall. 

To  find  the  variations  of  wall  friction  and  heat  trans¬ 
fer  along  the  plate,  the  experimental  data  were  fitted  to 
the  logarithmic  relationships  38  and  41.  Figures  29  and 
30  show  the  transformed  velocity  and  static  temperature 
data  in  logarithmic  form.  In  these  transformed  coordi¬ 
nates,  there  appears  to  be  little  effect  of  heating.  In  other 
words,  the  variation  in  density  due  to  the  combined  effect 
of  compressibibty  and  heating  simply  alters  the  velocity 
scale  for  the  velocity  profile  without  introducing  any  ex¬ 
plicit  effects  due  to  the  strong  heating.  The  relaxation  of 
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Figure  28;  Total  temperature  profiles  for  step  change  in  waU  temperature.  Left:  i  =  8  cm;  Right;  x  =  46  cm  (x  is 
the  distance  measured  from  the  beginning  of  the  heated  wall;  the  boundary  layer  thickness  at  x  =  8cm  is  10  mm).  ♦, 
T^/Tr  =  1.0;  A,  T^/Tr  =  1.5;  O,  T^/n  =  2.0.  From  Debieve  et  d.  (1996). 


Figure  29:  Semi-logarithmic  representation  of  trans¬ 
formed  velocity  profiles  at  x  =  32  cm  for  step  change  in 
waU-temperature,  with  Ur  adjusted  to  give  the  best  fit 
to  equation  38.  Symbols  as  in  figure  28.  Figiue  from 
Debieve  et  al.  (1996). 


Figure  30;  Semi-logarithmic  representation  of  tempera.- 
ture  profiles  x  =  32  cm  for  step  change  in  waU  tempera¬ 
ture,  with  Tt  adjusted  to  give  the  best  fit  to  equation  41. 
Symbols  as  in  figure  28.  From  Debieve  et  d.  (1996). 
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the  temperature  profile  and  the  large  extent  of  the  loga¬ 
rithmic  region  are  clearly  evident  in  figure  30.  For  this 
flow,  the  constant  Ct  is  approximately  equal  to  3.0,  which 
is  a  little  lower  than  the  value  of  3.6  found  by  Michel  et  al. 
(1969). 

The  coefficients  of  skin  friction,  Cf  (=  2tw/ Pe.U^),  and 
heat  transfer,  Ch  (=  qw/pMeCp{Tr  -  TJ))  are  shown  in 
figure  31.  Although  the  acciuracy  of  these  data  is  difficult 
to  judge  in  the  absence  of  an  independent  measure  of  Tw 
and  Qu, ,  the  effect  of  heating  appears  to  reduce  the  skin- 
fi-iction  and  heat-transfer  coefficients  significantly,  regard¬ 
less  of  the  streamwise  location.  If  we  assume  that  the 
skin-friction  coefficient  follows  the  same  relation  as  that 
foimd  for  adiabatic  flows,  provided  that  the  density  and 
viscosity  are  evaluated  at  the  wall  conditions,  we  find  that 
most  of  the  differences  in  Cf  observed  due  to  heating  are 
due  simply  to  the  change  in  fluid  properties.  The  ar¬ 
gument  is  similar  to  that  advanced  by  Hinze  (1975)  to 
explain  the  decrease  in  C/  with  Mach  number  for  adia¬ 
batic  flows.  A  corresponding  argument  can  also  be  made 
for  the  heat  transfer  coefficient.  However,  we  can  see  that 
the  Reynolds  Analogy  factor  s  {—  2Ch/Cf)  appears  to  be 
strongly  out  of  equilibrium,  approaching  a  value  of  about 
1.5  near  the  end  of  the  test  section,  still  well  above  its 
equilibrium  value  of  about  1.24. 

As  for  the  longitudinal  turbulence  intensity,  Debieve  et  al. 
(1996)  found  that  Morkovin’s  representation  appears  to 
take  into  account  the  effects  of  wall  heating.  That  is,  the 
data  can  be  collapsed  using  a  scaling  based  solely  on  fluid 
property  variations  (within  the  experimental  error).  Not 
imexpectedly  the  intensity  of  the  total  temperature  fluc¬ 
tuations  increases  with  heating.  For  the  turbulent  heat 
transfer,  we  are  more  interested  in  the  behavior  of  the 
transverse  heat  flux  (pv)'T'.  This  is  a  difficult  quantity  to 
measure  directly,  but  some  indication  can  be  given  by  ex- 
amining  the  behavior  of  the  longitudinal  heat  flux  {pu)'T'. 
Debieve  et  al.  (1996)  found  that  the  correlation  coefficient 
—Rut  is  not  significantly  affected  by  the  heating,  and  it 
remains  almost  unchanged  from  its  adiabatic  value  in  a 
supersonic  flow  of  0.8  -  0.9  (a  typical  value  in  a  heated 
subsonic  flow  is  0.4  -  0.5).  This  high  degree  of  correlation 
between  the  velocity  and  temperature  (even  though  the 
flow  is  heated)  suggests  that  the  instantaneous  scales  of  u' 
and  T'  are  connected  by  a  relationship  such  asT'  =  /(w^). 
In  an  adiabatic  flow,  we  have  the  Strong  Reynolds  Anal¬ 
ogy,  but  in  heated  flows  where  the  total  temperature  fluc¬ 
tuations  are  significant  an  alternative  analysis  is  required. 

When  the  distributions  T{y)  and  U (y)  are  known,  a  lin¬ 
earization  for  small  fluctuations  can  obtained  with  the 
aid  of  a  mixing-length  argument,  \/u^  =  ludU/dy  and 

—  iT^/dy,  or  by  a  direct  linearization  of  the  mean 
relationship  T  =  g{U).  In  the  case  of  lu(y/S)  =  Iriv/S), 
that  is  to  say  when  the  Prandtl  number  defined  in  terms 
of  and  is  equal  to  imity,  the  two  methods  lead  to 
the  same  result  —  the  SRA  (Gaviglio,  1J87).  ^r  a  direct 
linearization  of  the  mean  relationship  T  —  g{U),  similar 
mixing-length  arguments  are  necessary. 

To  evaluate  the  influence  of  wall  heating  on  the  SRA, 
Debieve  et  al.  (1996)  linearized  Walz’s  temperature- 
velocity  relationship  (equation  ??)  which  explicitly  in¬ 


cludes  the  heating  parameter,  TwITr- 
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(a  similar  approach  was  followed  by  Cebeci  &  Smith, 
1974,  who  assumed  r  —  1).  Here,  the  second  term  on 
the  right-hand  side  introduces  the  influence  of  heating. 
This  term  also  depends  on  y/6  through  the  velocity  pro¬ 
file,  UfUe,  which  depends  only  slightly  on  the  heating. 
In  adiabatic  flows,  the  factor  in  the  square  brackets  re¬ 
duces  to  the  recovery  factor,  r  =  0.89.  In  the  case  where 
TwfTr  =  2,  we  CM  expect  that,  for  a  point  located  in  the 
middle  of  the  layer,  the  right-hand  side  of  equation  42 
will  be  reduced  by  a  factor  of  about  two  with  respect  to 
the  adiabatic  value.  The  data  given  by  Debifeve  et  d. 
(1996)  show  this  decrease  from  the  adiabatic  value,  but 
their  data  are  probably  not  accurate  enough  to  verify  the 
exact  form  of  equation  42. 

To  summarize,  we  see  the  growth  of  an  internal  layer  in 
the  temperature  profile,  but  the  transformed  velocity  field 
is  relatively  imaffected  by  the  wall  heating.  Near  the  wall, 
that  is,  in  the  internal  layer,  logarithmic  variations  in  the 
mean  velocity  and  temperature  profiles  were  foimd  when 
the  scaling  arguments  took  into  account  the  new  values 
of  density  and  friction  velocity.  Similarly,  the  change  in 
fluid  properties  at  the  heated  wall  can  explain  the  ob¬ 
served  decrease  in  the  skin-friction  and  wall  heat-transfer 
coefficients.  As  for  the  turbulence,  Morkovin’s  scaling 
collapses  the  streamwise  Reynolds  stress  profiles,  and  the 
correlation  between  velocity  and  temperature  fluctuations 
appeared  imaffected  by  the  heating  at  the  wall.  How¬ 
ever,  the  relationship  between  the  temperature  and  ve¬ 
locity  fluctuations  in  the  SRA  is  strongly  affected  by  the 
heating. 

In  general,  the  observed  changes  in  the  boimdary  layer 
due  to  the  heating  can  be  explained  in  terms  of  variations 
in  fluid  properties  and  the  new  boundary  conditions  at 
the  wall. 


4.3  Adverse  pressure  gradients 

The  extra  strain-rate  due  to  streamline  curvature, 
{dV/dx)  has  a  profound  effect  on  the  turbulence  in  in¬ 
compressible  flows.  When  the  sense  of  curvature  is  con¬ 
cave,  the  effect  on  the  turbulence  in  the  boundary  layer  is 
destabilizing,  leading  to  an  increase  in  waU-friction,  heat- 
transfer,  and  the  Reynolds  stresses.  In  addition,  Taylor- 
Gortler-like  vortices  have  often  been  observed  to  form  on 
concavely-curved  walls.  Gonvex  curvature  is  stabilizing, 
and  the  wall-friction,  heat-transfer,  and  Reynolds  stresses 
all  decrease,  and  the  Taylor-Gortler  instability  is  absent. 
Von  Karman  (1934)  considered  the  equilibrium  of  a  fluid 
element  moving  along  a  curved  streamline,  and  demon¬ 
strated  that  a  boundary  layer  over  a  curved  wall  was  un¬ 
stable  if  the  curvature  was  concave,  and  stable  if  it  was 
convex.  When  the  flow  is  compressible,  the  stability  argu¬ 
ment  must  take  into  account  the  effects  of  density  gradi¬ 
ents,  and  the  analysis  by  Bradshaw  (1973)  suggests  that 
for  an  adiabatic  wall  the  density  gradient  will  enhance 
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Figure  31:  Distribution  of  skin-friction  coefficients  (left),  and  heat-transfer  coefficients  (right)  for  step  change  in 
waU-temperature.  Symbols  as  in  figure  28.  From  Debieve  et  al.  (1996). 


the  effect  of  curvatme.  In  a  strongly  cooled  flow,  how¬ 
ever,  the  density  gradient  changes  sign  near  the  waU,  and 
it  is  possible,  at  least  in  principle,  for  a  boundary  layer  to 
be  unstable  in  the  outer  layer  and  unstable  in  the  inner 
layer,  and  vice  versa. 

These  arguments  provide  qualitative  descriptions  of  the 
flow  stability,  but  experiment  shows  that  the  effects  on  the 
properties  of  the  flow  are  at  least  an  order-of-magnitude 
greater  than  the  analysis  would  indicate.  As  may  be  ex¬ 
pected,  the  effects  of  streamline  curvatme  in  compress¬ 
ible  flow  are  more  difficult  to  determine  because,  as  we 
discussed  earlier,  cmvature  in  a  supersonic  flow  is  always 
accompanied  by  pressme  gradients  and  either  compres¬ 
sion  or  expansion,  and  the  significance  of  each  individual 
perturbation  can  oijy  be  found  by  comparing  different 
experiments  where  the  balance  between  these  effects  is 
changing. 

A  group  of  such  experiments  for  impulsive  perturbations 
were  performed  by  Jayaram  et  al.  (1987),  Smits  &  Muck 
(1987)  and  Donovan  et  al.  (1994).  Two  different  angles 
of  tmning  were  investigated,  8°  (Group  One)  and  16° 
(Group  Two),  and  the  non-dimensional  radius  of  cmva- 
tme,  Rc/6o,  varied  from  0,  to  10  —  12  {Models  I  and  IV), 
to  50  {Model  II).  The  incoming  Mach  number  was  fixed 
at  a  value  of  about  2.9.  The  flow  configmations  are  shown 
schematically  in  figme  27,  and  the  estimated  strengths  of 
the  corresponding  impulses  of  extra  strain-rates  are  given 
in  tables  3  and  4.  Here,  6o  is  the  boundary  layer  thickness 
of  the  flow  just  upstream  of  the  start  of  the  disturbance, 
and  the  length  of  the  impulse  is  Li. 

4.4  Flow  over  concavely-curved  walls 

The  experiment  by  Donovan  et  al.  (1994)  illustrates  many 
aspects  of  flows  over  concavely-cmved  walls  in  supersonic 
flow.  The  flow  conditions  are  summarized  in  table  4,  un¬ 
der  Model  IV,  Curved  WaU.  The  total  turning  angle  was 
20°.  As  the  flow  passed  through  the  region  of  smface 
cmvature,  the  wall  pressme  rose  by  a  factor  of  2.9,  the 


Mach  number  decreased  from  2.86  to  2.10,  the  density 
increased  by  a  factor  of  2.1  and  the  velocity  decreased 
by  a  factor  of  0.88.  At  the  same  time,  the  absolute  waU 
shear-stress  increased  by  about  125  percent,  and  the  skin 
friction  coefficient  increased  by  about  77  percent.  This  in¬ 
crease  is  counter  to  that  observed  in  subsonic  flows,  where 
an  adverse-pressure  gradient  causes  the  waU  shear-stress 
to  decreaise.  Another  example  of  this  phenomenon  is  the 
Fernando  &  Smits  experiment  shown  in  figme  27.  In  these 
flows  the  sonic  layers  are  very  thin,  and  as  the  pressme 
rises  the  boundary  layer  thickness  decreases.  Since  the 
turbulent  mixing  is  strong,  the  net  effect  of  a  thinner  layer 
is  to  increase  the  wall  stress.  The  skin  friction  continued 
to  increase  weU  after  the  region  of  wall  curvatme  had 
ended,  and  continued  to  increase  even  after  the  pressme 
gradient  had  ended. 

Figure  32  shows  the  mean  velocity  profiles  in  inner-layer 
scaling.  The  undistmbed  boundary-layer  profile  exhibits 
an  extensive  logarithmic  region  (the  discrepancies  near 
the  wall  are  due  to  uncertainties  in  probe  position).  By 
the  end  of  the  cmved  region,  the  profile  begins  to  dip  be¬ 
low  the  logarithmic  law  near  the  point  where  y'^  —  2000. 
The  dip  grows  in  size  and  extends  farther  into  the  loga¬ 
rithmic  region  with  increasing  streamwise  distance.  A  dip 
in  the  logarithmic  region  is  a  common  featme  of  flows  with 
concave  cmvatme,  and  it  may  indicate  that  the  length- 
scales  of  the  turbulence  increase  faster  with  distance  from 
the  waU  than  in  the  unpertmbed  boundary  layer  (Brad¬ 
shaw,  1973,  Smits  et  al.,  1979b,  Jayaram  et  al.,  1987, 
Smits  et  al.,  1989).  The  dip  does  not  become  signifi¬ 
cant  until  after  the  curved  region  ends,  suggesting  that 
the  inner  region  of  the  boundary  layer  is  either  exhibiting 
a  delayed  response  to  the  cmvatme,  or  it  is  responding 
relatively  quickly  to  the  removal  of  cmvatme. 

In  these  meaismements,  a  constant-temperature  hot-wire 
anemometer  was  operated  at  high  overheat  ratio  to  mea- 
sme  the  local  mass-flux  fluctuations,  {pU)'^  j p^U'^.  The 
streamwise  stress  was  obtained  by  using  the  SR  A,  accord- 
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Group  One 

Smits  &  Muck 

Jayaram  et  al. 

Fernando  &  Smits 

Kussoy  et  al. 

Compression  Corner 

Model  I 
Curved  Wall 

Model  II 
Curved  Wall 

Flat  wall 

Flat  wall 

2.9 

2.9 

2.9 

2.9 

2.3 

Rc 

0 

10«o 

50«a 

oo 

OO 

Li 

0 

1.4«o 

7So 

rs^ 

1.5«„ 

le 

0.14 

0.14 

0.14 

<  0.05 

— 

Ir. 

0.41 

0.46 

0.46 

0.46 

0.40 

-t-350% 

4-240% 

4-320% 

4-200% 

4-370% 

— pti'v' 

-1-390% 

4-390% 

4-200% 

4-220% 

4-160% 

e 

- +8” - 

+8” 

+8” 

0 

0 

Table  3;  Impulses  in  adverse  pressure-gradient  cases,  Group  One.  The  “Flat  Wall”  cases  are  reflected  wave  flows. 
Adapted  from  Smith  &  Smits  (1994). 


Group  Two 

Smits  U  Muck 

Compression  Corner 

Donovan  et  al. 
Model  IV 
Curved  Wall 

Smith  &  Smits  (1991) 

Flat  wall 

2.9 

2.9 

2.9 

Ro 

0 

12«o 

OO 

Li 

0 

3.5«o 

3.5«o 

h 

0.28 

0.28 

<  0.09 

h 

0.76 

0.78 

0.78 

4-1700% 

4-900% 

4-600% 

—"pu'v' 

4-650% 

4-700% 

_ 

e 

+T6” 

+16” 

0 

Table  4:  Impulses  in  adverse  pressure-gradient  cases,  Group  Two.  The  “Flat  Wall”  cases  are  reflected  wave  flows. 
Adapted  from  Smith  &  Smits  (1994). 


Figure  32:  van  Driest-transformed  mean  velocity  profiles  for  the  Model  IV  curved- wall  impulse  experiment  (see  table  4). 
The  vertical  line  near  10,000  indicates  the  boundary  layer  edge.  The  x/^o  values  are  indicated  to  the  right  of  the  profiles, 
where  is  the  boundary  layer  thickness  for  the  incoming  boimdary  layer,  and  x  is  measured  from  the  start  of  the 
curved  wall  (the  curvature  finishes  at  x  =  3.5^o).  From  Donovan  et  al.  (1994). 
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ing  to; 


{puy  ^  p^,^ 

pU  P  u' 

That  is,  ^  =  {pUy^ I p  (l  -f  (7  -  1)  M^)*(43) 

The  overall  increase  in  the  local  mass-flux  fluctuations 
through  the  perturbation  is  only  about  60  percent,  but 
the  level  of  the  Reynolds  streamwise-stress  increases  con¬ 
siderably  more  through  the  perturbation:  for  instance, 
at  y/S  —  0.4  the  level  increases  by  a  maximum  factor  of 
6.8.  From  equation  43,  it  is  clear  that  the  difference  in 
the  amphfication  levels  is  primarily  due  to  the  strong  role 
played  by  the  me£m  density  in  the  definition  of  the  stress 
term.  The  first  signs  of  amplification  occur  at  points  close 
to  the  wall,  where  the  time-scales  are  small.  By  the  last 
streamwise  station,  at  x  =  O.l^o,  the  relaxation  process 
had  begun  at  points  below  0.65,  but  the  fluctuations  were 
still  growing  in  the  outer  20  percent  of  the  layer. 

As  the  boundary  layer  exits  from  the  curved  region,  the 
profile  of  the  angular  momentum,  p{dU/dy),  develops 
an  inflection  point  away  from  the  wall.  A  generalized 
inflection  point  is  defined  by  two  conditions: 


In  a  laminar  boundary  layer,  a  generalized  inflection 
point  can  make  the  layer  unstable  to  small  disturbances 
(Morkovin,  1992).  In  the  present  case,  the  inflection  point 
is  first  seen  at  x  =  4.545o,  where  it  is  located  at  about 
y  —  0.25.  Downstream,  it  becomes  more  exaggerated,  and 
its  position  moves  slowly  away  from  the  wall  so  that  at 
a:  =  8.165o,  it  is  at  about  y  —  0.35.  The  Mach  numbers  at 
these  locations  satisfy  the  second  condition,  and  it  seems 
possible  that  instabilities  associated  with  the  inflectional 
angular-momentum  profile  contribute  to  the  turbulence 
amplification  downstream  of  the  curved  wall  region. 


The  Reynolds  shear-stress  distributions  are  shown  in  fig¬ 
ure  33.  The  amplification  of  the  shear  stress  is  largest 
a.t  y  =  0.45,  where  the  level  has  increased  by  a  factor  of 
5.3,  although  the  shear  stress  relaxes  considerably  faster 
than  the  streamwise  stress.  The  normal  component  of 
the  stress,  pv''^,  also  increased  significantly,  by  a  maxi¬ 
mum  factor  of  6.0  in  the  middle  of  the  layer.  Somewhat 
surprisingly,  the  anisotropy  ratio  Urmalvrma  showed  little 
change  through  the  distortion,  but  the  correlation  coeffi¬ 
cient  FLuv  increased  by  more  than  60  percent,  suggesting 
that  the  organized  motions  have  been  altered  significantly. 

Two-point  hot-wire  measurements  were  also  made  to 
study  the  behavior  of  the  large-scale  motions  directly. 
The  convection  velocity  had  decreased  by  about  5  percent 
relative  to  the  local  mean  velocity  at  x  =  5.45o,  and  the 
mean  structure  angle  had  increased  by  about  5° .  Further 
downstream,  the  structure  angle  continued  to  increase,  so 
that  at  X  =  9.15o  it  had  increased  to  about  10°  over  the 
undisturbed  value. 


The  schlieren  visualization  of  the  boimdary  layer  indicates 
that  the  density  fronts  rapidly  change  their  inclination  in 
the  region  of  ciuvature  (see  figure  34).  In  the  beginning 
stages  of  the  compression,  the  inclination  is  considerably 
less  than  the  upstream  value  (which  is  about  50°  in  the 


Figure  33;  Streamwise  variation  of  the  Reynolds  shear- 
stress  profiles  for  the  Model  IV  curved-wall  impulse  ex¬ 
periment  (see  table  4).  The  values  plotted  at  j/  =  0  cor¬ 
respond  to  Tu,.  From  Donovan  et  al.  (1994). 


middle  of  the  layer,  see  figure  25b),  but  the  angles  quickly 
increase  so  that  at  x  =  8.95o  they  had  incre^ed  to  about 
15°  over  the  undisturbed  value,  in  reasonable  agreement 
with  the  hot-wire  data.  Donovan  et  al.  suggested  that  this 
behavior  may  be  explained  by  considering  the  effect  of  the 
compression  on  the  vorticity  contained  by  the  large-scale 
motions.  We  should  note  that  the  distortion  is  approxi¬ 
mately  isentropic,  at  least  as  far  as  the  initial  response  is 
concerned,  and  baroclinic  torques  will  therefore  not  gen¬ 
erate  significant  levels  of  vorticity.  A  simple  calculation 
based  on  the  magnitude  of  the  compression  in  the  plane 
of  curvature  (assuming  the  perturbation  to  be  rapid)  sug¬ 
gests  that  the  angle  should  decrease,  not  increase.  If  we 
assume  the  incoming  large-scale  motions  have  a  vertical 
scale  given  by  5,  and  the  overall  streamwise  extent  is  given 
by  775,  then  77  =  1.1  for  most  of  the  central  part  of  the  up¬ 
stream  layer  since  the  structure  angle  is  about  50°  (see 
figure  25).  Furthermore,  if  we  assume  that  the  vertical 
scale  downstream  is  stiU  given  by  the  local  boundary- 
layer  thickness,  then  the  downstream  value  of  5  can  be 
found  from  the  velocity  ratio  across  the  compression,  as 
long  as  the  viscous  terms  are  negligible  for  this  short  time. 
This  would  imply  that  the  downstream  angle  is  close  to 
20°,  primarily  because  of  the  reduction  in  boundary-layer 
thickness.  If  the  organized  motion  were  some  type  of  vor¬ 
tical  structure,  then  considerable  stretching  would  be  re¬ 
quired  to  rotate  it  to  an  angle  of  20°  and  still  have  it  span 
the  boimdary  layer  (this  leads  to  an  increase  in  length  of 
about  90  percent).  If  the  structure  is  assumed  to  be  a 
large-scale  horseshoe  vortex,  then  stretching  would  cause 
the  legs  of  the  vortex  to  move  closer  while  their  circula¬ 
tion  remains  constant  (primarily  because  of  the  influence 
of  the  image  vortex).  Using  a  Biot-Savart-type  argument 
(assuming  the  gradients  of  the  sound  speed  are  not  large 
in  the  outer  80  percent  of  the  boundary  layer),  the  in¬ 
duced  velocity  will  increase,  tending  to  increase  the  an¬ 
gle  of  inclination.  The  schlieren  photographs  suggest  an 
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Figure  34:  Schlieren  photograph  of  a  Mach  2.9  boundary  layer  passing  over  a  short  region  of  concave  surface-curvature 
(Model  IV  in  table  4).  The  flow  is  from  right  to  left.  The  first  pointer  marks  the  end  of  curvature  and  the  second  marks 
the  X  ^  5.4<5o  location.  The  dark  band  at  the  edge  of  the  boundary  layer  is  the  compression  fan/shock  structure.  Note 
the  change  in  the  inclination  angle  of  the  large-scale  structures.  From  Donovan  et  al.  (1994). 


over-recovery  of  the  structme  angle  in  the  region  after 
curvature. 

In  incompressible  flows,  some  investigators  (for  example, 
Head  Sz  Bandyopadhyay,  1981)  have  discussed  the  pos¬ 
sibility  that  the  angles  of  inclination  of  hairpin  vortices 
and  bulge  interfaces  are  related  to  the  principal  axis  of 
the  rate-of-strain  tensor.  In  any  zero  pressure-gradient 
boundary  layer  the  inclination  of  the  principal  axis  is  very 
close  to  45°.  Donovan  (1989)  used  a  rotational  method 
of  characteristics  to  calculate  the  variation  of  the  rate- 
of-strain  tensor  on  Model  IV.  This  procedure  is  valid  for 
rapidly  distorted  flows  where  the  turbulence  has  a  neg¬ 
ligible  effect  on  the  mean  flow,  a  condition  satisfied  rea¬ 
sonably  well  by  the  flow  for  x  =  5.45o-  The  smallest  in¬ 
clination  of  the  principal  axis  was  calculated  to  be  about 
40°  before  relaxing  back  to  its  upstream  value,  which  to 
some  extent  reflects  the  behavior  observed  in  the  schlieren 
visualization.  However,  the  causal  relation  between  the 
principal  axis  of  the  mean  strain  rate  and  the  inclination 
of  the  organized  motions  remains  unclear. 

Further  information  on  the  spatial  extent  of  the  outer- 
layer  structures  was  found  using  two  vertically-separated 
wires.  By  shifting  the  peak  in  the  space-time  correlations 
along  a  line  corresponding  to  the  mean  structiue-angle, 
the  qualitative  picture  shown  in  figure  35  was  obtained. 
This  view  may  be  compared  to  the  similar  view  shown 
in  figiue  20a  {^y/S  =  0.09)  for  the  undisturbed  bound¬ 
ary  layer.  Both  plots  illustrate  the  spatial  nature  of  the 
organized  motions  in  side-view  when  the  horizontal  axis 
is  taken  as  the  streamwise  direction  (using  Taylor’s  Hy¬ 
pothesis).  The  increase  in  structure  angle  at  x  =  5.4iSo  is 
evident,  as  well  as  the  stretched  length  of  the  large  scales, 
and  the  increase  in  the  streamwise  correlation  length- 
scale.  This  last  observation  is  somewhat  unexpected,  but 
it  may  indicate  that  the  compression  enhances  the  corre¬ 
lated  motions  more  than  the  uncorrelated  parts. 

Finally,  by  conditionally  sampling  the  fluctuating  stream- 
wise  and  normal  velocity  signals  simultaneously,  an  ap- 


Figure  35:  Model  IV  curved-wall  impulse  experiment 
(see  table  4):  correlation  contours  from  hot  wires  sepa¬ 
rated  by  0.15  in  a  direction  normal  to  the  wall  at  a  po¬ 
sition  X  =  5.45o  downstream  of  the  start  of  curvature. 
This  view  may  be  compared  with  the  corresponding  view 
of  the  undisturbed  boimdary  layer  shown  in  figure  20a. 
From  Donovan  et  al.  (1994). 
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Figure  36:  Model  IV  curved- wall  impulse  experiment  (see  table  4):  average  flow  fleld  in  the  region  of  instantaneous 
positive  mass-flux  gradient  as  seen  in  a  reference  frame  moving  at  the  convection  velocity  of  the  large-scale  motions 
at  X  =  5.4(5o  downstream  of  the  start  of  curvature.  This  view  may  be  compared  with  the  corresponding  view  of  the 
undisturbed  boimdary  layer  shown  in  figure  26.  From  Donovan  et  al.  (1994). 


proximate  view  of  the  average  large-scale  motion  can  be 
derived.  The  VITA  technique  developed  by  Blackwelder 
k.  Kaplan  (1976)  was  used  to  identify  positive  mass-flux 
fronts,  and  the  ensemble-averaged  flowfields  around  these 
fronts  are  shown  in  figure  36  (the  corresponding  view  for 
the  upstream  boimdary  layer  was  shown  in  figure  26).  The 
clockwise  rotation  within  the  large  scales  is  clearly  seen, 
as  is  the  counter-clockwise  rotation  in  the  region  behind 
the  mass-flux  front  (that  is,  the  back  of  the  large-scale 
structure),  and  the  presence  of  a  stagnation  point  on  the 
mass-flux  front  itself.  Downstream,  the  rotating  motion 
of  the  fluid  downstream  of  the  back  of  the  structure  is  not 
as  well  defined,  and  the  upward  velocity  just  in  front  of 
the  back  is  much  larger  than  in  the  upstream  boimdary 
layer.  Throughout  the  flow,  the  steeper  angle  of  most  of 
the  velocity  vectors  reflect  the  amplification  of  the  normal 
velocity  component  by  the  perturbation. 

Having  described  the  results  of  one  particular  study  in 
some  detail,  we  can  now  summarize  the  overall  behavior 
of  the  curved-wall  flows  listed  in  tables  3  and  4.  In  all 
cases,  the  Reynolds  stresses  were  found  to  be  amplified 
downstream  of  the  ciuvature.  The  level  of  amplification 
depended  on  the  pressure  gradient,  and  the  largest  am¬ 
plification  was  observed  in  the  compression-corner  flows 
where  the  strongest  pressure  gradients  are  found.  That 
is,  the  more  rapid  the  perturbation,  the  greater  the  am¬ 
plification  of  the  turbulence.  Changes  in  the  turbulence 
structure  seem  to  depend  therefore  on  the  strength  and 
the  rate  of  apphcation  of  the  perturbation.  For  the  weak¬ 
est  distortion  {Rc/So  =  50)  no  changes  in  the  structiue 
were  observed  indicating  that  the  boundary  layer  was  near 
equilibrium  throughout  the  distortion.  For  the  more  rapid 
distortions  at  8°  of  turning  {Rc/So  =  0  and  10),  weak 
changes  in  the  turbulence  structure  parameters  were  ob¬ 
served. 


ceau  (1984),  Kuntz  et  al.  (1987),  Smits  &  Muck  (1987) 
and  Selig  et  al.  (1989)  found  that  the  amplification  of  the 
turbulence  increased  with  the  ramp  angle,  that  is,  the 
shock  strength.  Ardonceau  observed  that  the  Reynolds 
shear-stress  responded  more  quickly  to  the  distortions 
than  the  streamwise  and  normal  components.  For  the  flow 
downstream  of  the  interaction,  he  suggested  that  the  tur¬ 
bulent  motions  begin  to  lose  their  coherence  before  begin¬ 
ning  to  dissipate  energy.  In  the  experiments  by  Smits  & 
Muck,  the  turning  of  the  flow  was  the  same  as  the  turning 
in  the  curved  wall  studies  of  Models  I,  II  and  IV.  A  greater 
amplification  of  the  streamwise  Reynolds  stress  was  found 
when  a  shock  wave  was  present,  but  the  same  trend  was 
not  observed  in  the  shear  stress,  and  in  the  case  of  an  8° 
ramp,  the  boundary  layer  response  was  the  same  with  or 
without  the  shock  wave.  As  the  strength  of  the  pertur¬ 
bation  increased  from  8°  to  16°,  the  shock  wave  began 
to  have  an  influence.  For  instance,  Smits  k  Muck  (1987) 
found  a  change  in  the  anisotropy  ratio  downstream  of  a 
16°  shock  wave  interaction,  but  as  we  saw  above,  there 
is  little  change  in  the  anisotropy  ratio  in  the  flow  over  a 
16°  curved  wall.  Initially,  it  was  believed  that  there  was 
a  coupUng  between  the  unsteady  shock  motion  and  the 
turbulence  which  served  to  amplify  the  turbulence  inten¬ 
sity  without  directly  affecting  the  shear  stress.  However, 
the  measurements  made  by  Selig  et  al.  using  conditional 
sampling  demonstrated  that  the  shock  motion  had  little 
effect  on  the  amplification  of  the  turbulence  intensity.  In 
contrast,  there  appears  to  be  a  strong  link  between  the 
large-scale  motions  in  the  incoming  boundary  layer  and 
the  unsteady  motion  of  the  shock  wave,  at  least  for  at¬ 
tached  flows  (Gramann  k  Dolling,  1992,  Cogne  et  al., 
1993). 


In  compression  ramp  interactions,  Debieve  (1983),  Ardon- 
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4.5  Reflected-wave  flows 

To  study  the  effects  of  adverse  pressure-gradients  in  the 
boundary  layer  with  a  minimum  amount  of  distortion 
due  to  curvature,  the  pressure  gradient  can  be  imposed 
through  a  system  of  reflected  waves  (see  figure  27).  The 
response  of  the  turbulence  to  this  type  of  perturbation 
was  studied  by  Kussoy  et  cd.  (1978)  at  Mach  2.3,  and 
by  Fernando  k.  Smits  (1990)  and  Smith  &  Smits  (1996) 
at  Mach  2.9.  In  the  first  two  studies,  the  rise  in  pres¬ 
sure  was  approximately  equal  (in  other  words,  the  re¬ 
spective  impulses  due  pressure  changes  were  nearly  the 
same);  however,  the  pressure  gradient  occurred  over  a 
shorter  distance  in  the  first  study  (1.55o)  than  in  the 
second  {76o).  The  strengths  of  the  perturbations  were 
weaker  than  the  perturbation  imposed  by  Smith  &  Smits 
in  the  third  study,  where  the  distortion  was  stronger  and 
more  rapid  (see  tables  3  and  4),  but  in  all  three  flows  the 
Reynolds  stresses  were  strongly  amplified.  Fernando  & 
Smits  found  that  the  turbulence  stress  ratios  varied  less 
than  the  stresses  themselves,  indicating  that  the  structure 
of  the  turbulence  remained  largely  unchanged  in  their 
flow.  This  conclusion  was  confirmed  by  measurements 
of  the  space-time  correlations  which  were  essentially  un¬ 
changed  from  the  correlations  in  the  imdisturbed  bound¬ 
ary  layer.  These  observations  were  not  unexpected  since 
the  distortion  was  comparatively  weak  and  relatively  slow. 
However,  a  frequency  shift  was  observed  in  the  energy 
spectra  of  the  turbulence,  suggesting  an  increase  in  the 
turbulence  length-scale.  This  change  was  more  obvious 
in  the  velocity  profiles  which  exhibited  the  dip  below  the 
logarithmic  law  characteristic  of  subsonic  flows  experi¬ 
encing  concave  streamline  curvature,  and  it  may  indicate 
the  effect  of  the  small  but  perhaps  significant  amount  of 
streamline  curvature  found  in  the  reflected  wave  flows  of 
Fernando  &  Smits  (and  Smith  &;  Smits).  Of  course,  if 
we  assume  that  the  concept  of  an  impulsive  perturbation 
holds  in  this  case,  Ig  =  0  since  the  incoming  and  out¬ 
going  flow  directions  are  the  same.  However,  the  region 
over  which  the  pressure  rises  is  rather  long  (of  the  order 
of  the  large-eddy  tinnover-distance  ss  106o)  and  the  ap¬ 
pearance  of  curvatme-related  effects  may  signal  the  limit 
of  the  impulse  approximation.  In  that  case,  the  approx¬ 
imation  will  also  break  down  for  the  flow  over  Model  II 
where  Rc  =  50^0- 

The  pressure  gradients  in  the  flat  plate  studies  by  Fer¬ 
nando  &  Smits  and  Smith  &  Smits  were  designed  to  match 
the  pressure  gradients  on  curved  walls  with  8°  and  16°  of 
turning,  respectively,  where  the  non-dimensional  radius  of 
curvature  was  Ref  So  =  50,  and  10  -  12  (Jayaram  et  cd., 
1987,  Donovan  et  al.,  1994).  For  8°  of  turning,  the  pres¬ 
ence  of  curvature  was  found  to  enhance  the  increase  in 
the  streamwise  Reynolds  stress,  and  although  it  did  not 
change  the  total  amplification  in  the  shear  stress,  the  rate 
at  which  the  shear  stress  changed  was  faster  for  the  flow 
with  curvature.  For  16°  of  turning,  a  similar  behavior  in 
the  streamwise  stress  was  observed.  Structural  changes 
in  the  turbulence  appear  to  be  directly  finked  to  the  pres¬ 
ence  of  substantial  amounts  of  streamline  curvature  and 
the  rate  at  which  the  pertmbation  is  applied.  For  ex¬ 
ample,  changes  in  the  turbulence  structure  were  noted 
by  Jayaram  et  al.  on  an  8°  curved  wall,  but  Fernando 
Smits  found  no  structural  changes  in  a  flow  with  the  same 
adverse  pressure-gradient  on  a  flat  wall.  The  more  rapid 


the  distortion,  the  greater  the  change  observed  in  the  tur¬ 
bulence  structrue,  suggesting  that  these  changes  may  be 
described  using  the  total  strain-rate  while  the  slower  dis¬ 
tortions  should  be  described  using  local  strain-rates. 

4.6  Taylor-Gortler  vortices 

In  subsonic  turbulent  boundary  layers,  concave  curva¬ 
ture  in  the  streamwise  direction  introduces  longitudinal 
vortices  according  to  a  mechanism  similar  to  that  re¬ 
sponsible  for  producing  Taylor-Gortler  vortices  in  lami¬ 
nar  flows  (Tani,  1962).  These  longitudinal  roll-cells  tend 
to  be  spaced  in  the  spanwise  direction  with  a  reason¬ 
ably  regular  spacing  of  one  to  two  boundary  layer  thick¬ 
nesses,  and  once  established  they  are  very  stable  in  lo¬ 
cation  and  strength.  Although  they  are  generally  weak, 
in  that  their  tangential  velocity  is  at  least  an  order-of- 
magnitude  smaller  than  the  freestream  velocity,  they  can 
have  strong  effects  on  the  turbulence.  For  example,  Smits 
et  al.  (1979b)  found  that  downstream  of  an  impulse  in 
concave  cmvature  the  shear  stress  differed  by  up  to  a  fac¬ 
tor  of  two  in  the  spanwise  direction,  where  the  low  level 
was  foimd  in  the  region  where  the  secondary  flow  was 
towards  the  wall  (that  is,  a  “crest”  in  the  spanwise  Cf 
distribution),  and  the  high  level  was  found  where  it  was 
away  from  the  wall  (a  “trough”  in  the  Cf  distribution). 
The  corresponding  C/  values  differed  by  about  20  percent 
from  the  crest  to  the  trough. 

In  some  particular  flows  with  concave  curvature,  Taylor- 
Gortler  vortices  have  not  been  observed.  In  the  study  by 
Smits  et  cd.  (1979a),  where  the  flow  developed  on  a  cylin¬ 
drical  forebody  before  diverging  on  a  cone,  the  boundary 
layer  experienced  the  combined  effects  of  concave  curva^ 
ture  and  divergence.  Steady  vortices  were  not  detected. 
It  is  possible  that  unsteady  vortices  were  formed,  without 
a  preferred  spanwise  position,  or  that  the  vortices  orig¬ 
inated  intermittently  at  different  spatial  locations.  The 
meeisurements  were  not  designed  to  detect  such  unsteady 
motions,  and  so  we  can  only  speculate.  It  is  also  possible 
that  the  roll-cells  did  not  form  at  all  because  of  a  nonlin¬ 
ear  interaction  between  concave  curvature  (which  ampli¬ 
fies  longitudinal  vorticity)  and  divergence  (which  ampli¬ 
fies  spanwise  vorticity). 

In  separated  supersonic  flows,  surface  oil  flow  visualizar- 
tions  in  the  region  of  reattachment  suggest  that  steady 
Taylor-Gortler  vortices  also  occur  in  compressible  flows 
(Roshko  &  Thomke,  1966).  Visualizations  of  the  separa^ 
tion  and  reattachment  fines  in  compression-corner  flows 
similarly  suggest  the  existence  of  longitudinal  vortices, 
with  a  spanwise  spacing  similar  to  that  seen  in  incom¬ 
pressible  flows  (see  figure  37),  and  Sefig  et  al.  (1989)  sug¬ 
gested  that  longitudinal  vortices  could  be  the  cause  for 
a  bimodal  pdf  in  the  mass-flux  fluctuations  downstream 
of  a  24°  compression  corner,  since  they  are  an  effective 
mechanism  for  sweeping  low-momentum  fluid  up  from  the 
near-wall  regions. 

However,  no  evidence  of  steady  Taylor-Gortler-like  vor¬ 
tices  was  found  in  any  of  the  attached  flows  listed  in  ta¬ 
bles  3-5.  It  is  again  possible  that  nonlinear  effects  may 
have  prevented  their  appearance.  For  example,  it  was  sug¬ 
gested  by  Green  (see  Bradshaw,  1973,  Smits  et  al.,  1979a) 
that  bulk  compression  acts  in  many  respects  similarly  to 
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Figure  37:  Surface  streak  patterns  for  compression-corner  flows  at  Mach  2.9  (the  line  5  indicates  the  mean  separation 
hne,  line  R  the  mean  reattachment  line  and  hne  C  the  position  of  the  corner).  The  flow  is  from  top  to  bottom,  and  the 
incoming  boimdary  layer  thickness  is  shown  for  comparison.  From  Settles  et  al.  (1979a). 


lateral  divergence.  If  it  is  true  that  Taylor-Gortler  vor¬ 
tices  do  not  form  in  subsonic  boimdary  layer  flows  when 
concave  curvature  and  divergence  act  together,  then  by 
extension  it  may  not  be  surprising  that  when  concave 
curvature  and  dilatation  occur  together,  Taylor-Gortler 
vortices  again  appear  to  be  absent. 

A  criterion  for  the  onset  of  steady  Taylor-Gortler  vor¬ 
tices  in  compressible  flows  with  concave  curvature  may 
be  developed  as  follows.  According  to  Schlichting  (1979), 
Taylor-Gortler  vortices  first  appear  in  a  laminar,  incom¬ 
pressible  boundary  layer  on  a  concavely-curved  wall  when 
the  characteristic  parameter,  the  Gortler  number  Gt, 


exceeds  a  certain  value.  Stability  calculations  give  the 
neutral  curve  as  a  function  of  Gortler  number  and  non- 
dimensional  wavelength. 

Tani  (1962)  suggested  that  this  criterion  could  be  applied 
to  turbulent  flows  by  using  the  same  characteristic  length 
scale,  6,  and  simply  replacing  the  molecular  viscosity  by 
the  eddy  viscosity.  If  we  assume  that  the  eddy  viscosity 
in  the  outer  layer  is  given  by 


ut  =  omsu^s* 


(Clauser,  1956),  then 


Gt  = 


(44) 


(45) 


which  indicates  that  the  appearance  of  longitudinal  vor¬ 
tices  in  a  turbulent  flow  is  a  weak  function  of  Reynolds 
number  since  the  shape  factor  varies  somewhat  with 
Reynolds  number  (Coles,  1962).  Bradshaw  (1973)  pointed 
out  that  the  direct  use  of  the  neutral  curve  for  the  Blasius 
profile  is  not  realistic,  but  Tani’s  measurements  agreed 


reasonably  well  with  this  simple  proposal.  Note  that  the 
Gortler  number  for  tmbulent  flow  can  also  be  written  as 


{0/6)^-^  [J 
0.018  («V'5)V  R' 


(46) 


We  can  extend  the  analysis  to  compressible  flow  by  assum¬ 
ing  that  the  length  scale  remains  unchanged  and  that  the 
eddy  viscosity  is  still  given  by  equation  44.  In  other  words, 
the  Gortler  number  for  a  compressible  turbulent  flow  is 
given  by  equation  46,  where  we  recognize  that  the  momen¬ 
tum  and  displacement  thicknesses  are  a  strong  function 
of  Mach  number  (Smits  &  Dussauge,  1996).  Some  typical 
values  may  then  be  found  for  the  lower  limit  on  6/R  where 
we  expect  to  And  longitudinal  vortices,  corresponding  to 
the  neutral  curve  calculated  by  Smith  (1955)  and  a  fixed 
wavelength  of  26.  For  the  present  purpose,  we  will  ignore 
the  weak  dependence  of  the  Gortler  number  on  Reynolds 
number.  As  the  freestream  Mach  number  increases  from 
0,  to  1,  to  3,  to  5,  we  find  {6/R)^  increases  from  0.003, 
to  0.005,  to  0.03,  to  0.11.  That  is,  the  analysis  predicts 
a  strong  increase  in  stability  with  increasing  Mach  num¬ 
ber.  Most  of  the  Mach  3  curved-wall  cases  listed  in  ta^ 
bles  3  and  4  exceed  this  rather  crude  criterion,  but  not 
by  very  much,  and  it  seems  likely  that  the  absence  of 
Taylor-Gortler  vortices  in  these  attached  flows  is  at  least 
partly  due  to  the  stabilizing  influence  of  Mach  number. 
For  the  separated  flows,  the  distortion  of  the  mean  veloc¬ 
ity  profile  will  influence  the  stability  calculation,  and  the 
appearance  of  an  inflection  point  will  obviously  make  the 
layer  more  unstable  in  every  sense. 


4.7  Favorable  pressure  gradients 

When  the  sense  of  the  curvature  is  convex,  the  effect  on 
the  boundary  layer  turbulence  is  stabilizing,  and  the  wall- 
friction,  heat-transfer  and  the  Reynolds  stresses  are  ex- 
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Table  5:  Impulses  in  favorable  pressure-gradient  cases,  Group 


Three.  Adapted  from  Smith  &  Smits  (1994). 


pected  to  decrease.  If  the  flow  is  supersonic,  then  the  con¬ 
vex  curvature  will  generally  be  accompanied  by  a  favor¬ 
able  pressure-gradient  which  will  enhance  the  stabilizing 
effect.  With  the  exception  of  Morkovin  (1955)  and  John¬ 
son  (1993),  all  of  the  studies  in  supersonic  flows  of  con¬ 
vex  curvature  effects  have  been  made  in  expansion-corner 
flows  (iZc  =  0)  where  the  curvature  and  pressure  gradient 
are  stabilizing  (see  figure  27).  Turbulence  measurements 
in  expansion  corners  by  Dussauge  &  Gaviglio  (1987)  at 
Mach  1.76,  and  Smith  &  Smits  (1991)a  at  Mach  2.9,  show 
a  substantial  reduction  in  the  streamwise  Reynolds  stress 
downstream  of  the  corner  (see  Group  Three,  table  5). 

The  usefulness  of  RDA  for  rapidly  expanded  flows  was 
indicated  in  section  4.1.  The  strong  stabilizing  influence 
of  expansion  can  be  seen  in  figure  38.  The  good  agree¬ 
ment  between  the  measured  and  calculated  stress  profiles 
suggests  that  the  evolution  of  the  mean  flow  field  was  es¬ 
sentially  independent  of  the  turbulence  field,  and  that  the 
turbulence  field  evolved  in  direct  response  to  the  changes 
in  the  mean  velocity  gradients.  Smith  &  Smits  also  found 
that  90  percent  of  the  reduction  in  the  streamwise  stress 
was  due  to  the  effect  of  bulk  dilatation,  that  is,  the  change 
in  mean  density.  Curvature  appeared  to  play  a  very  small 
role  even  though  the  flow  was  turned  through  a  relatively 
large  angle  of  20° . 

If  the  favorable  pressure  gradient  is  strong  enough,  it 
seems  possible  that  the  boundary  layer  will  mlaminarize, 
as  in  subsonic  flow,  although  it  might  be  more  accurate 
to  say  that  pressrue  forces  can  become  large  enough  to 
dominate  the  nearly  frozen  Reynolds  stresses,  and  over 
a  large  part  of  the  boundary  layer  the  Reynolds  stresses 
then  have  little  influence  on  the  mean  flow.  That  is,  the 
turbulent  fluctuations  may  not  be  absent,  but  they  no 
longer  contribute  appreciably  to  the  momentum  or  en¬ 
ergy  transport.  Johnson  (1993)  made  turbulence  mea¬ 
surements  downstream  of  a  convex  wall  to  study  the  pos- 
sibihties  for  relaminarization.  In  his  experiments,  the 
non-dimensional  radius  of  curvature  of  the  wall,  Rc/6o, 
was  varied  from  0  to  15  while  the  overall  turning  angle 
remained  at  15°  (see  table  5).  The  incoming  flow  was  re¬ 
covering  from  the  distortion  presented  by  a  10°  concavely- 
curved  wall  placed  some  distance  upstream,  but  the  in¬ 
coming  flow  was  the  same  for  each  case  so  that  the  ef¬ 
fect  of  varying  Rc  could  still  be  determined  to  some  de¬ 
gree.  Johnson  foimd  a  strong  suppression  of  the  longi¬ 
tudinal  velocity  fluctuations  with  the  suppression  being 
remarkably  similar  in  all  four  cases,  suggesting  that  in 
his  flow  the  dominating  influence  was  the  overall  pressiue 
rise  (or,  equivalently,  the  total  turning  angle)  rather  than 


y/it 

Figure  38:  Velocity  fluctuations  in  a  12°  expansion  cor¬ 
ner  at  Mach  1.76.  O,  upstream  profile;  A,  along  the  last 

Mach  wave  in  the  expansion; - -,  dilatation  effect; 

shaded  zone,  dissipation  effect.  Arrows  indicate  stream¬ 
line  correspondence.  Prom  Dussauge  &  Gaviglio  (1987). 
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Table  6:  Impulses  in  successive-distortion  cases,  Group  Four.  Here,  So  is  the  boundary  layer  thickness  of  the  flow  just 
upstream  of  the  start  of  the  disturbance.  Adapted  from  Smith  &  Smits  (1994). 


the  strength  of  the  pressure  gradient.  Here  again,  the  dis¬ 
tortions  were  rapid,  with  the  slowest  distortion  occurring 
over  46o. 

Unfortunately,  the  limitations  of  wind  tunnel  testing  usu¬ 
ally  prevent  the  study  of  the  full  relaxation  behavior  in 
expansion-corner  flows,  simply  because  it  is  difficult  to 
follow  the  flow  far  downstream  in  a  wind  timnel  of  fixed 
geometry.  For  example,  the  measurement  region  down¬ 
stream  of  the  expansion  corner  in  the  study  by  Dussauge 
&  Gaviglio  was  115o  long,  and  in  the  experiment  by  Smith 
&  Smits  it  was  only  just  over  5So  in  length.  Since  these 
flows  have  large  and  rapid  decreases  in  pressure,  it  is  clear 
that  only  the  initial  response  of  the  boundary  layer  to  the 
pressure  distortion  could  be  observed  before  the  end  of 
the  measurement  section  was  reached. 


4.8  Successive  distortions 

Studies  of  boundary  layers  experiencing  successive  distor¬ 
tions  can  give  new  insight  into  the  relaxation  of  a  distorted 
boundary  layer.  In  the  investigations  by  Zheltovodov 
et  al.  (1990)  and  Smith  &:  Smits  (1993b),  the  boundary 
layer  experienced  successive  impulses  in  curvature  of  op¬ 
posite  sign  such  that  the  direction  of  the  flow  upstream 
and  downstream  of  the  curved-wall  regions  was  the  same 
(see  figure  39,  and  Group  Four,  table  6).  In  a  study  by 
Zheltovodov  et  al.  the  flow  passed  over  a  25°  forward  fac¬ 
ing  step,  and  a  remarkable  relaxation  behavior  was  found 
in  the  streamwise  turbulence  intensity.  After  the  second 
impulse,  that  is,  on  the  flat  plate  downstream  of  the  step, 
the  turbulence  intensity  levels  initially  returned  to  the  up¬ 
stream  levels,  but  further  downstream  the  stress  levels  in 
the  middle  of  the  boimdary  layer  continued  to  decrease. 
Unfortvmately,  the  limited  spatial  resolution  of  the  probes 
in  this  experiment  makes  it  difficult  to  gauge  the  response 
quantitatively. 

In  the  study  by  Smith  (1993)  and  Smith  &:  Smits  (1993b), 
two  different  flows  over  forward-facing  ramps  were  stud¬ 
ied,  each  with  20°  of  turning.  In  the  first  case  {Model 
A),  the  tinning  was  produced  by  sharp  corners  as  in 
the  Zheltovodov  flow,  but  in  the  second  case  {Model  B) 
the  turning  was  produced  by  curved  walls.  As  the  flow 
passed  over  these  steps,  the  boundary  layer  was  subjected 
first  to  an  adverse  pressure  gradient  combined  with  con¬ 
cave  streamline-curvature  and  bulk  compression,  followed 
by  a  favorable  pressure  gradient  combined  with  convex 
streamline-curvature  and  bulk  dilatation.  On  Model  A, 
the  initial  turning  at  the  compression  corner  resulted  in 


a  shock-wave  boundary-layer  interaction,  and  the  subse¬ 
quent  expansion  occurred  through  a  centered  expansion 
fan.  On  Model  B,  the  concave  and  convex  streamline- 
curvatures  were  distributed  over  longer  streamwise  dis¬ 
tances  than  on  Model  A,  and  therefore  the  pressure  gra¬ 
dients  were  less  severe.  In  particular,  the  shock  associated 
with  the  concave  curvatme  did  not  form  until  well  outside 
the  boimdary  layer,  and  within  the  boundary  layer  the 
compression  occurred  through  a  compression  fan  rather 
than  a  shock-wave  boundary-layer  interaction.  On  Mod¬ 
els  A  and  B,  however,  there  was  no  net  change  in  flow  di¬ 
rection  across  the  successive  distortions  and  therefore  the 
upstream  and  downstream  freestream-conditions  were  ef¬ 
fectively  the  same  except  for  a  small  shock  loss  on  Model 
A. 

The  overall  response  corresponded  closely  to  that  seen 
by  Zheltovodov.  The  streamwise  Reynolds  stress  profiles 
first  show  a  strong  amplification  downstream  of  the  com¬ 
pression  surface  (a  factor  of  10  for  Model  A),  followed  by  a 
large  decrease  just  downstream  of  the  expansion  (see  fig¬ 
ure  40:  the  large,  initial  amplification  downstream  of  the 
compression  corner  is  not  shown  in  this  figure,  only  the 
relaxation  behavior  on  the  flat  plate  downstream  of  the 
expansion).  In  the  profiles  further  downstream,  this  re¬ 
gion  of  reduced  stress  grows  in  size  and  the  shape  of  the 
stress  profile  suggests  the  presence  of  an  internal  layer. 
There  is  no  detectable  relaxation  toward  a  self-preserving 
state,  in  agreement  with  the  results  obtained  by  Johnson 
(1993)  in  a  similar  flow  configuration  at  Mach  2.45. 

Over  most  of  the  boundary  layer  immediately  downstream 
of  the  distortions,  the  shear  stress  appeared  to  change 
sign.  A  subsequent  recovery  of  the  shear  stress  was  ob¬ 
served  in  the  lower  60  percent  of  the  boundary  layer,  but 
in  the  remaining  part  of  the  layer  the  shear  stress  re¬ 
mained  at  very  low  values. 

Despite  the  differences  between  Models  A  and  B  —  differ¬ 
ent  distortion  lengths,  and  the  presence  of  a  shock  wave 
in  the  first  case  compared  to  an  isentropic  compression  in 
the  second  case  —  the  general  response  of  the  boundary 
layer  was  very  similar.  In  both  cases,  the  distortions  oc¬ 
curred  rapidly,  suggesting  that  the  perturbation  rate  was 
not  important  and  that  the  distortion  can  be  described 
qualitatively  using  the  appropriate  impulse  levels  (see  ta¬ 
ble  6).  However,  it  is  not  suggested  that  the  overall  re¬ 
sponse  of  the  boundary  layer  can  be  described  as  a  linear 
sum  of  the  two  successive  impulses:  this  would  indicate 
that  the  overall  perturbation  is  zero  (assuming  that  Uo  is 
the  same  for  all  perturbations).  Remarkably,  the  stress 
levels  at  the  exit  from  the  second  perturbation  were  al- 
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Figure  39;  Successive  distortion  flow  geometries.  From  Smith  &  Smits  (1994). 


Figure  40:  Longitudinal  Reynolds  stress  profiles  for  the  flow  over  a  compression  corner  followed  by  an  expansion  corner 
(Model  A  in  table  6).  The  distance  x  is  measured  from  the  start  of  the  compression  ramp,  and  the  ramp  is  149  mm 
long  (about  45o).  Only  the  profiles  upstream  of  the  compression  corner  and  downstream  of  the  expansion  corner  are 
shown.  From  Smith  &  Smits  (1993b). 
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most  unchanged  from  their  upstream  values,  but  further 
downstream  the  undershoot  in  the  turbulence  levels  sug¬ 
gests  a  second-order  response  of  an  underdamped  system. 
The  turbulence  is  strongly  out  of  equilibrium,  and  the  pro¬ 
duction,  dissipation  and  anisotropy  are  out  of  balance. 

An  RDA  Reynolds  stress  calculation  similar  to  the  ones 
discussed  earlier  was  used  to  help  understand  the  response 
of  the  tmbulence  over  Model  A.  In  the  expansion,  es¬ 
timates  of  the  production  terms  in  the  Reynolds  stress 
equations  revealed  that  negative  production  can  occur 
and  this  may  be  largely  responsible  for  the  change  of  sign 
in  the  shear  stress,  and  the  complex  nature  of  the  re¬ 
laxation  process.  Not  imexpectedly,  this  indicates  that 
the  conventional  eddy  viscosity  approaches  to  turbulence 
modeling  have  severe  limitations  for  these  strongly  per¬ 
turbed  flows.  A  number  of  factors  combined  to  inhibit  the 
turbulence  production  mechanisms  in  the  relaxing  bound¬ 
ary  layer.  These  factors  included  a  fuller  velocity  profile, 
a  decay  of  the  streamwise  stress,  and  a  collapse  of  the 
shear  stress  in  the  expansion  fan.  As  a  result,  a  long  re¬ 
covery  period  may  be  expected.  Qualitatively,  it  appeared 
that  the  streamline  curvatiue  in  the  second  impulse  com¬ 
bined  with  the  amplified  streamwise  Reynolds  stress  on 
the  ramp  to  exaggerate  the  stabilizing  effect  of  the  expan¬ 
sion  corner.  In  the  flows  over  a  simple  expansion  corner 
(Group  Three),  the  dominant  effect  is  that  of  bulk  dilata¬ 
tion;  while  in  the  flows  where  a  compression  precedes  the 
expansion  (Group  Four),  curvature  plays  a  more  impor¬ 
tant  role  within  the  expansion. 

The  shape  of  the  streamwise  Reynolds  stress  profiles  sug¬ 
gested  three  zones  of  response:  a  recovery  region  near 
the  wall  where  the  turbulence  recovered  quickly  from  the 
perturbations;  a  zone  of  strong  response  in  the  middle  of 
the  boimdary  layer  where  the  turbulence  eventually  un¬ 
dershot  the  equilibrium  distribution  sharply  in  response 
to  the  combined  effects  of  the  perturbations  (second- 
order  response);  and  a  zone  of  advection  near  the  edge 
of  the  boimdary  layer  where  the  turbulence  appeared  un¬ 
affected  by  the  overall  effects  of  the  perturbations  (linear 
response).  This  latter  observation  further  supported  the 
conclusion  of  Selig  &:  Smits  (1991)  that  at  this  Mach  num¬ 
ber  shock-wave  oscillation  does  not  contribute  apprecia¬ 
bly  to  turbulence  amplification  in  shock-wave  boundary- 
layer  interactions. 

4.9  Overview  of  response  to  distor¬ 
tions 

For  the  cases  with  both  adverse  pressure-gradients  and 
concave  streannline-curvature,  the  changes  in  the  tur¬ 
bulence  structure  (as  inferred  from  the  trends  in  the 
Reynolds  shear-stress)  appear  to  be  strongly  tied  to  the 
magnitude  of  the  impulses  due  to  curvature.  This  holds 
true  for  the  weak  and  strong  distortions  considered  here. 
If  the  radius  of  curvature  of  the  turning  was  small  enough, 
a  shock  wave  forms  in  the  boundary  layer,  and  the  stream- 
wise  stress  increased  with  increasing  shock  strength.  If 
the  pressme  gradients  were  not  strong  enough  to  separate 
the  layer,  the  shock  wave  seemed  to  exert  no  additional 
effect  on  the  shear  stress  over  and  above  the  changes  that 
could  be  attributed  to  streamline  curvature  (or  the  equiv¬ 
alent  compression). 


In  the  flows  with  rapid,  favorable  pressure-gradients  and 
convex  curvature,  it  appears  that  the  initial  response  of 
the  boundary  layer  turbulence  is  dominated  by  the  effects 
of  the  bulk  dilatation,  and  the  effects  of  convex  curvature 
are  always  small.  That  is,  the  turbulence  initially  changes 
in  response  to  the  pressure  gradient  as  would  be  expected 
using  the  conservation  of  circulation  (we  can  largely  ig¬ 
nore  the  effects  of  compressibility  on  relative  motions  be¬ 
cause  the  Mach  number  gradients  in  the  outer  layer  are 
usually  small).  The  effect  of  bulk  dilatation  on  the  turbu¬ 
lence  (expressed  as  an  impulse)  is  not  a  strong  function 
of  the  pressure  gradient,  indicating  that  it  is  the  overall 
pressure  change  which  is  important.  In  contrast,  the  re¬ 
laxation  behavior  appeared  to  be  largely  controlled  by  the 
streamline  curvature  history.  However,  these  observations 
were  made  in  a  boimdary  layer  downstream  of  two  succes¬ 
sive  distortions  where  the  effect  of  curvature  appeared  to 
be  greatly  augmented  by  the  amplification  of  the  stresses 
downstream  of  the  first  distortion.  The  relaxation  behav¬ 
ior  is  similar  to  the  second-order  response  seen  by  Smits 
et  al.  (1979b)  in  an  incompressible  turbulent  boundary 
layer  downstream  of  an  impulse  of  curvature.  In  addi¬ 
tion,  the  behavior  of  the  shear  stress  was  similar  to  that 
observed  by  So  &  Mellor  (1973)  in  a  boundary  layer  de¬ 
veloping  over  a  surface  with  prolonged  surface  curvature 
in  incompressible  flow.  What  has  not  been  explained  is 
the  observation  that  in  the  outermost  part  of  the  bound¬ 
ary  layer  there  was  no  change  in  the  streamwise  stress 
from  its  undisturbed  profile  even  though  it  is  in  this  re¬ 
gion  where  the  principal  strain-rate  dU jdy  is  small  and 
that  the  effect  of  the  extra  strain-rates  should  be  felt  most 
strongly. 


Overall,  it  appears  that  the  boundary  layer  response  to 
curvature  in  a  supersonic  flow  is  similar  to  the  response  in 
subsonic  flow,  even  to  the  appearance  of  a  dip  below  the 
log-law  in  the  mean  velocity  profile  as  a  response  to  any 
significant  amount  of  concave  streamline  curvature.  More 
specifically,  in  the  case  of  a  single  impulse  of  curvature, 
we  expect  to  observe  the  same  counter-intuitive  trends  in 
the  Reynolds  stress  behavior  as  observed  by  Smits  et  oi. 
in  subsonic  flow,  where  a  stabilizing  distortion  (an  im¬ 
pulse  in  convex  curvature)  caused  an  increase  in  turbu¬ 
lence  activity  and  a  destabilizing  distortion  (an  impulse 
in  concave  cruvature)  caused  a  decrease. 


Compressibihty  effects  on  the  turbulence  appear  to  be 
small,  at  least  at  supersonic  speeds.  In  flows  with  con¬ 
cave  or  convex  streamline  curvature,  Reynolds  stress  cal¬ 
culations  using  subsonic  turbulence  models  by  Degani  & 
Smits  (1990)  were  found  to  give  reasonable  predictions  of 
Reynolds  stress  behavior,  at  least  for  distortions  where 
the  boundary  layer  did  not  depart  too  far  from  equilib¬ 
rium.  For  these  flows,  the  limitations  of  the  calculation 
are  probably  due  to  the  turbulence  modeling,  rather  than 
any  specific  influence  of  compressibility,  and  the  observa^ 
tions  tend  to  support  the  turbulence  structure  similarity 
suggested  by  Morkovin’s  Hypothesis.  For  strong  distor¬ 
tions,  our  predictive  capabihty  is  confined  to  the  initial 
response  where  linear  theories  such  as  RDA  become  use¬ 
ful. 
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Figure  41:  Typical  interactions  between  shock  waves  and  boundary  layers:  (a)  incident  oblique  shock;  (b)  compression- 
corner  interaction.  From  Adamson  &  Messiter  (1980). 


5  Shock  Wave  Boundary  Layer 
Interactions 

Shock-turbulence  interactions  are  a  common  occurrence 
in  supersonic  flow  since  compression  and  flow  deflection 
are  almost  always  accompanied  by  the  formation  of  a 
shock.  The  characteristics  of  the  interaction  depend  on 
the  Mach  number,  the  scale  and  frequency  content  of  the 
turbulence,  the  nature  of  the  incoming  flow,  the  shock 
angle,  the  source  of  the  shock,  and  the  flow  geometry. 
The  shock  may  interact  with  freestream  turbulence,  with 
a  free  shear  layer,  or  with  a  boundary  layer  (figure  41). 
The  earliest  experiments  concentrated  on  transonic  inter¬ 
actions,  to  make  possible  flight  at  supersonic  speeds  (Liep- 
mann,  1946,  Ackeret  et  al.,  1946,  Liepmarm  et  al.,  1951). 
Once  the  soimd  barrier  was  broken,  attention  shifted  to 
supersonic  and  hypersonic  interactions,  and  to  date  a 
large  number  of  experiments  have  been  performed.  Green 
(1970),  Stanewski  (1973),  Sirieix  (1975),  Adamson  k. 
Messiter  (1980),  Delery  (1985)  and  Viswanath  (1988)  give 
detailed  surveys  of  interactions  which  are  two-dimensional 
in  the  mean,  and  Green  (1970),  Korkegi  (1971),  Peake  k 
Tobak  (1980),  Settles  k  Dolling  (1990),  Dolling  (1990), 
Settles  k  Dolling  (1992)  and  Dolling  (1993)  provide  a 
similarly  comprehensive  treatment  for  three-dimensional 
interactions.  Rather  than  attempting  to  summarize  these 
reviews,  we  will  instead  focus  on  some  of  the  salient  fea¬ 
tures  of  shock-wave  turbulence  interactions,  with  an  em¬ 
phasis  on  the  imderlying  mechanisms  controlling  the  scal¬ 
ing  of  the  interaction,  the  possibility  of  flowfield  separa¬ 
tion,  modifications  to  the  incoming  turbulence,  and  the 
unsteadiness  of  the  shock. 

Shock-wave  interactions  are  usually  classified  according 
to  how  the  shock  is  generated.  For  shock-wave  boundary- 
layer  interactions,  the  shock  may  impinge  on  the  layer 
from  an  external  source  (an  incident  shock  interaction), 
or  the  shock  may  be  generated  by  the  same  surface  that 
generated  the  boundary  layer  (a  compression  surface  or 
cornpression-comer  interaction).  In  most  practical  flows 
the  interaction  is  three-dimensional,  in  that  the  shock 
sheet  is  swept  at  some  angle  to  the  boundary  layer  (which 
in  itself  may  be  two-  or  three-dimensional).  Some  of 
the  more  common  configurations  used  to  study  two-  and 
three-dimensional  shock  wave  boundary  layer  interactions 
in  the  laboratory  are  illustrated  in  figure  42.  In  three- 
dimensional  interactions,  the  shock  may  be  generated  by 


Figure  42:  Examples  of  two-  and  three-dimensional 
shock-wave  boimdary-layer  interaction  geometries  stud¬ 
ied  in  the  laboratory.  From  Tran  (1987). 


a  sharp  fin  placed  at  an  angle-of-attack  to  the  incom¬ 
ing  flow,  by  a  blunt  fin  where  the  leading  edge  has  a  fi¬ 
nite  radius  of  curvature,  or  by  a  cone  or  other  protrusion 
rising  from  the  surface.  The  fins  may  also  be  swept  in 
the  streamwise  direction,  so  that  the  shock  sheet  in  the 
freestream  is  angied  in  two  directions  with  respect  to  the 
upstream  flow.  The  geometries  of  these  interactiorrs  have 
many  degrees  of  freedom,  and  they  can  become  quite  com¬ 
plex.  In  addition,  the  Mach  number  plays  a  crucial  role 
in  governing  the  inviscid  flow  field.  For  example,  as  the 
Mach  number  increases  for  a  given  shock  generator  con¬ 
figuration,  the  inviscid  shock  may  change  from  being  de¬ 
tached  to  being  attached,  producing  large  changes  in  the 
near-field.  Even  if  the  inviscid  shock  is  attached,  the  re¬ 
duced  Mach  number  within  the  boundary  layer  may  cause 
detachment  at  some  point,  and  this  can  change  the  en¬ 
tire  flow  pattern.  Variations  in  Reynolds  number  will  also 
play  a  role,  but  for  fully-turbulent  flows  its  influence  ap¬ 
pears  to  be  relatively  minor  since  most  interactions  are 
pressure-domi  nated . 
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We  consider  only  compression-corner  flows,  and  not  con¬ 
sider  incident-shock  interactions  in  detail.  Incident- 
shock  interactions  for  supersonic  flows  were  studied 
by  (see,  Law,  1975,  Delery,  1992,  AudifFren,  1993, 
Deleuze  &:  Elena,  1995),  but  the  data  base  is  much 
smaller  than  for  compression-corner  flows.  Fortunately, 
most  of  the  generic  effects  of  compressibility  in  two- 
dimensional  interactions  can  be  understood  from  an  ex¬ 
amination  of  compression-corner  flows.  Although  shock- 
wave  boundary-layer  interactions  are  more  complicated 
than  interactions  away  from  the  wall,  the  boundary  con¬ 
ditions  are  better  defined.  Three-dimensional  interactions 
and  more  complicated  flows  produced  by  multiple  shock 
interactions  wiU  not  be  considered  here,  and  the  reader 
is  referred  to  the  references  given  earlier,  and  the  mono¬ 
graph  by  Smits  &  Dussauge  (1996). 

Two-dimensional  compression  ramp  flows  have  been  ex¬ 
tensively  studied  (Settles  et  ai,  1979a,  Debieve,  1983,  Ar- 
donceau,  1984,  Smits  &  Muck,  1987,  Dolling  &  Miuphy, 
1983,  Selig  et  al.,  1989,  Evans  &  Smits,  1996).  The  exper¬ 
iments  at  Mach  2.9  by  Settles  et  al.  and  Smits  &  Muck 
are  particularly  revealing  since  they  cover  a  wide  range 
of  turning  angles,  and  detailed  mean  flow  and  turbulence 
data  are  available.  As  an  illustration,  we  consider  the  24° 
case  (see  figure  43).  In  this  flow,  the  incoming  boundary 
layer  is  turbulent.  The  24°  corner  produces  a  shock  wave 
with  an  initial  turning  of  about  10°.  The  rest  of  the  de¬ 
flection  is  produced  more  gradually  downstream  through 
a  series  of  unsteady  compression  waves.  The  pressiue  rise 
is  strong  enough  to  separate  the  layer,  and  there  is  a  con¬ 
siderable  increase  in  the  turbulence  level  across  the  inter¬ 
action.  The  velocity  fluctuations  are  amplified  by  passing 
through  the  shock,  and  vorticity  is  generated  by  interac¬ 
tion  between  entropy  spots  and  the  shock,  in  agreement 
with  the  second-order  modes  theory  discussed  by  Kovasz- 
nay  (1953). 

The  whole  flow  is  unsteady:  the  shock  moves  over  a  sig¬ 
nificant  distance,  its  motion  is  three-dimensional  and  it 
occurs  at  low  frequencies.  It  seems  that  the  shock  un¬ 
steadiness  by  itself  makes  a  negligible  contribution  to  the 
turbulence  amplification  (Selig  &  Smits,  1991).  However, 
the  separated  zone  is  the  soiuce  of  large-scale  fluctuations 
which  are  convected  downstream,  and  these  large-scale 
structures  are  probably  related  to  low-frequency  mecha¬ 
nisms.  If  the  flow  over  the  separated  zone  has  features  in 
common  with  mixing  layers,  we  can  expect  this  part  of 
the  flow  to  be  very  sensitive  to  compressibility  effects,  as 
free  shear  flows  are.  These  aspects  of  the  flow  properties 
can  be  at  the  heart  of  couplings  in  the  interaction,  since 
they  impose  unsteady  outlet  conditions  on  the  shock  and 
can  make  it  move.  Since  the  incoming  turbulence  imposes 
an  unsteady  inlet  condition,  coupling  with  the  incoming 
flow  can  also  occur. 

In  terms  of  an  extra  strain  rate  terminology,  the  boundary 
layer  experiences  the  combined  effects  of  an  adverse  pres¬ 
sure  gradient,  concave  streamline  curvature,  bulk  com¬ 
pression,  shock  unsteadiness,  and  if  the  pressure  rise  is 
strong  enough,  flow  separation.  The  wall  stress  typically 
decreases  sharply  near  the  start  of  the  interaction,  but 
quickly  recovers  as  the  boundary  layer  thins  in  response  to 
the  overall  compression,  overshooting  the  upstream  level 
before  eventually  recovering  to  its  undisturbed  level  ap¬ 
propriate  to  the  new  Reynolds  number  on  the  ramp.  At 


the  same  time,  the  turbulence  levels  increase  dramatically 
through  the  interaction  and  appear  to  relax  only  slowly. 
The  shear  stress  is  generally  affected  less  than  the  normal 
stresses,  and  as  a  resiJt  structure  parameters,  such  as 
ai  =  —u'v'fq^,  are  strongly  distorted.  Because  the  flow 
responds  to  the  combined  effects  of  many  distortions,  it  is 
difficult  to  conclude  from  the  available  data  what  the  spe¬ 
cific  contributions  are  of,  say,  concave  streamline  curva¬ 
ture  and  bulk  compression.  It  was  apparent  from  section  4 
that  when  the  flow  is  compressed  rapidly  on  a  curved  wall 
with  a  short  radius  of  curvature,  the  boundary  layer  tur¬ 
bulence  is  amplified  to  a  significantly  larger  degree  than 
when  the  compression  occius  more  slowly,  regardless  of 
the  curvature  of  the  surface. 

In  the  following  discussion,  we  will  try  to  infer  the  phe¬ 
nomena  controlling  the  evolution  of  turbulence  in  shock- 
wave  boundary-layer  interactions  by  reviewing  these  dif¬ 
ferent  elements. 

5.1  Skin  friction  distribution 

For  the  compression-corner  interaction  shown  in  figure  43, 
the  mean  pressure  distributions  begin  to  develop  a  plateau 
region  for  turning  angles  greater  than  16°,  which  indicates 
the  onset  of  mean  flow  separation:  the  condition  at  16° 
is  called  incipient  separation  (Settles  et  al.,  1979a).  The 
terms  weak  and  strong  are  sometimes  used  to  describe  at¬ 
tached  and  separated  interactions,  respectively,  hut  these 
terms  can  mean  different  things  in  different  contexts,  and 
they  wiU  be  avoided  here.  The  instantaneous  flow  will 
show  signs  of  reversal  at  smaller  turning  angles,  hut  at 
16°  the  mean  skin  friction  becomes  zero  at  some  point 
(see  figmre  44).  Both  the  20°  and  24°  corners  exhibit  re¬ 
gions  of  separated  flow.  We  noted  earlier  (section  4.4) 
that  adverse  pressure  gradients  in  a  compressible  bound¬ 
ary  layer  flow  can  cause  the  skin  friction  to  increase  be¬ 
cause  of  the  thinning  of  the  layer.  Here  we  see  that  if 
the  pressure  greidients  are  strong  enough,  the  skin  friction 
can  decrease  suddenly,  and  the  flow  can  separate.  Down¬ 
stream,  however,  the  overall  increase  in  pressure  can  still 
cause  the  skin  friction  to  rise  above  its  usual  value  at  the 
same  Reynolds  number,  again  because  of  the  thiiming  of 
the  layer. 

5.2  Separation 

An  important  aspect  of  shock-wave  boundary-layer  inter¬ 
actions  is  the  prediction  of  the  onset  of  separation.  We 
need  to  distinguish  between  mean  flow  separation,  and 
instantaneous  flow  separation,  especially  for  these  inher¬ 
ently  unsteady  flows.  There  is  evidence  to  indicate  that 
the  motion  of  the  instantaneous  separation  point  is  closely 
tied  to  the  instantaneous  position  of  the  shock  (Gramann 
&;  Dolling,  1988),  so  that  the  probability  that  the  flow  is 
separated  at  any  position  is  similar  to  the  probability  that 
the  shock  is  located  upstream  of  that  location.  Mean  flow 
separation  can  then  be  defined  as  the  point  where  the  flow 
is  separated  for  50  percent  of  the  time  Simpison  (1981). 
This  location  is  often  found  using  surface  flow  visualiza¬ 
tion  such  as  the  kerosene-graphite  technique  (Settles  & 
Teng,  1984),  but  it  should  be  noted  that  the  line  of  ac¬ 
cumulation  seen  in  the  visualization  is  located  typically 
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Figure  43:  Sketch  of  the  Mach  2.9,  24°  compression  ramp  flow.  From  Dussauge  et  al.  (1989) 


Figure  44;  Distributions  of  Cf  in  compression-corner  interactions  at  Mach  2.9.  The  wall  stress  is  non-dimensionalized 
using  “effective”  edge  conditions  based  on  tuimel  stagnation  and  local  static  pressures.  Figure  adapted  from  Smits  & 
Muck  (1987),  showing  data  by  Settles  et  al.  (1979a). 
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downstream  of  the  line  of  separation,  since  the  mixture 
accumulates  by  the  action  of  the  wall  shear-stress  which 
is  higher  upstream  of  the  instantaneous  separation  point 
than  it  is  downstream,  so  that  the  flow  visualization  re¬ 
sults  are  biased  toward  a  position  downstream  of  the  mean 
separation  location  (Gramann  &  Dolling,  1988). 

Chapman  et  al.  (1957)  used  order-of-magnitude  argu¬ 
ments  to  describe  the  similarity  of  the  mean  pressure  dis¬ 
tribution  for  separated  flows.  Prom  an  extensive  series  of 
experiments  in  laminar  and  turbulent  flow,  they  argued 
that  if  the  separated  zone  is  large  enough,  the  interaction 
in  the  vicinity  of  separation  was  local,  independent  of  the 
underlying  cause  of  separation.  That  is,  the  pressure  rise 
to  the  point  of  separation,  for  example,  should  be  simi¬ 
lar  for  compression  ramps  and  forward-facing  steps,  and 
it  should  scale  with  the  Mach  number  and  the  incom¬ 
ing  boundary  layer  characteristics.  This  free-interaction 
concept  seems  to  hold  well  for  laminar  flows,  but  for  tur¬ 
bulent  flows  the  collapse  of  the  data  is  not  impressive, 
indicating  a  more  significant  dependence  of  the  pressure 
distribution  on  the  downstream  boundary  conditions.  A 
mean  flow  concept  such  as  free  interaction  theory  does 
not  take  into  accoimt  the  unsteady  motion  of  the  shock. 
However,  since  the  pressure  distribution  is  a  result  of  the 
averaging  due  to  the  unsteady  shock  motion,  the  break¬ 
down  of  this  criterion  can  be  taken  as  further  evidence 
to  indicate  that  the  unsteadiness  depends  to  some  extent 
on  the  downstream  flow  conditions,  at  least  for  separated 
flows. 

5.3  Upstream  influence 

Figure  77  demonstrates  that  the  wall  pressure  does  not 
rise  sharply  in  the  region  of  separation.  Instead,  it  rises 
gradually,  levels  off  somewhat  in  the  fully-separated  zone 
(the  “pressure  plateau”),  and  then  starts  to  rise  again  in 
the  region  of  reattachment,  eventually  reaching  its  maxi¬ 
mum  value  some  distance  downstream  of  the  mean  reat¬ 
tachment  line.  The  region  of  upstream  influence  is  de¬ 
fined  as  the  distance  from  the  corner  to  the  point  where  a 
straight  line  drawn  to  fit  the  slope  of  the  initial  pressure 
rise  intersects  the  pressme  level  corresponding  to  the  in¬ 
coming  boimdary  layer.  Now,  even  in  a  perfectly  steady 
(laminar)  interaction,  we  expect  there  to  be  an  upstream 
influence.  The  pressme  rise  generated  by  the  flow  deflec¬ 
tion  can  propagate  ufjstream  through  the  subsonic  part 
of  the  flow  near  the  wall.  This  will  cause  the  streamtubes 
below  the  sonic  line  to  thicken,  and  cause  a  flow  deflection 
upstream  of  the  corner.  However,  the  upstream  propaga¬ 
tion  distance  depends  on  the  thickness  of  the  subsonic 
layer  (Schneider,  1974),  and  the  sonic  line  rapidly  ap¬ 
proaches  the  wall  as  the  M8u;h  number  increases.  For  the 
case  shown  in  figure  44,  the  sonic  line  for  the  incoming 
boundary  layer  is  located  at  a  distance  less  than  0.015 
firom  the  wall,  and  the  steady  upstream  propagation  dis¬ 
tance  is  expected  to  be  very  short.  Indeed,  measmements 
of  the  instantaneous  wall  pressure  show  that  the  shock 
appears  as  a  very  rapid  rise  in  the  pressme  signature; 
there  is  no  sign  of  an  instantaneous  upstream  propaga¬ 
tion  of  pressme.  However,  the  unsteady  motion  of  the 
shock  occms  over  a  much  greater  distance  than  the  steady 
upstream  propagation  distance.  The  unsteady  motion  of 
the  shock  causes  the  mean  pressure  pu,  to  rise  at  points 


well  ahead  of  the  average  shock  position,  and  it  is  this 
unsteady  motion  that  is  primarily  responsible  for  the  up¬ 
stream  influence  seen  in  the  wall  pressure  distributions. 
The  mechanism  is  illustrated  in  figure  45.  Within  the 
region  of  shock  motion,  the  wall  pressme  signal  is  inter¬ 
mittent,  as  seen  in  the  figme.  The  values  of  pressure  up¬ 
stream  and  downstream  of  the  shock  are  consistent  with 
the  pressme  rise  through  the  mean  shock  at  its  foot.  The 
local  mean  wall  pressme  at  a  given  location  is  simply  the 
result  of  the  pressme  rise  across  the  shock  foot,  weighted 
by  the  time  the  shock  is  upstream  of  that  location. 

5.4  Shock  motion 

Shadowgraphs  of  the  instantaneous  flowfields  show  quali¬ 
tatively  that  the  tmbulent  mixing  appears  to  be  consider¬ 
ably  enhanced  across  the  shock  and  the  trend  is  more  pro¬ 
nounced  as  the  shock  strength  increases  (Smits  &  Muck, 
1987).  The  distortion  of  the  shock  front  is  also  clearly 
evident.  Visualizations  using  Rayleigh  scattering  in  a  24° 
compression  ramp  flow  at  M  =  3  confirmed  that  large 
scale  eddies  are  energetic  enough  to  distort  the  shock 
(Smith  et  al.,  1989).  Recent  double-pulsed  Rayleigh  im¬ 
ages  show  how  the  large-scale  motions  in  the  boundary 
layer  interact  with  the  shock,  and  how  they  are  subse¬ 
quently  distorted  by  the  compression  (figme  46).  A  de¬ 
tailed  description  of  the  shock  motion  near  the  wall  was 
obtained  from  wall-pressme  fluctuation  measmements  in 
compression  ramp  flows  by  Dolling  &  Mmphy  (1983), 
Muck  et  al.  (1988),  Boimet  (1988)  and  Selig  et  al.  (1989) 
(for  a  review,  see  Dolling  &  Dussauge,  1989).  Aroimd  the 
mean  position  of  the  shock,  low  frequency  wall  pressme 
fluctuations  of  large  amplitude  are  present.  The  spatial 
extent  of  these  oscillations  is  a  function  of  the  strength 
of  the  shock,  as  shown  in  figme  47.  Muck  et  al.  (1985) 
and  Debieve  &  Lacharme  (1985)  used  these  observations 
to  propose  a  reasonable  approximation  for  the  maximum 
rms  value  of  the  pressme  fluctuation  level  across  an  os¬ 
cillating  shock  from  simple  intermittency  considerations: 
the  maximum  level  is  obtained  when  the  intermittency 
coefficient  is  0.5,  and  the  maximum  rms  pressme  p'  is 
given  by  the  simple  relation  p' /Ap  =  0.5,  where  Ap  is 
the  mean  pressme  rise  through  the  shock.  This  relation 
works  well  when  the  upstream  and  downstream  levels  of 
pressme  fluctuations  are  not  too  high. 

At  Mach  2.9,  the  incipient  separation  occms  for  a  ramp 
angle  a  of  16°.  For  lower  values  of  the  wall  deflection,  the 
part  of  the  flow  involved  by  shock  oscillation  is  limited  and 
varies  very  slowly  with  a.  In  this  case,  it  may  be  inferred 
that  the  shock  moves  mainly  under  the  action  of  incoming 
turbulence.  There  is  a  significant  increase  when  cr  >  16° , 
suggesting  that  the  wall  pressme  fluctuations  are  now  in¬ 
fluenced  by  the  unsteadiness  of  the  separation  bubble.  It 
is  clear  that  the  shock  motion  in  this  flow  case  has  an 
amplitude  of  the  order  of  the  boundary  layer  thickness, 
but  its  mean  frequency  is  an  order-of-magnitude  below 
the  characteristic  frequency  of  the  boundary  layer  Ui/S. 
This  indicates  that  the  average  value  of  the  shock  speed 
u'  is  given  by  u',/f/i  w  0.1. 

When  a  shock  passes  over  a  transducer  it  detects  a  rapid 
pressme  rise,  corresponding  to  sharp  fronts  in  the  pressme 
signal.  The  signals  obtained  simultaneously  using  a  span- 
wise  row  of  pressure  transducers  revealed  that  the  shock 
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Figure  45:  (a)  Wall-pressure  time-histories,  and  (b)  rms  wall  pressure  levels,  in  a  24°  compression  ramp  at  Mach 
3.  The  lines  of  mean  separation  and  reattachment  are  marked  by  S  and  R,  respectively.  The  pressures  were  non- 
dimensionalized  using  the  upstream  mean  wall  pressure,  pwo',  Up  is  the  rms  wall-pressure  level.  From  DoUing  &  Murphy 
(1983). 


Figure  46:  Double-pulsed  Rayleigh  images  of  a  16°  Mach 
2.9  compression-corner  interaction.  The  time  delay  is 
40ps  between  the  top  and  the  bottom  images.  Note  the 
large-scale  motion  (outlined)  passing  through  the  shock. 
The  flow  is  from  left  to  right.  Prom  Forkey  et  al.  (1993). 


has  spanwise  ripples,  since  some  perturbations  were  not 
measured  by  all  the  transducers.  This  three-dimensional 
structure  shows  that  the  shock  not  only  translates  back 
and  forth,  but  also  experiences  large-scale  spanwise  per¬ 
turbations. 

5.5  Turbulence  amplification 

Rose  (1973)  and  Kussoy  &  Horstman  (1975)  were  the  first 
to  measure  the  strong  amplification  of  turbulence  levels 
in  shock-wave  boundary-layer  interactions.  Both  inves¬ 
tigations  were  peformed  in  incident  shock  interactions. 
Compression  corner  studies  confirmed  that  interactions 
produce  a  large  increase  in  turbulence  activity:  for  a  20° 
deflection  at  Mach  2.9,  Smits  &  Muck  (1987)  found  that 
the  maximum  level  of  u'^  increeised  by  a  factor  of  about 
12.  The  unsteady  shock  motion  smears  the  region  over 
which  the  amplification  occurs,  and  it  sometimes  produces 
a  local  peak  in  the  intensity  profiles.  The  results  given  in 
figure  48  show  this  behavior  clearly.  It  appears  that  the 
region  directly  affected  by  the  shock  has  a  thickness  of 
about  0.1^  for  the  8°  case,  and  0.26  for  the  16°  case.  The 
extent  of  the  misteady  shock  motion  at  the  wall  measures 
approximately  0.156  and  0.36  for  these  two  cases,  respec¬ 
tively,  as  indicated  in  figure  47.  Clearly,  the  shock  motion 
extends  throughout  the  layer,  and  the  amplitude  of  the 
motion  is  approximately  constant  with  distance  from  the 
wall. 

The  level  of  turbulence  intensity  in  the  separated  zone 
takes  a  maximum  away  from  the  wall,  near  the  edge 
of  the  separation  bubble.  Selig  et  al.  found  that  this 
level  matches  the  high  levels  of  turbulence  found  in  mix¬ 
ing  layers.  Therefore,  it  seems  possible  that  the  sepa¬ 
rated  zone  can  produce  large-scale  perturbations  which 
are  convected  downstream.  Such  structures  have  been 
found  from  computations  in  laminar  flows  at  low  and 
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Figure  47:  Distributions  of  (pu)'  in  16°  compression-corner  interaction,  in  the  region  near  the  corner.  Prom  Smits  &: 
Muck  (1987). 


Figure  48:  Range  and  amplitude  of  the  shock  oscillation  for  the  Mach  2.9  compression-corner  interactions  examined 
by  Dolling  &:  Murphy  (1983).  From  Selig  et  al.  (1989). 
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high  speeds  (Daghsstani,  1993,  Ripley  &  Pauley,  1993), 
and  have  some  features  in  common  with  the  perturba¬ 
tions  seen  in  mixing  layers.  In  particular,  they  involve 
low  frequencies,  or  at  least  frequencies  much  lower  than 
the  characteristic  frequency  of  a  boundary  layer  of  the 
same  thickness.  Other  experimental  evidence  favors  this 
picture  also.  For  example,  measurements  of  turbulence 
downstream  of  the  reattachment  have  show  a  strongly 
perturbed  outer-layer  intermittency,  and  schlieren  images 
triggered  by  a  hot  wire  detecting  the  occurrence  sharp 
fronts  in  the  mass-flux  signal  very  clearly  showed  the  pres¬ 
ence  of  radiation  by  Mach  waves  (Smith,  1989).  Again, 
these  visualizations  are  perhaps  among  the  few  which  sug¬ 
gest  the  emission  of  shocklets  in  a  distorted  boimdary 
layer  at  supersonic  speeds.  In  recent  unpublished  work 
at  Princeton,  shocklets  have  been  seen  emanating  from 
the  large-scale  motions  in  a  Mach  8  boundary  layer,  but 
the  evidence  for  their  presence  in  wall-bounded  flows  at 
lower  Mach  numbers  is  scarce.  Since  the  space-time  char¬ 
acteristics  of  equilibrium  boimdary  layers  indicate  that 
the  large-scale  structures  in  this  flow  produce  only  weak 
Mach  waves  at  supersonic  speeds,  we  have  to  suppose  that 
there  are  eddies  with  large  velocity  fluctuations  which  are 
convected  at  a  speed  that  is  supersonic  with  respect  to 
the  external  flow.  This  is  consistent  with  the  conjecture 
that  large-scale  perturbations  are  produced  in  the  mixing 
zone  over  the  separated  bubble  (see  also  Selig  &  Smits, 
1991).  The  low  frequency  unsteadiness  which  they  pro¬ 
duce  is  the  downstream  condition  imposed  on  the  shock 
and  thereby  makes  it  move.  This  could  explain  why  the 
shock  motion  occurs  at  frequencies  typically  an  order- 
of-magnitude  below  the  characteristic  frequency  of  the 
boundary  layer.  Selig  &:  Smits  have  also  supposed  that 
Taylor-Gortler  vortices  produced  by  the  concave  stream¬ 
line  contribute  to  the  perturbation.  Unalmis  &;  Dolling 
(1996)  in  a  Mach  5  blunt-fin  interaction  found  a  significant 
level  of  correlation  between  the  shock  foot  position  and 
the  ensemble-averaged  total  pressure  well  upstream  of  the 
interaction.  The  frequency  of  these  events  was  lower  than 
the  typical  frequency  content  of  the  large-scale  motions, 
and  suggest  some  long-term  variations  in  the  incoming 
boundary  layer.  They  proposed  that  these  variations  are 
consistent  with  the  presence  of  unsteady  Taylor-Gortler 
vortices,  possibly  produced  by  the  concave  curvature  in 
the  nozzle,  since  the  measurements  were  made  in  the  noz¬ 
zle  wall  boundary  layer.  The  last  conclusion  is  that  the 
return  to  equilibrium  of  the  boundary  layer  downstream 
of  reattachment  probably  depends  on  the  way  that  the 
perturbations  shed  by  the  separated  bubble  into  the  wall 
layer  lose  their  identity,  through  the  process  by  which  they 
lose  energy  through  acoustic  losses  and  interact  with  the 
new  structiues  generated  near  the  wall. 

To  study  the  reattachment  region  more  closely.  Settles 
et  al.  (1982),  Haya-kawa  et  al.  (1984),  Poggie  et  al.  (1992), 
Shen  et  al.  (1993)  and  Poggie  (1995)  conducted  exper¬ 
iments  in  a  backward-facing  step  flow  where  the  sepa¬ 
ration  point  was  fixed,  and  a  relatively  large  recircula¬ 
tion  zone  was  formed.  The  freestream  Mach  number  was 
2.9.  The  reattachment  occurred  on  a  20°  ramp,  and  the 
ramp  was  adjusted  so  that  the  upstream  boundary  layer 
separated  without  deflection.  The  pressure  fluctuations 
on  the  ramp  reached  very  high  levels,  and  a  peak  value 
equal  to  about  11  percent  of  the  local  mean  wall  pres¬ 
sure  was  found  just  downstream  of  the  mean  reattach¬ 


ment  line.  Multiple  shocks  were  observed  in  this  region, 
interacting  in  complex  patterns.  Shocks  typically  formed 
at  the  uf)stream  edges  of  the  large-scale  structures  in  the 
reattaching  shear  layer  and  redeveloping  boundary  layer. 
Double-pulsed  Rayleigh  scattering  images  showed  the  for¬ 
mation  and  progressive  strengthening  of  these  shocks  as 
the  structures  convected  through  the  reattachment  zone 
(figure  49).  The  spectra  of  the  wall-pressm-e  did  not 
display  the  low-frequency  peak  commonly  observed  in 
compression-corner  interactions,  supporting  the  notion 
that  it  is  the  expansion  and  contraction  of  the  separation 
bubble  that  is  responsible  for  low-frequency  shock  motion 
in  those  flows.  In  the  case  of  the  reattaching  sheair  layer, 
it  is  the  incoming  turbulence  that  is  the  primatry  cause 
for  the  shock  motion  and  the  intense  levels  of  fluctuating 
pressme  that  occur  near  the  mean  reattachment  line. 

Finally,  measurements  of  the  heat  transfer  in  a  16° 
compression-corner  interaction  at  Match  2.84  demonstrate 
that  the  Reynolds  analogy  factor  a,  the  ratio  of  the  Stan¬ 
ton  number  to  the  skin  friction  coefficient,  strongly  devi¬ 
ates  from  a  constaint  value  in  the  region  downstreaim  of 
the  interaction.  Evans  &  Smits  (1996)  found  that  s  ini¬ 
tially  increased  by  a  factor  of  about  three,  relaxed  quickly 
to  a  value  equal  to  twice  its  upstream  value  at  a  distance 
3(5o  from  of  the  corner,  and  then  showed  no  obvious  signs 
of  further  relaxation  further  downstream. 


6  Summary 

These  notes  have  attempted  to  summarize  the  current 
literature  on  turbulent  boundary-layer  behavior  at  super¬ 
sonic  speed.  The  emphasis  has  been  on  Reynolds-number 
effects  and  Mach-number  effects.  A  major  drawback  of 
the  current  imderstanding  of  these  effects  is  that  the  data 
have  been  collected  from  many  different  flows,  using  dif¬ 
ferent  data  acquisition  and  analysis  procedures.  These 
differences  have  resulted  in  large  variations  among  the 
published  results.  Nevertheless,  some  definite  conclusions 
can  be  made. 

From  the  review  of  flat  plate  turbulent  boundary  layers 
in  supersonic  flows  with  moderate  Mach  number,  it  ap¬ 
pears  that  the  direct  effects  of  compressibility  on  wall 
turbulence  are  rather  small:  the  most  notable  differences 
between  subsonic  and  supersonic  boundary  layers  may  be 
attributed  to  the  variation  in  fluid  properties  across  the 
layer.  Under  the  assumption  that  the  length  scales  are 
not  affected  by  compressibility,  the  mean  velocity  profile 
can  be  transformed  into  an  “equivalent”  incompressible 
profile,  and  the  agreement  with  the  incompressible  scal¬ 
ing  appears  to  hold  over  very  wide  Reynolds  number  and 
Mach  number  ranges.  Furthermore,  the  turbulent  stresses 
in  the  outer  region  scale  on  the  wall  stress,  as  first  sug¬ 
gested  by  Morkovin  (1962),  as  far  as  we  can  tell  from  the 
available  data.  This  result  is  not  surprising  in  some  ways 
since  the  fluctuating  Mach  number  (M'  =  M  —  M)  for 
moderately  supersonic  flows  is  considerably  less  than  one, 
as  illustrated  in  figure  3.  However,  a  more  detailed  inspec¬ 
tion  of  the  turbulence  properties  reveals  certain  character¬ 
istics  that  cannot  be  collapsed  by  a  simple  density  scaling. 
For  example,  there  are  suggestions  that  the  shear  correla¬ 
tion  coefficient  R„„  decreases  with  distance  from  the  wall 
instead  of  remaining  approximately  constant  as  in  the 
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Figure  49:  Rayleigh  scattering  flow  visualization  of  a  reattaching  shear  layer.  The  incoming  flow  is  a  free  shear  layer 
formed  by  a  backward-facing  step,  with  a  freestream  Mach  number  of  2.9.  The  visuahzation  is  just  downstream  of 
attachment  which  takes  place  on  a  20°  ramp.  The  flow  is  along  the  ramp,  from  left  to  right.  The  shocklets  are  visible 
as  bright  fronts,  shrouding  the  darker  large-scale  features  in  the  boundary  layer.  From  Poggie  (1995). 


subsonic  case.  There  are  other  results,  however,  which 
indicate  that  Ru^  follows  the  incompressible  trend,  and 
there  is  the  possibility  that  the  differences  may  be  caused 
by  a  Reynolds-number  rather  than  a  Mach-number  de¬ 
pendence.  Similarly,  earlier  data  indicated  a  Mach  num¬ 
ber  dependence  of  the  intermittency  distribution  but  re¬ 
cent  measurements  by  Baumgartner  et  al.  (1997)  based  on 
Rayleigh  scattering  images  of  a  Mach  8  boundary  layer  ( 
as  shown  in  figure  17)  indicate  very  good  agreement  with 
the  subsonic  intermittency  distribution  measmed  by  Kle- 
banoff  (1955),  suggesting  that  the  earlier  results  may  be 
flawed  in  some  way.  Unfortunately  the  data  base  is  very 
sparse,  and  considerable  effort  needs  to  be  spent  before 
these  issues  can  be  laid  to  rest. 

With  respect  to  the  streamwise  and  spanwise  length  scales 
of  the  large-scale  motions,  and  their  average  inclination 
to  the  wall,  there  exists  strong  evidence  to  indicate  the 
effect  of  Mach  number.  The  streamwise  length  scales  are 
reduced  significantly  by  increasing  Mach  nmnber,  and  the 
angle  of  inclination  is  increased,  although  in  coming  to 
these  conclusions  we  have  implicitly  assumed  that  Mach 
and  Reynolds  number  effects  are  independent.  It  is  neces¬ 
sary  to  make  this  assumption  since  the  data  do  not  over¬ 
lap  to  any  significant  extent,  and  we  are  forced  to  compare 
experiments  in  supersonic  flow  with  the  results  obtained 
in  subsonic  flow,  usually  at  a  different  Reynolds  num¬ 
ber.  In  fact,  the  actual  Reynolds  number  to  be  used  in 
such  a  comparison  is  controversial,  since  the  temperatine 
varies  significantly  across  the  layer,  and  there  is  usually 
a  major  difference  between  the  values  of  Reg  and  Rs2- 
Finally,  there  is  an  order-of-magnitude  decrease  in  the 
rate  of  decay  of  the  large-scale  motions  as  the  Mach  num¬ 
ber  increases  from  low-subsonic  to  high  supersonic  values 


(Smits  et  al,  1989).  Even  if  we  account  for  the  change 
in  time  scale  of  the  energy-containing  eddies  A/u',  we 
see  that  the  lateral  correlations  are  almost  unaffected  by 
changes  in  Mach  and  Reynolds  number. 

For  the  cases  with  both  adverse  pressure-gradients  and 
concave  streamline-curvature,  the  changes  in  the  tur¬ 
bulence  structure  (as  inferred  from  the  trends  in  the 
Reynolds  shear-stress)  appear  to  be  strongly  tied  to  the 
magnitude  of  the  impulses  due  to  curvature.  This  holds 
true  for  the  weak  and  strong  distortions  considered  here. 
If  the  radius  of  curvature  of  the  turning  was  small  enough, 
a  shock  wave  forms  in  the  boundary  layer,  and  the  stream- 
wise  stress  increased  with  increasing  shock  strength.  If 
the  pressure  gradients  were  not  strong  enough  to  separate 
the  layer,  the  shock  wave  seemed  to  exert  no  additional 
effect  on  the  shear  stress  over  and  above  the  changes  that 
could  be  attributed  to  streamline  curvature  (or  the  equiv¬ 
alent  compression). 

In  the  flows  with  rapid,  favorable  pressure-gradients  and 
convex  curvature,  it  appears  that  the  initial  response  of 
the  boundary  layer  turbulence  is  dominated  by  the  effects 
of  the  bulk  dilatation,  and  the  effects  of  convex  curvature 
are  always  small.  That  is,  the  turbulence  initially  changes 
in  response  to  the  pressure  gradient  as  would  be  expected 
using  the  conservation  of  circulation  (we  can  largely  ig¬ 
nore  the  effects  of  compressibility  on  relative  motions  be¬ 
cause  the  Mach  number  gradients  in  the  outer  layer  are 
usually  small).  The  effect  of  bulk  dilatation  on  the  turbu¬ 
lence  (expressed  as  an  impulse)  is  not  a  strong  function 
of  the  pressure  gradient,  indicating  that  it  is  the  overall 
pressure  change  which  is  important.  In  contrast,  the  re¬ 
laxation  behavior  appeared  to  be  largely  controlled  by  the 
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streamline  curvature  history.  However,  these  observations 
were  made  in  a  bormdary  layer  downstream  of  two  succes¬ 
sive  distortions  where  the  effect  of  curvature  appeared  to 
be  greatly  augmented  by  the  amplification  of  the  stresses 
downstream  of  the  first  distortion.  The  relaxation  behav¬ 
ior  is  similar  to  the  second-order  response  seen  by  Smits 
et  al.  (1979b)  in  an  incompressible  turbulent  bormdary 
layer  downstream  of  an  impulse  of  curvature.  In  addi¬ 
tion,  the  behavior  of  the  shear  stress  was  similar  to  that 
observed  by  So  &  Mellor  (1973)  in  a  boundary  layer  de¬ 
veloping  over  a  surface  with  prolonged  surface  curvature 
in  incompressible  flow.  What  has  not  been  explained  is 
the  observation  that  in  the  outermost  part  of  the  bound¬ 
ary  layer  there  was  no  change  in  the  streamwise  stress 
fi'om  its  undisturbed  profile  even  though  it  is  in  this  re¬ 
gion  where  the  principal  strain-rate  dUjdy  is  small  and 
that  the  effect  of  the  extra  strain-rates  should  be  felt  most 
strongly. 

Overall,  it  appears  that  the  boundary  layer  response  to 
curvature  in  a  supersonic  flow  is  similar  to  the  response  in 
subsonic  flow,  even  to  the  appearance  of  a  dip  below  the 
log-law  in  the  mean  velocity  profile  as  a  response  to  any 
sigirificant  amount  of  concave  streamline  curvature.  More 
specifically,  in  the  case  of  a  single  impulse  of  curvature, 
we  expect  to  observe  the  same  counter-intuitive  trends  in 
the  Reynolds  stress  behavior  as  observed  by  Smits  el  al. 
in  subsonic  flow,  where  a  stabihzing  distortion  (an  im¬ 
pulse  in  convex  curvature)  caused  an  increase  in  turbu¬ 
lence  activity  and  a  destabilizing  distortion  (an  impulse 
in  concave  curvature)  caused  a  decrease. 

Compressibility  effects  on  the  turbulence  appear  to  be 
small,  at  least  at  supersonic  speeds.  In  flows  with  con¬ 
cave  or  convex  streamline  curvature,  Reynolds  stress  cal¬ 
culations  using  subsonic  turbulence  models  by  Degani  &; 
Smits  (1990)  were  found  to  give  reasonable  predictions  of 
Reynolds  stress  behavior,  at  least  for  distortions  where 
the  boundary  layer  did  not  depart  too  far  from  equilib¬ 
rium.  For  these  flows,  the  limitations  of  the  calculation 
are  probably  due  to  the  turbulence  modeling,  rather  than 
any  specific  influence  of  compressibility,  and  the  observa¬ 
tions  tend  to  support  the  turbulence  structure  similarity 
suggested  by  Morkovin’s  Hypothesis.  For  strong  distor¬ 
tions,  our  predictive  capability  is  confined  to  the  initial 
response  where  hnear  theories  such  as  RDA  become  use¬ 
ful. 

For  compression  corner  interactions  we  noted  the  un¬ 
steady  shock  motion,  the  appearance  of  separated  flow 
regions,  the  presence  of  strong  wall-pressure  fluctuations, 
and  strongly  amplified  turbulence  levels. 

By  way  of  a  final  comment,  we  can  make  some  remarks  on 
the  mechanism  of  the  flowfield  imsteadiness.  As  discussed 
earlier,  the  large-scale  motions  in  the  incoming  boundary 
layer  provide  an  imsteady  upstream  boundary  condition 
on  the  separation  shock.  Conversely,  the  unsteady  sep¬ 
arated  flow  provides  an  unsteady  downstream  boundary 
condition.  The  wall  pressure  signal  has  low-  and  high- 
frequency  content.  As  suggested  by  Brusniak  &  Dolling 
(1994),  the  incoming  turbulence  appears  to  be  responsible 
for  shock  distortion  and  some  small  flapping  motion,  but 
it  is  not  on  a  large  scale.  Its  effect  is  most  clearly  seen 
in  the  wall-pressure  signals  and  the  instantaneous  flow 
visualizations  of  unseparated  compression-corner  flows. 


When  the  flow  is  separated,  the  separation  bubble  un¬ 
steadiness  can  lead  to  larger  excursions  in  the  shock  posi¬ 
tion,  and  the  extent  of  the  upstream  influence  seen  in  the 
mean  pressure  distribution  grows  considerably.  There  is 
still  some  question  regarding  the  mechanism  that  drives 
the  imsteadiness  of  the  bubble.  The  free  shear  layer  form¬ 
ing  the  edge  of  the  bubble  is  undoubtedly  very  sensitive 
to  external  disturbances.  These  disturbances  could  come 
from,  for  instance,  outer-layer  turbulence  which  may  pro¬ 
vide  a  trigger  for  a  flow-field  instability  similar  to  that 
seen  in  the  supersonic  flow  over  a  spiked  body.  It  may 
also  be  possible  that  the  low-frequency  oscillations  of  the 
separation  bubble  Me  tunnel-specific,  in  that  they  are  re¬ 
lated  to  meandering  Taylor-Gortler-like  vortices  formed 
in  the  the  upstream  flow,  convecting  into  the  interaction, 
as  suggested  by  Unalmis  &  Dolling  (1996).  Further  work 
will  be  necessary  before  more  definite  proposals  can  be 
made. 
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1.  ABSTRACT 

Recent  experimental  work  in  the  area  of  compressible 
turbulent  free  shear  layers  is  reviewed.  Results  for  the 
canonical  two-stream,  constant-pressure  shear  layer  are 
given  first.  Emphasis  is  placed  on  growth  rate, 
turbulence  statistical  quantities,  large-scale  turbulent 
structure,  and  growth  rate  enhancement.  Compressible 
free  shear  layers  present  in  high-speed  separated  flows 
are  also  considered.  Here,  results  on  mean  flow, 
turbulence  statistics,  and  large  turbulent  structures  are 
discussed.  Additional  effects  in  these  separated  flows, 
such  as  the  expansion  that  may  occur  at  separation  and 
the  bulk  compression,  streamline  curvature,  and  lateral 
streamline  convergence  that  may  occur  at  reattachment, 
are  discussed.  In  order  to  develop  a  sound  physical 
understanding  of  these  compressible  turbulent  flows, 
particular  attention  is  given  to  single-frame  and  multi¬ 
frame  planar  imaging  studies. 

2.  INTRODUCTION  AND  MOTIVATION 

Compressible  free  shear  layers  occur  in  a  number  of 
practical  physical  devices  ranging  from  supersonic 
ejectors  to  gas  dynamic  and  chemical  lasers  to  the  high¬ 
speed  jets  that  are  used  for  deposition  of  thermal  spray 
coatings.  However,  the  primary  motivation  for 
studying  this  flow  in  the  last  10  years  or  so  has  been  its 
importance  for  mixing  the  gaseous  fuel  and  oxidant 
streams  in  supersonic  combustors.  Indeed,  the  major 
source  of  research  funding  for  this  problem  in  the  U.S., 
especially  during  the  mid-  to  late- 19 80s,  was  motivated 
by  the  desire  to  develop  a  scramjet-powered,  single 
stage-to-orbit  vehicle,  such  as  the  National  AeroSpace 
Plane  (NASP).  However,  since  the  demise  of  the 
NASP  program,  the  volume  of  work  addressing 
problems  in  this  area  has  declined  precipitously  (at  least 
in  the  U.S.).  The  timing  of  this  AGARDA^KI  Special 
Course  on  "Turbulence  in  Compressible  Flows" 
therefore  seems  quite  appropriate,  as  a  review  of 
progress  made  during  the  recent  period  of  intense 
activity. 

Compressible  shear  layers,  although  seemingly 
simple  flows,  are  subject  to  quite  complex  fluid 
physics.  The  complications  are  partially  due  to  the 
large  Reynolds  numbers,  and  consequent  wide  range  of 
turbulent  scales,  that  generally  occur  for  gas  flows  under 


high-speed  conditions.  In  addition,  as  will  be  shown 
abundantly  below,  compressibility  itself  has 
fundamental  effects  on  turbulence  that  are  not  observed 
in  low-speed  flows.  Nevertheless,  considerable  progress 
has  been  made  in  understanding  compressible  free  shear 
layers  in  recent  years.  This  progress  has  been  facilitated 
both  by  the  availability  of  vastly  improved 
computational  resources  for  numerical  investigations 
and  also  by  the  development  of  non-intrusive  laser-based 
diagnostic  techniques  for  detailed  experimental  studies  of 
this  fundamental  flow. 

As  might  be  expected,  it  would  be  impossible  to 
thoroughly  discuss  all  the  recent  accomplishments  in 
the  area  of  compressible  free  shear  layers  within  the 
length  constraints  of  this  paper.  Therefore,  our  primary 
objective  is  to  review  the  physical  understanding  that 
has  been  developed  through  recent  experimental  studies 
of  the  fluid  dynamic  aspects  of  compressible  shear 
layers.  Reviews  of  numerical  studies  and  topics  such  as 
scalar  transport,  mixing,  and  combustion  are  the 
subjects  of  other  lectures  in  this  Special  Course.  See 
also  the  recent  review  of  Lele  (1994)  for  a  discussion  of 
compressibility  effects  on  turbulence  with  emphasis  on 
analytical  considerations  and  numerical  results.  The 
material  presented  here  is  certainly  biased  by  our 
interests  and  experience  at  the  University  of  Illinois  in 
this  general  area.  Therefore,  we  apologize  in  advance  to 
any  who  might  feel  that  their  work  has  in  any  way  been 
slighted  or  overlooked.  Any  errors  of  omission  or 
commission  are  wholly  the  responsibility  of  the  author. 

3.  CONSTANT-PRESSURE,  TWO- 

STREAM,  COMPRESSIBLE  FREE 

SHEAR  LAYERS 

3.1  Dimensionless  Parameters 

Figure  1(a)  is  a  schematic  of  a  planar,  matched-pressure, 
two-stream  shear  layer  that  is  formed  at  the  trailing  edge 
of  a  splitter  plate  that  separates  the  two  streams.  The 
subscript  "1"  will  be  used  throughout  to  denote 
conditions  of  the  higher  speed  stream,  while  subscript 
"2"  refers  to  the  lower  speed  stream.  Thus,  in  the 
laboratory  coordinates  shown,  the  velocities  of  the 
freestreams  are  Ui  and  U2,  their  densities  are  pi  and  p2, 
their  speeds  of  sound  are  ai  and  a2,  their  specific  heat 
ratios  are  yi  and  72.  and  the  static  pressures  at 
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separation  from  the  splitter  plate  are  equal,  Pi  =  P2  •  In 
the  large  body  of  work  on  incompressible  mixing  layers 
(e.g.,  Brown  and  Roshko,  1974;  Brown,  1978),  it  has 
been  shown  that  the  structure  and  behavior  of  the  layer 
depend  primarily  on  the  freestream  velocity  ratio, 
r  =  U2/Ui  [or,  equivalently,  the  velocity  parameter, 
7,  =  (1  -  r)/(l  +  r)],  and  the  freestream  density  ratio, 

s  =  P2/Pl- 


To  quantify  the  effects  of  compressibility  on  shear 
layers,  Bogdanoff  (1983)  and  Papamoschou  and  Roshko 
(1988)  introduced  the  convective  Mach  number,  Me, 
which  is  the  Mach  number  of  the  two  freestreams 
relative  to  the  large-scale  structures  in  the  mixing  layer. 
To  derive  an  expression  for  Me,  the  layer  is  viewed  in 
the  reference  frame  that  convects  with  the  structures. 
Fig.  1(b).  Assuming  that  the  static  pressures  of  the 
two  streams  are  equal  and  that  their  (isentropically 
determined)  total  pressures  are  also  equal  at  the 
stagnation  point  between  structures  in  this  frame,  the 
following  expression  may  be  solved  for  the  large- 
structure  convection  velocity,  Uc 


( 
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If  Yj  =  Y2,  as  is  often  the  case  in  experimental  studies, 
Uc  is  then  given  by 


a2Ui  +aiU2 

Uc  — 

ai  -t-a2 


(2) 


Using  the  definition  of  the  convective  Mach  numbers  of 
the  two  streams  as  their  relative  velocities  with  respect 
to  the  large  structures  divided  by  their  speeds  of  sound 
gives 


Mci^ 


Ul-Uc 

ai 


and  Mc2  —  — - - -  (3) 

a2 


If  Yj  =  Y2.  the  two  convective  Mach  numbers  are  equal 
and  can  be  written  as 


Mc  = 


U1-U2 

ai  -l-a2 


(4) 


As  mentioned  above,  this  is  the  parameter  that  has 
been  used  overwhelmingly  to  quantify  the  effects  of 
compressibility  in  mixing  layers.  It  is  often  tacitly 
assumed  that  all  the  effects  of  compressibility  are 
embodied  in  the  magnitude  of  the  convective  Mach 
number.  However,  we  must  mention  that  there  is 
evidence  {e.g.,  Sandham  and  Reynolds,  1989;  Viegas 


Fig.  1  Schematic  of  a  two-stream  mixing 
layer  in  (a)  laboratory  frame  and 
(b)  convective  frame 

and  Rubesin,  1991)  that  the  convective  Mach  number 
may  be  only  a  first-order  measure  of  compressibility, 
i.e.  that  the  effects  of  velocity  ratio,  density  ratio, 
and/or  other  parameters  may  be  different  for 
compressible  shear  layers  as  compared  to  the 
incompressible  case.  In  addition  to  r,  s,  and  M^,  other 
"secondary"  parameters  that  may  influence  the  behavior 
of  compressible  mixing  layers  include:  Reynolds 
number,  state  of  the  initial  boundary  layers,  freestream 
turbulence,  pressure  gradients,  and  tbe  compression  and 
expansion  waves  that  are  virtually  unavoidable  in 
supersonic  flow  experiments. 


3.2  Growth  Rate 

Perhaps  the  most  well-known  effect  of  compressibility 
on  shear  layers  is  the  reduced  growth  rate  that  oecurs  as 
compared  to  that  of  incompressible  mixing  layers  at  the 
same  velocity  and  density  ratios.  This  is  also  an 
extremely  important  result  in  many  applications,  as 
mass  entrainment  from  the  freestreams  into  the  layer, 
which  results  in  its  growth,  is  the  first  step  in  mixing 
the  two  streams  (eventually  at  the  molecular  level  so 
that  chemical  reactions  can  occur).  Originally,  the 
reduced  growth  rate  effect  was  thought  to  be  due  to  the 
density  difference  between  the  streams  that  occurs  under 
compressible  (versus  incompressible)  flow  eonditions. 
However,  in  their  classic  work  on  the  subject.  Brown 
and  Roshko  (1974)  showed  that  the  density  effect  was 
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small  and  that  the  growth  rate  reduction  must  be  due  to 
a  separate  and  stronger  compressibility  effect. 

In  determining  the  growth  rate  of  a  shear  layer,  it  is 
important  that  it  be  found  only  from  {he  fully-developed 
or  self-similar  region.  Goebel  and  Dutton  (1991) 
studied  the  development  of  compressible  mixing  layers 
using  the  definition  of  Mehta  and  Westphal  (1986)  for 
fully-developed  conditions:  (1)  linear  growth  rate  with 
respect  to  downstream  distance;  (2)  similarity  of  the 
mean  velocity  profiles  when  scaled  by  the  local  layer 
thickness;  and  (3)  similarity  of  all  turbulence  quantity 
profiles  when  scaled  by  the  local  thickness,  with  peak 
turbulence  quantities  constant.  Goebel  and  Dutton 
(1991)  found  that  the  mean  velocity  profiles  required  the 
least  streamwise  distance  to  become  self-similar, 
followed  by  the  streamwise  turbulence  intensity, 
transverse  turbulence  intensity,  and  Reynolds  shear 
stress.  By  transforming  Bradshaw's  (1966)  criterion  for 
fully-developed  single-stream  shear  layers  to  a  criterion 
appropriate  for  two-stream  layers,  and  by  examining 
their  experimental  results  for  seven  compressible 
mixing  layer  cases,  Goebel  and  Dutton  (1991)  concluded 
that  the  following  approximate  local  Reynolds  number 
requirement  must  be  met  for  full  development 

Rcb  =  s  1x10^  (5) 

where  AU=Ui-U2  is  the  freestream  velocity  difference, 
b  is  the  mixing  layer  thickness  (defined  below),  and  p 
and  p  are  the  average  freestream  density  and  viscosity, 
respectively.  Note  that  Karasso  and  Mungal  (1996) 
have  recently  found  that  the  value  of  a  "pairing 
parameter"  better  describes  the  development  state  of 
liquid  plane  shear  layers,  as  compared  to  the  local 
Reynolds  number,  although  this  result  has  not  yet  been 
extended  to  the  compressible  case. 
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Figure  2  (from  Gruber,  1992)  shows  the 
compressible  mixing  layer  growth  rate  normalized  by 
the  incompressible  growth  rate  at  the  same  velocity  and 
density  ratios  from  some  of  the  many  studies  that  report 
this  quantity.  The  incompressible  growth  rate  for  each 
case  is  determined  from 


=  0.1652,5 


0.165 


(l-r)(l  +  s^/^) 
2(l  +  rsV2) 
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where  the  constant  has  been  suggested  by  Birch  and 
Eggers  (1972).  It  must  be  noted  that  many  different 
definitions  of  the  shear  layer  thickness  are  used  in  the 
literature.  These  include  the  10% AU  thickness,  the 
vorticity  thickness,  the  visual  thickness,  and  the  pitot 
thickness.  We  will  usually  use  the  10%AU  thickness, 
b,  which  is  defined  as  the  distance  between  transverse 
(y)  locations  where  U  =  Uj  -  O.l(AU)  and 
U  =  U2  -i-O.l(AU),  see  Fig.  1.  All  data  presented  in 
Fig.  2  have  been  transformed  (assuming  an  error 
function  mean  velocity  profile)  to  this  common 
thickness  definition. 


As  can  be  seen  in  Fig.  2,  the  normalized  shear  layer 
growth  rate  is  indeed  reduced  as  the  compressibility  of 
the  layer,  quantified  by  the  convective  Mach  number, 
increases.  In  addition,  these  normalized  data  collapse 
moderately  well  when  plotted  against  Mq.  Possible 
reasons  for  the  scatter  in  the  data  include  differences  in 
experimental  techniques  used  to  determine  growth  rate, 
lack  of  achievement  of  fully-developed  conditions, 
differences  in  the  thickness  definition  used  and/or 
uncertainty  in  transforming  to  the  "b"  definition,  and 
the  possibility  mentioned  above  that  Me  provides  only 
a  first-order  measure  of  compressibility.  A  few  of  the 
anomalous  points  in  the  figure  deserve  special  mention. 
For  example  the  high  normalized  growth  rate  reported  at 
Mc=0.20  by  Goebel  and  Dutton  (1991)  is  due  to 
"disturbed,"  high  freestream  turbulence  conditions, 
which  lead  to  an  expected  large  growth  rate.  The  low 
normalized  growth  rates  reported  by  Hall  et  al.  (1993)  at 
low  Me  are  speculated  by  these  authors  to  be  due  to 
poorly  understood  effects  of  very  low  density  ratios 
coupled  with  a  supersonic  high-speed  stream.  In  fact, 
the  density  ratios  of  these  latter  cases  are  lower  than  for 
any  in  the  incompressible  shear  layer  database,  so  that 
Eq.  6  may  not  accurately  predict  the  growth  rate  used  for 
normalization  of  these  cases. 
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Fig.  2  Normalized  growth  rates  of 

compressible  mixing  layers  (from 
Gruber,  1992) 


3.3  Turbulence  Statistics 

Because  of  the  difficulties  involved  with  making 
accurate,  instantaneous  velocity  measurements  in 
supersonic  flows,  few  investigators  have  obtained 


2-4 


turbulence  measurements  in  compressible  shear  layers. 
Elliott  and  Samimy  (1990)  studied  three  cases,  Goebel 
and  Dutton  (1991)  investigated  seven  cases,  and  Gruber 
et  al.  (1993)  reported  results  for  a  single  case.  All  of 
these  measurements  were  obtained  using  laser  Doppler 
velocimetry  (LDV),  where  Elliott  and  Samimy  (1990) 
and  Goebel  and  Dutton  (1991)  presented  two-component 
data  and  Gruber  et  al.  (1993)  obtained  three-component 
results.  Barre  et  al.  (1994)  have  also  presented  one- 
component  hot-wire  anemometry  (HWA)  measurements 
for  a  compressible  shear  layer  at  Mc=0.62. 

As  discussed  above  in  regard  to  the  growth  rate 
determination,  it  is  critical  that  the  turbulence 
measurements  be  reported  from  the  fully-developed 
region,  as  the  development  of  the  layer  immediately 
after  separation  from  the  splitter  plate  can  depend 
strongly  on  the  freestream  and  initial  boundary  layer 
conditions.  This  is  especially  true  for  the  turbulence 
quantities,  which  have  been  found  to  develop  more 
slowly  than  the  mean  velocity. 

Figures  3-5  show  averaged  profiles  from  the  fully- 
developed  regions  for  five  of  the  cases  investigated  by 
Goebel  and  Dutton  (1991).  The  quantities  plotted  are 
the  streamwise  turbulence  intensity,  Gu/AU,  the 
transverse  turbulence  intensity,  Gy/AU,  and  the 
normalized  kinematic  Reynolds  shear  stress, 
<u'v'>/(AU)^,  respectively.  (The  symbol  G  is  used 
throughout  to  denote  the  rms  fluctuation  of  the 
subscripted  velocity  component,  and  the  angled  brackets 
are  used  for  ensemble-averaged  quantities.)  As  expected, 
these  turbulence  quantities  peak  near  the  center  of  the 
shear  layer  and  fall  off  to  small  values  in  the 
freestreams.  In  examining  the  effects  of 
compressibility,  increasing  convective  Mach  number  is 
seen  to  have  a  strong  effect  on  reducing  the  magnitude 
of  the  transverse  turbulence  intensity  and  the  Reynolds 
shear  stress.  We  should  note  that  the  lowest 
compressibility  case  shown,  Mc=0.20,  may  not  have 
been  fully  developed,  so  that  its  profiles  may  be  high  in 
each  case.  With  this  caveat,  the  data  shown  in  Fig.  3 
indicate  little  effect  of  compressibility  on  streamwise 
turbulence  intensity.  Taken  together,  the  trends  for  Gu 
and  Gy,  as  measured  by  Goebel  and  Dutton  11991), 
suggest  that  the  normal  stress  anisotropy,  , 

increases  with  increasing  compressibility. 

The  effects  of  compressibility  on  the  turbulence 
statistical  quantities  are  more  easily  seen  in  Figs.  6-8, 
where  the  peak  turbulence  quantities  from  each  of  the 
four  studies  mentioned  above  have  been  plotted  as  a 
function  of  convective  Mach  number.  In  each  case,  the 
turbulence  quantities  have  been  normalized  with  respect 
to  typical  values  measured  for  incompressible  shear 
layers:  (Gu/AU)i=0.18,  (Gy/AU)i=0.13,  and 


Fig.  3  Similarity  profiles  of  streamwise 

turbulence  intensity  (from  Goebel  and 
Dutton,  1991) 


Fig.  4  Similarity  profiles  of  transverse 

turbulence  intensity  (from  Goebel  and 
Dutton,  1991) 


<u'v’>/(AU)^ 

Fig.  5  Similarity  profiles  of  normalized 
kinematic  Reynolds  stress  (from 
Goebel  and  Dutton,  1991) 
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(-<u’v’>/(AU)2)i=0.013.  The  trends  just  mentioned 
from  Goebel  and  Dutton  (1991)  are  apparent:  strongly 
reduced  Ov/AU  and  -<u'v'>/(AU)2  and  approximate 
constancy  of  with  increasing  M^.  In  addition, 

the  data  from  all  investigators  for  the  peak  transverse 
turbulence  intensity  and  Reynolds  shear  stress  collapse 
extremely  well  when  plotted  against  convective  Mach 
number.  However,  the  data  from  Elliott  and  Samimy 
(1990)  and  Goebel  and  Dutton  (1991)  show  some 
disagreement  in  the  trends  for  the  streamwise  turbulence 
intensity.  Instead  of  relatively  constant  values  of 
Ou/AU  with  increasing  Me,  Elliott  and  Samimy  (1990) 
found  that  this  quantity  also  decreased,  leading  to  a 
relatively  constant  normal  stress  anisotropy.  In 
addition,  these  investigators  found  that  the  lateral 
(transverse  direction)  extent  of  the  turbulence 
fluctuations  within  the  shear  layer  is  reduced  as 
compressibility  increases.  Goebel  and  Dutton  (1991), 
on  the  other  hand,  found  no  apparent  reduction  of  the 
lateral  extent  of  the  turbulence  fluctuations. 

Gruber  et  al.  (1993)  reported  three-component 
turbulence  measurements  for  Mc=0.80.  Their  results 
for  the  streamwise  and  transverse  turbulence  intensities 
are  in  close  agreement  with  Goebel  and  Dutton's  (1991), 
which  were  obtained  in  the  same  facility.  Gruber  et  al. 
(1993)  found  that  the  lateral  extent  of  the  turbulence 
profiles  was  reduced  only  on  the  high-speed  side  of  the 
shear  layer  and  that  the  peak  spanwise  turbulence 
intensity,  Ow/AU,  was  about  the  same  as  for  the 
incompressible  case.  Taken  together  with  the  reduced 
transverse  turbulence  intensity,  the  latter  result  implies 
that  an  effect  of  compressibility  on  the  mixing  layer  is 
a  tendency  toward  a  more  three-dimensional  structure 
with  enhanced  spanwise,  as  compared  to  transverse, 
velocity  fluctuations. 

All  three  of  the  LDV  studies  consistently  show  that 
the  shear  stress  correlation  coefficient,  -<u'v’>/(auOv)> 
is  approximately  constant,  at  a  value  between  0.4  and 
0.5,  both  spatially  within  the  shear  layer  and  as  a 
function  of  compressibility.  This  result  provides  an 
interesting  turbulence  model  closure  idea,  which  indeed 
has  been  utilized  by  Burr  (1991).  In  addition,  all  of  the 
LDV  studies  have  shown  that  higher-order  velocity 
moments,  such  as  triple  products,  skewness,  and 
flatness  factors,  are  strongly  reduced  with  increasing 
compressibility  at  the  shear  layer  edges.  This  suggests 
that  intermittency  at  the  edges,  due  to  excursions  of 
large  turbulent  structures  into  the  freestreams  and, 
conversely,  intrusions  of  inviscid  freestream  fluid  into 
the  shear  layer,  is  also  reduced. 

We  must  emphasize  that  the  discrepancies  noted 
above  for  the  streamwise  turbulence  intensity  and  lateral 
extent  of  the  velocity  fluctuations  could  be  due  to  any 
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Fig.  6  Peak  streamwise  turbulence  intensities 
from  recent  investigations  (from 
Gruber  et  al.,  1993) 
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Peak  transverse  turbulence  intensities 
from  recent  investigations  (from 
Gruber  et  al.,  1993) 
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Fig.  8  Peak  normalized  primary  Reynolds 
shear  stresses  from  recent  LDV 
investigations  (from  Gruber  et  al., 
1993) 
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of  the  secondary  factors  listed  earlier  or  because  the 
convective  Mach  number  is  not  a  complete  descriptor  of 
compressibility  effects.  Additional  turbulence  data, 
particularly  at  convective  Mach  numbers  above  about 
0.8,  are  needed  to  clarify  these  issues.  It  is  clear  from 
the  data  presented  that  a  primary  effect  of 
compressibility  is  a  strong  reduction  of  transverse 
velocity  fluctuations  and  a  trend  toward  a  more  three- 
dimensional  turbulence  structure,  effects  that  will  be 
reinforced  by  planar  visualizations  to  be  presented  in  the 
next  section.  In  addition,  inspection  of  Figs.  6-8  as  a 
whole  suggests  better  collapse  of  the  normalized  peak 
turbulence  quantities  when  plotted  against  convective 
Mach  number  than  for  the  normalized  growth  rate. 
Fig.  2,  which  is  a  surprising  result. 

3.4  Large-Scale  Turbulent  Structures 

3.4.1  Incompressible  Shear  Layer  Structure 

As  a  prelude  to  discussing  the  large-scale  organization 
of  compressible  shear  layers,  it  is  useful  to  first  briefly 
review  the  structure  of  incompressible  mixing  layers. 
One  of  the  landmark  studies  in  this  regard  is  that  of 
Brown  and  Roshko  (1974).  In  addition  to  investigating 
density  ratio  effects  on  shear  layer  growth  rate,  the 
shadowgraph  visualizations  of  these  authors  clearly 
showed  the  dominant  spanwise-oriented  structures  that 
exist  in  low-speed  mixing  layers.  Fig.  9.  These  rolled- 
up  structures  develop  from  the  fundamental  Kelvin- 
Helmholtz  instability  of  the  flow.  Since  the  time  of 
Brown  and  Roshko's  (1974)  work,  large-scale  structures 
in  turbulent  shear  flows  have  been  the  subject  of  a  great 
deal  of  research.  It  has  been  found  that  these  structures 
may  pair,  tear,  and  that  they  are  stable,  dominant 
features  of  low-speed  shear  layers  even  at  high  Reynolds 
numbers  or  in  the  presence  of  highly  exothermic 
chemical  reactions  or  other  severe  disturbances  (Winant 
and  Browand,  1974;  Dimotakis  and  Brown,  1976; 
Wygnanski  et  al,  1979).  These  structures  have  also 
been  shown  to  be  critically  important  in  entrainment  of 
the  freestream  fluids  into  the  shear  layer  and  to  the 
cascade  of  turbulent  scales  that  eventually  results  in 
mixing  of  the  fluids  at  the  molecular  level  (Dimotakis, 
1986;  Broadwell  and  Breidenthal,  1982;  Broadwell  and 
Mungal,  1988). 

In  addition  to  these  spanwise  structures, 
streamwise-oriented  counter-rotating  vortex  pairs  have 
been  found  to  develop  from  the  strain  field  induced  by 
the  spanwise  rollers  (Bernal  and  Roshko,  1986).  These 
streamwise  vortices,  or  ribs,  are  found  in  the  braid 
region  between  the  rollers  with  their  ends  wrapping 
around  successive  spanwise  vortices;  see  Fig.  10  for  an 
idealized  schematic.  The  streamwise  counter-rotating 


vortices  induce  fluid  motion  between  them,  either  up  or 
down,  thus  creating  mushroom-shaped  structures  when 
viewed  from  the  end  (y-z  plane.  Fig.  1).  The  circulation 
of  the  streamwise  ribs  is  found  to  be  of  the  same  order 
of  magnitude  as  that  of  the  spanwise  rollers,  suggesting 
that  the  interaction  of  the  streamwise  and  spanwise 
vortices  convolutes  the  layer  interface  and  is  responsible 
for  significant  entrainment  and  mixing  between  the  two 
streams  (Jimenez  etal,  1985). 

3.4.2  Schlieren  and  Shadowgraph  Studies 

Against  this  backdrop  for  incompressible  shear  layers,  it 
was  only  natural  that  early  compressible  mixing  layer 
studies  used  schlieren  and  shadowgraph  methods  to 
investigate  the  existence  of  similar  large-scale 
organization.  This  was  done  by  several  workers,  e.g. 
Papamoschou  and  Roshko  (1988),  Elliott  and  Samimy 
(1990),  Goebel  and  Dutton  (1991),  Clemens  and 
Mungal  (1992),  and  Hall  et  al.  (1993).  Figure  11 
shows  an  example  composite  schlieren  photograph  of  a 
compressible  mixing  layer  at  Mc=0.75  from  the 
experiments  of  Messersmith  (1992).  As  has  been 
generally  found  in  all  other  schlieren/shadowgraph 
studies,  this  figure  shows,  at  best,  only  a  slight  hint  of 
braided  structure  toward  the  downstream  end,  but 
certainly  not  the  dominant,  rounded,  large-scale 
structures  seen  under  incompressible  conditions.  Fig.  9. 
However,  in  drawing  conclusions  from  these  flow 
visualizations,  we  must  remember  that  the  schlieren  and 
shadowgraph  methods  integrate  effects  along  the  line-of- 
sight,  so  that  three-dimensionality  (in  the  spanwise 
direction)  of  the  turbulence  structure  will  be  smeared  in 
the  resulting  photos. 

3.4.3  Probe-Based  Structure  Studies 

Time-series  analyses  of  fluctuating  pressure  and 
hot-wire  measurements  have  been  used  to  investigate 
the  structure  and  organization  of  compressible  shear 
layers.  Samimy  et  al  (1992)  studied  mixing  layers  at 
Mc=0.51  and  0.86  using  fast-response  pressure 
transducers.  At  the  lower  compressibility  level,  the 
measurements  suggested  that  the  large  structures  were 
similar  to  the  incompressible  case,  with  a 
predominantly  two-dimensional  spanwise  orientation, 
although  their  spatial  organization  was  poorer  than  for 
low-speed  shear  layers.  At  the  higher  compressibility, 
the  structures  were  found  to  be  highly  three-dimensional 
in  nature,  with  good  spatial,  but  poor  temporal 
organization.  Figure  12,  taken  from  this  work,  shows 
how  much  more  strongly  the  streamwise  coherence  of 
the  pressure  fluctuations  is  reduced  with  increasing 
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Fig.  9  Large-scale  structure  in  an  incompressible  shear  layer  (from  Brown  and  Roshko, 
1974;  as  reproduced  in  Van  Dyke,  1982) 


Fig.  10  Schematic  of  large-scale  structure  in 
an  incompressible  mixing  layer: 
spanwise  rollers  and  streamwise  ribs 
(from  Gruber,  1992) 


Fig.  11  Schlieren  photograph  of  a  compressible  shear  layer  at  M^=0.75  (from  Messersmith, 
1992) 
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normalized  probe  separation  distance,  dx/8(a  (where 
8co=b),  for  Mc=0.86  than  for  Mc=0.51.  This 
demonstrates  a  very  strong  effect  of  compressibility  on 
the  streamwise  evolution  of  the  structures.  Spanwise 
correlation  measurements  were  also  suggestive  of  the 
existence  of  horseshoe-type  vortices  for  the  Mc=0.86 
case. 

Shau  et  al.  (1993)  and  Petullo  and  Dolling  (1993) 
used  pressure  fluctuation  and  dual  normal  hot-wire 
measurements,  respectively,  to  investigate  an  Mc=0.28 
shear  layer  formed  between  a  Mach  5  and  a  Mach  3 
stream.  These  measurements  showed  that  the  shear 
layer  large  structures  were  better  organized  than  in  the 
upstream  boundary  layer  and  that  their  organization 
increased  with  downstream  distance,  a  finding  that  is  in 
agreement  with  results  of  Samimy  et  al.  (1992).  Large- 
structure  inclination  angles  of  35°  to  55°  to  the 
streamwise  direction  were  measured.  All  of  the  probe- 
based  studies  discussed  here  measured  a  broad  range  of 
structure  angles  for  a  given  case,  which  is  in  agreement 
with  the  instantaneous  planar  images  to  be  discussed 
below. 

3.4.4  Single-Frame  Planar  Imaging  Results 

With  the  advent  of  laser  diagnostic  techniques,  the  line- 
of-sight  integration  limitation  of  the  schlieren  and 
shadowgraph  methods  could  be  removed,  since  thin  laser 
sheets,  generally  of  the  order  of  a  few  hundred  microns 
thickness,  could  be  used  to  illuminate  the  flow. 
Techniques  including  Mie  or  Rayleigh  scattering  and 
planar  laser-induced  fluorescence  (PLIF)  were  used  in 
several  studies  of  the  turbulence  structure  of 
compressible  shear  layers  (Clemens  and  Mungal,  1992, 
1995;  Elliott  et  al,  1992;  Bonnet  et  al,  1993; 
Messersmith  and  Dutton,  1996;  Poggie  and  Smits, 
1996).  Since  pulsed  lasers  are  used  for  these  methods, 
the  temporal  resolution  is  also  excellent,  typically  on 
the  order  of  10  ns,  so  that  essentially  "frozen"  or 
"instantaneous"  visualizations  are  obtained. 

Example  side-view  (x-y  plane.  Fig.  1)  Mie 
scattering  images  from  the  work  of  Clemens  and 
Mungal  (1995)  are  shown  in  Fig.  13  for  a  shear  layer  at 
Mc=0.28.  These  images  utilize  "product  formation" 
seeding,  in  which  ethanol  vapor  that  is  carried  in  the 
low-speed  stream  condenses  into  droplets  only  when 
molecularly  mixed  with  cold  fluid  from  the  high-speed 
stream.  This  Mie  scattering  method  therefore 
emphasizes  large-structure  cores  where  molecular 
mixing  is  expected  to  be  most  complete.  The  low 
compressibility  case  in  Fig.  13  shows  the  existence  of 
Brown-Roshko  roller-like  structures  with  connecting 


braids.  The  large  structures  and  braids  are  most  clearly 
seen  in  the  downstream  region  of  the  images.  Smaller- 
scale  turbulence  riding  on  the  large-scale  structures  is 
also  apparent,  as  might  be  expected  for  the  large 
Reynolds  number  of  this  flow.  Plan  views  (x-z  plane. 
Fig.  1)  of  this  same  case  are  shown  in  Fig.  14.  Here, 
the  large  structures  are  seen  to  be  predominantly 
oriented  in  the  spanwise  direction  and  often  span  the 
entire  field-of-view.  However,  skewing  and  bending 
with  respect  to  the  spanwise  direction  also  occur 
frequently.  Smaller  streamwise-oriented  structures 
connecting  the  spanwise  rollers  can  also  be  observed. 

Figures  15  and  16  show  similar  side  and  plan  views 
of  a  compressible  shear  layer  at  Mc=0.62.  The  large 
structures  visualized  in  the  side  view  appear  less  well 
organized  and  are  more  jagged  and  irregularly  spaced 
than  those  at  lower  compressibility.  Clearly 
identifiable  braids  between  large  structures  also  appear 
to  occur  less  frequently.  The  plan  views  show  greatly 


Coherence  for  Varied  Streamwise  Separations 
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Fig.  12  Streamwise  coherence  for  various  probe 
separation  distances  for  compressible 
shear  layers  at  (a)  Mc=0.51  and 
(b)  Mj=0.86  (from  Samimy  et  al., 
1992) 


Fig.  13  Side-view  planar  images  of  a 

compressible  shear  layer  at  Mp=0.28 
(from  Clemens  and  Mungal,  1995) 


Fig.  14  Plan-view  planar  images  of  a 

compressible  shear  layer  at  Mj=0.28 
(from  Clemens  and  Mungal,  1995) 


reduced  spanwise  organization  of  the  large  structures, 
although  obliquely-oriented  structures  are  sometimes 
seen  to  span  the  field-of-view,  particularly  in  the 
upstream  region. 

Side-  and  plan-view  product  formation  images  are 
shown  in  Fig.  17  for  an  Mc=0.79  mixing  layer.  The 
jagged  large  structures  seen  in  the  side  view  are 
generally  similar  to  those  at  Mc=0.62,  although, 
perhaps,  the  large  structures  and  intervening  braids  are 
even  less  easily  identified  here  than  at  the  lower 
compressibility.  The  structures  shown  in  the  plan 
views  are  now  highly  three-dimensional  in  nature  with 
no  apparent  preferred  orientation  in  the  spanwise  or 
streamwise  directions. 

Although  not  shown  here,  end  views  (y-z  plane. 
Fig.  1)  from  Clemens  and  Mungal's  (1995)  study 
demonstrate  that  with  increasing  compressibility,  the 
instantaneous  shear  layer  cross-section  becomes  more 
convoluted  with  more  realizations  of  "mushroom¬ 
shaped"  structures.  This  is  suggestive  of  the  increased 
dominance  of  obliquely-  and/or  streamwise-oriented 
vortex  structures  at  higher  convective  Mach  number,  as 
was  noted  in  the  plan  views. 


Fig.  15  Side-view  planar  images  of  a 

compressible  shear  layer  at  Mj=0.62 
(from  Clemens  and  Mungal,  1995) 


Fig.  16  Plan-view  planar  images  of  a 

compressible  shear  layer  at  Mc=0.6  2 
(from  Clemens  and  Mungal,  1995) 


Messersmith  and  Dutton  (1996)  used  a  Mie 
scattering  method  similar  to  Clemens  and  Mungal's 
(1995),  but  obtained  and  statistically  analyzed  large 
image  ensembles  (256  images)  for  each  of  three 
compressibility  levels.  Since  a  broad  range  of  structural 
features  are  observed  in  the  images  of  a  given  ensemble, 
the  statistical  analysis  was  done  to  quantify,  in  an 
objective  manner,  the  influence  of  compressibility  on 
the  characteristic  features  of  the  large  structures. 
Figure  1 8  shows  a  comparison  of  instantaneous  images 
obtained  for  an  M(;=0.32  shear  layer  and  ensemble- 
averaged  spatial  covariance  fields,  where  the  contour 
lines  are  drawn  in  increments  of  0.125  about  the  central 
peak,  which  is  normalized  to  unity.  Side  views  are 
shown  at  the  left,  while  oblique,  quasi-end  views  are 
shown  on  the  right.  The  images  utilize  "passive  scalar" 
seeding  for  which  ethanol  vapor  was  seeded  into  the 
high-speed  stream  that  condensed  into  droplets  upon 
expansion  to  supersonic  conditions.  The  ensemble- 
averaged  covariance  fields  are  not  expected  to  reproduce 
exactly  the  features  of  the  structures  in  any  given 
instantaneous  image,  but  rather  they  give  the  features  of 
the  "average"  structure  for  that  condition.  Nevertheless, 
the  similarity  between  the  visualizations  and  spatial 
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covariances  in  Fig.  18  is  unmistakable.  In 
Messersmith  and  Dutton's  (1996)  work,  the  0.5 
covariance  contour  was  used  to  define  the  normalized 
structure  size  (ratio  of  major  axis-to-local  layer 
thickness),  eccentricity  (unity  minus  the  ratio  of  major- 
to-minor  axes),  and  angular  orientation  of  the  major 
axis  to  the  horizontal  flow  direction. 

Similar  spatial  covariance  fields  for  the  side  and 
quasi-end  views  are  shown  in  Figs.  19  and  20  for 
Mc=0.49  and  0.75,  respectively.  Table  1  presents  the 
results  of  the  statistical  analysis  performed  to  determine 
the  large  structure  characteristic  features  for  each  view 
and  convective  Mach  number.  From  the  analysis  of  the 
side  views,  it  is  clear  that  the  large  structures  increase  in 
dimensionless  size  with  increasing  compressibility,  and 
that  their  angular  orientation  decreases  substantially 
from  about  26'’  at  the  two  lower  compressibility  levels 
to  16°  at  Mc=0.75.  Note  that  these  structure  angles  are 
smaller  than  those  found  in  the  probe-based  studies  of 
Shau  et  al  (1993)  and  Petullo  and  Dolling  (1993)  at 
lower  compressibility.  The  flattened,  more  downward- 
tilted  nature  of  the  structures  at  the  highest 
compressibility  investigated  by  Messersmith  and 
Dutton  (1996)  results  in  a  dimensionless  structure  size 
greater  than  unity.  The  downward  rotation  and 
lengthening  of  the  structures  also  seem  quite  consistent 
with  the  LDV  measurements  discussed  earlier,  which 
showed  a  strong  reduction  in  the  transverse  turbulence 
intensity  with  increasing  compressibility.  Less  mass 
induction  area  between  structures  is  available  for  this 
tilted,  elongated  configuration,  which  is  also  in 
agreement  with  the  decreased  normalized  layer  growth 
rate  for  increased  convective  Mach  number.  The 
eccentricity  of  the  structures  seen  in  the  side  views 
shows  no  strong  trend,  remaining  relatively  constant  at 
about  0.5  as  Me  increases.  Clemens  and  Mungal 
(1995)  noted  that  the  large  structures  visualized  in  their 
side  views  underwent  a  shape  change  from  rounded  or 
elliptical  at  low  compressibility  to  a  squarer  or  more 
polygonal  shape  at  high  compressibility.  The  side-view 
spatial  covariance  fields  of  Figs.  18-20  show  definite 
rounded,  elliptical  shapes  at  the  two  lower  convective 
Mach  numbers  with,  perhaps,  a  hint  of  a  more 
polygonal  shape  in  the  outer  covariance  contours  at  the 
highest  compressibility. 

The  effects  of  compressibility  on  the  large  structure 
characteristics  visualized  in  the  oblique,  quasi-end  views 
are  given  in  the  lower  portion  of  Table  1.  The  results 
show  that,  for  the  lowest  compressibility,  the 
dimensionless  structure  size  is  approximately  0.5,  while 
for  the  two  more  compressible  cases,  the  normalized 
size  increases  substantially  to  about  0.75.  The 
eccentricity  of  the  obliquely-viewed  structures  is  also 


Fig.  17  Side-view  and  plan-view  planar 

images  of  a  compressible  shear  layer 
at  Mj.=0.79  (from  Clemens  and 
Mungal,  1995) 

Strongly  reduced  with  increasing  compressibility.  This 
finding  results  from  the  increased  three-dimensionality 
of  the  turbulence  structure  at  higher  convective  Mach 
number,  which  causes  a  greater  randomness  in  the 
orientation  and  size  of  the  structures  viewed  in  this 
plane.  Comparing  the  dimensionless  size  and 
eccentricity  of  the  structures  in  the  side  and  oblique 
views  at  the  same  compressibility  level  shows  that  the 
oblique  plane  structures  are  always  smaller  and  less 
eccentric  than  their  side-view  counterparts.  These 
results  from  the  statistical  analysis  are  all  quite 
consistent  with  instantaneous  images  obtained  by 
Elliott  et  al.  (1992),  Clemens  and  Mungal  (1992, 
1995),  and  others. 

These  trends  of  a  transition  from  a  predominantly 
two-dimensional  spanwise  orientation  of  rollers  at  low 
compressibility,  to  obliquely-oriented  spanwise 
structures  at  intermediate  convective  Mach  numbers. 
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Fig.  18  Side-view  and  oblique-view  planar 

images  and  spatial  covariance  fields  for 
a  compressible  shear  layer  at  M£=0.32; 
dimensions  given  in  mm  (from 
Messersmith  and  Dutton,  1996) 


Fig.  19  Side-view  and  oblique-view  spatial 
covariance  fields  for  a  compressible 
shear  layer  at  Mj=0.49;  dimensions 
given  in  mm  (from  Messersmith  and 
Dutton,  1996) 


Fig.  20  Side-view  and  oblique-view  spatial 
covariance  fields  for  a  compressible 
shear  layer  at  Mp=0.75;  dimensions 
given  in  mm  (from  Messersmith  and 
Dutton,  1996) 
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Table  1  Large-structure  features  from  the  two-dimensional  spatial  covariance  fields  of  Messersmith  and  Dutton 
(1996) 


View 

Me 

Normalized  Size 

Eccentricity 

Angular  Orientation 

Side 

0.32 

0.69 

0.52 

26° 

Side 

0.49 

0.85 

0.45 

25° 

Side 

0.75 

1.03 

0.58 

16° 

Oblique 

0.32 

0.48 

0.30 

— - 

Oblique 

0.49 

0.77 

0.14 

— 

Oblique 

0.75 

0.71 

0.10 

and,  finally,  to  a  breakdown  to  a  highly  three- 
dimensional  turbulence  structure  at  large  Me  are  in 
good  qualitative  agreement  with  linear  stability  analyses 
of  compressible  mixing  layers  (Ragab  and  Wu,  1989; 
Sandham  and  Reynolds,  1990,  1991).  These  analyses 
show  the  stability  of  the  compressible  mixing  layer  to 
be  characterized  by  three  regimes:  (1)  0<Mc<0.6,  in 
which  the  two-dimensional,  spanwise  instability  is  the 
most  rapidly  amplified;  (2)  0.6<Mc<1.0,  for  which  the 
oblique  wave  is  the  most  amplified,  although  the  two- 
dimensional  wave  is  still  amplified  and  may  have  an 
effect;  and  (3)  Mc>1.0,  in  which  the  two-dimensional 
wave  is  considerably  less  amplified  than  the  most 
unstable  oblique  wave. 

3.4.5  Multi-Frame  Planar  Imaging  Results 

Time-correlated  image  pairs  or  sequences  have  also 
been  obtained  to  investigate  the  large-structure  temporal 
evolution  and  convection  velocity.  McIntyre  and 
Settles  (1991)  used  high-speed  schlieren 
cinematography  and  optical  deflectometry  to  investigate 
axisymmetric  shear  layers  at  convective  Mach  numbers 
ranging  from  0.08  to  1.5.  They  found  that  the  large- 
scale  structures  were  poorly  organized  for  the  more 
compressible  cases  and  that  they  evolved  rapidly  as 
they  convected  downstream.  Two-point  spatial 
correlation  data  gave  no  indication  of  a  consistent 
wavelength  for  the  structures,  implying  that  they  were 
irregularly  spaced.  Mahadevan  and  Loth  (1994)  used 
high-speed  schlieren  and  laser  sheet  cinematography  to 
study  a  shear  layer  at  Mc=0.76.  Four-frame  (or  more  in 
some  cases)  sequences  were  obtained  that  showed  the 
dominant  evolution  characteristic  to  be  stretching  and 
tilting  of  the  large  structures  down  toward  the 
streamwise  direction  as  they  convect;  see  feature  B  in 
Fig.  21.  Recently,  Poggie  and  Smits  (1996)  performed 
double-pulsed  Rayleigh  scattering  experiments  for  a 
mixing  layer  at  Mc=l.l.  These  visualizations  clearly 
show  the  growth  of  small-scale  structures  on  the 
periphery  of  large  structures,  which  is  a  mechanism  also 
observed  in  compressible  turbulent  boundary  layers. 


Elliott  et  al.  (1995)  obtained  double-pulsed 
Rayleigh  scattering  images  of  compressible  shear  layers 
at  convective  Mach  numbers  of  0.51  and  0.86.  In  the 
near-field  close  to  the  splitter  plate,  the  structures  for 
the  lower  compressibility  case  were  seen  to  roll  up  from 
instability  waves  of  the  Kelvin-Helmholtz  type. 
Fig.  22(a).  (Note  that  the  flow  direction  in  Figs.  22-24 
is  from  right-to-left.)  Little  evidence  of  this  roll-up 
mechanism  was  found  for  Mc=0.86,  Fig.  22(b), 
however.  In  the  fully-developed  far-field  region  for 
Mc=0.51,  eddy  evolution  mechanisms  typical  of 
incompressible  shear  layers,  including  pairing,  were 
observed;  see  features  7b'  and  7b’'  in  Fig.  23.  At 


Fig.  21  Four-frame  planar  imaging  sequence  of  a 

compressible  shear  layer  at  Mj=0.76  (from 
Mahadevan  and  Loth,  1994) 


100  mm 


50  mm 


Fig.  22  Double-pulsed  planar  images  in  the  developing  region  of  a  compressible 
shear  layer  at  (a)  =0.51  and  (b)  M£=0.86  (from  Elliott  ef  aZ. ,  1995) 


Fig.  23  Double-pulsed  planar  images  in  the  fully-developed  region  of  a 
compressible  shear  layer  at  M£=0.51  (from  Elliott  et  al,  1995) 
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Fig.  24  Double-pulsed  planar  images  in  the  fully- 

developed  region  of  a  compressible  shear  layer 
at  M£=0.86  (from  Elliott  et  al,  1995) 

Mc=0.86  stretching  or  tearing  of  structures  was 
commonly  seen,  as  shown  by  features  8a'  and  8b'  in  Fig. 
24.  However,  pairing  was  not  observed.  The 
cinematography  results  of  Mahadevan  and  Loth  (1994) 
suggest  a  modified  merging  mechanism  in  compressible 
shear  layers  called  "slapping"  in  which  the  two 
structures  coalesce  with  little  transverse  displacement 
and  rotation  of  the  structures  about  each  other,  as  occur 
in  the  incompressible  case  (Winant  and  Browand, 
1974). 

The  multi-frame  imaging  techniques  described 
above  have  also  been  used  to  determine  the  convection 
velocity  of  the  large  structures  in  compressible  mixing 
layers.  This  quantity  is  of  importance,  first,  because  it 
enters  the  definition  of  the  convective  Mach  number, 
Eq.  3,  which  is  the  fundamental  parameter  used  to 
quantify  the  level  of  compressibility  of  a  shear  layer. 
Secondly,  the  convective  velocity  is  used  in  many 
phenomenological  models  of  entrainment  and  mixing, 
e.g.  Dimotakis'  (1986)  entrainment  model  for  low-speed 
shear  layers. 

The  convective  velocity  measurements  for 
compressible  mixing  layers  have  produced  quite 
striking  results.  For  low  convective  Mach  numbers,  the 
measured  convective  velocity  has  been  found  to  agree 
closely  with  the  isentropic  theoretical  value  given  in 


Eq.  2.  However,  for  higher  levels  of  compressibility 
(Mc>0.3),  the  structures'  velocity  has  generally  been 
found  to  be  closer  to  that  of  one  or  the  other  of  the 
freestreams,  depending  on  whether  both  streams  are 
supersonic  or  one  is  supersonic  and  the  other  is 
subsonic  (Papamoschou,  1989,  1991;  McIntyre  and 
Settles,  1991;  Bunyajitradulya  and  Papamoschou,  1994; 
Mahadevan  and  Loth,  1994;  Papamoschou  and 
Bunyajitradulya,  1995;  Poggie  and  Smits,  1996).  This 
"stream  selection  rule"  (Dimotakis,  1991)  states  that  Uc 
is  closer  to  the  velocity  of  the  high-speed  stream  for 
supersonic/subsonic  freestream  combinations  and  is 
closer  to  that  of  the  low-speed  stream  for 
supersonic/supersonic  shear  layers.  Exceptions  can  be 
found,  e.g.  one  of  Papamoschou's  (1989)  and  Elliott  et 
al.'s  (1995)  two  cases,  but  this  "rule"  is  indeed  followed 
in  most  circumstances.  Figure  25  shows  a  plot  of  Md 
vs.  Mc2  from  the  work  of  Papamoschou  (1991),  where 
the  filled-in  symbols  use  the  experimentally  measured 
values  of  the  convective  velocity  in  the  expressions  for 
Mci  and  Mc2,  Eq.  3,  and  the  open  circles  use  the 
isentropic  theoretical  value,  Eq.  2.  The  deviation 
between  Md  and  Mc2  (and,  therefore,  of  the  measured 
versus  theoretical  convective  velocity)  under  highly 
compressible  conditions  is  apparent. 

A  ramification  of  this  disagreement  between  the 
theoretical  and  measured  values  of  the  large-structure 
convection  velocity  is  that  use  of  the  convective  Mach 
number  as  a  measure  of  compressibility  may  not  be 
well  founded.  This  has  led  some  investigators  (e.g., 
Goebel  and  Dutton,  1991;  Gruber  et  al.,  1993; 
Messersmith  and  Dutton,  1996)  to  characterize 
compressibility  level  with  the  relative  Mach  number, 
Mj-.  This  parameter  is  defined  as  the  relative  velocity  of 
the  high-speed  stream  with  respect  to  the  low-speed 
stream  normalized  by  the  average  speed  of  sound, 

C7) 

ai  -t-a2 

and,  therefore,  does  not  use  the  large-structure 
convection  velocity.  However,  for  the  case  in  which 
the  two  streams  have  equal  specific  heat  ratios,  the 
relative  and  convective  Mach  number  definitions  differ 
by  just  a  constant  factor  of  two  (compare  Eqs.  4  and  7). 
Thus,  the  convective  Mach  number  may  be  an  effective 
compressibility  correlation  parameter  even  though  the 
model  of  flow  stagnation  in  the  braid  region  between 
well-organized,  spanwise  two-dimensional,  large 
structures.  Fig.  1(b),  is  phenomenologically  incorrect 
under  highly  compressible  conditions. 
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Fig.  25  Experimental  and  theoretical  results  for 
Mji  and  M,.2  for  several  compressible 
shear  layers  (from  Papamoschou,  1991) 

Some  disagreement  about  the  transverse  variation 
of  the  convective  velocity  also  exists.  Bunyajitradulya 
and  Papamoschou  (1994),  Papamoschou  and 
Bunyajitradulya  (1995),  and  Poggie  and  Smits  (1996) 
found  Uc  to  be  constant  or  to  vary  only  mildly  across 
the  layer.  Samimy  et  al.  (1992),  using  fluctuating 
pressure  measurements,  and  Elliott  et  al.  (1995),  on  the 
other  hand,  found  the  convective  velocity  to  be  equal  to 
the  isentropic  theoretical  value  at  the  center  of  the  layer, 
but  higher  toward  the  high-speed  side  and  lower  toward 
the  low-speed  side.  It  appears,  therefore,  that  the  use  of 
different  measurement  methods  by  various  investigators 
may  be  responsible  for  the  lack  of  consistency  in  the 
convective  velocity  data.  Also,  note  that  the  pressure 
probe  measurements  of  Samimy  et  al.  (1992)  indicated 
a  wide  range  of  measured  structure  convective 
velocities  in  compressible  shear  layers  at  Mc=0.51  and 
0.86. 

One  possibility  that  has  been  proposed  for  the 
disagreement  between  the  measured  and  theoretical 
values  of  the  large-structure  convection  velocity  for 
highly  compressible  mixing  layers  is  the  asymmetric 
occurrence  of  shocklets  on  the  structures.  The  presence 
of  these  shocklets,  in  turn,  would  cause  asymmetric  and 
non-isentropic  deceleration  of  the  two  freestreams  at  the 
stagnation  point  between  structures,  thereby  altering  the 
convective  velocity  from  the  value  predicted  by  Eq.  2. 
Two  recent  convective  velocity  models  have  been 
proposed  (Dimotakis,  1991;  Barre,  1994)  that 
incorporate  the  dissipative  effects  of  shocklets  and  have 
been  found  to  effectively  predict  Uq  for  compressible 
shear  layers.  Two-dimensional  numerical  simulations 
show  the  existence  of  shocklets  starting  at  about 


Mc=0.7  (e.g.,  Lele,  1989;  Burr,  1991).  However,  since 
it  is  known  that  oblique  instability  modes  are  dominant 
at  this  level  of  compressibility,  two-dimensional 
simulations  are  not  appropriate  here.  Three- 
dimensional  simulations  do  not  show  strong  evidence  of 
eddy  shocklets  under  highly-compressible  conditions,  at 
least  up  to  Mc=1.2,  presumably  due  to  the  swept  and/or 
three-dimensional  nature  of  the  large  structures 
(Sandham  and  Reynolds,  1990,  1991;  Leep  et  al., 
1993).  Experimental  evidence  of  the  existence  of  eddy 
shocklets  is  also  sparse.  The  most  convincing  data  on 
this  point  appear  to  be  the  schlieren  and  shadowgraph 
photos  of  Hall  (1991)  for  two  convective  Mach 
numbers  near  unity.  Mach  waves  are  clearly  observed 
in  the  subsonic  stream  for  these  cases.  Fig.  26,  which 
can  only  be  due  to  the  supersonic  convection  of 
structures  in  the  shear  layer  with  respect  to  this  stream. 
However,  because  of  the  line-of-sight  integrating  nature 
of  these  visualization  methods,  the  origination  of  the 
waves  at  specific  structures  in  the  layer  was  not 
irrefutably  shown.  Also  note  that  Papamoschou  (1995) 
has  reported  the  occurrence  of  shocklets  in  an  Mc=2.0 
counterflow  shear  layer,  although  the  question  of 
whether  impingement  of  the  two  streams  occurs  in  this 
counterflow  arrangement,  thereby  causing  the 
shocklets,  is  problematic. 

3.5  Growth  Rate  Enhancement 

The  well-known  reduction  in  growth  rate  of 
compressible  mixing  layers  with  respect  to  their 
incompressible  counterparts  has  led  to  many  attempts  at 
enhancing  growth  by  various  means.  The  motivation 
for  this,  of  course,  is  that  the  performance  of  most 
devices  that  contain  compressible  shear  layers  as 
important  flow  features  can  be  improved  if  the 
entrainment  of  the  freestream  fluids  into  the  layer  can 
he  increased.  The  brief  discussion  here  will  be  limited 
to  growth  rate  enhancement  of  planar  compressible 
mixing  layers  and  will  exclude  the  large  body  of  work 
on  round  jets  and  other  more  complex  geometries  that 
have  been  studied  as  means  to  achieve  improved  mixing 
under  supersonic  conditions.  The  recent  review  article 
of  Gutmark  et  al.  (1995)  provides  a  thorough  review  of 
these  and  related  topics. 

A  widely  studied  method  for  achieving  growth  rate 
enhancement  involves  mounting  various  devices  on  the 
upstream  splitter  plate.  The  purpose  of  these  devices  is 
to  perturb  the  stable  structure  of  the  compressible 
mixing  layer,  for  example  by  introducing  increased 
streamwise  vorticity.  Papamoschou  (1989)  investigated 
triangular  vortex  generators,  slanted  trip  wires,  and 
sawtooth  extensions  attached  at  the  splitter  plate  trailing 
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Fig.  26  Schlieren  photograph  of  a  compressible  shear  layer  at  M^'j  =0.96  showing  Mach  waves  in 


the  subsonic  stream  (from  Hall,  1991) 

edge  for  an  Mc=0.65  shear  layer.  However,  none  of  the 
devices  enhanced  the  growth  rate  by  more  than  5%. 
Dolling  et  al.  (1992)  placed  cylindrical  and  wedge- 
shaped  (corrugated  plate)  vortex  generators  in  the 
turbulent  boundary  layer  upstream  of  the  splitter  plate 
tip  of  an  Mc=0.38  mixing  layer.  While  both  generators 
produced  thicker  layers  at  a  given  downstream  location 
relative  to  the  undisturbed  case,  this  result  was 
primarily  due  to  a  thicker  boundary  layer  at  separation 
and  not  to  an  enhanced  shear  layer  growth  rate.  In  fact, 
the  corrugated  plate  generator  showed  no  effect  or  even 
decreased  the  growth  rate.  Fig.  27(a).  The  cylindrical 
generators  did  provide  an  enhanced  growth  rate, 
Fig.  27(b),  but  the  effect  was  relatively  small  (about 
30%)  and  was  obtained  at  the  expense  of  substantial 
total  pressure  losses.  Island  et  al.  (1997)  recently 
performed  a  parametric  study  of  the  effects  of  shape, 
spacing,  and  thickness  of  geometric  disturbances  placed 
within  the  supersonic  side  boundary  layer  of  an 
Mc=0.63  shear  layer.  The  disturbances  in  this  case 
were  quite  thin,  being  from  5  to  50%  of  the  local 
boundary  layer  thickness.  In  agreement  with  the  results 
of  Dolling  et  al.  (1992),  Island  et  al.  (1997)  found  that 
the  far-field  growth  rate  was  unaffected  by  the 
disturbances  and  that  the  enhanced  thickness  at  a  given 
streamwise  location  was  due  to  alterations  in  the  initial 
conditions.  These  investigators  further  found  that 
triangular-shaped  disturbances  placed  at  the  splitter  tip, 
and  not  upstream,  were  the  most  effective  and  that,  for 
equivalent  flow  area  blockage,  these  discrete  three- 
dimensional  geometries  were  more  effective  than  two- 
dimensional  disturbances  {i.e.,  span  wise  strips). 

Fernando  and  Menon  (1993)  studied  growth  rate 
enhancement  using  a  tapered  sawtooth  geometry  at  the 
trailing  edge  of  the  splitter  plate.  Two  mixing  layer 
conditions  at  Mc=0.29  and  0.47  were  investigated. 
Unlike  the  studies  discussed  above,  tbe  results  showed  a 
significant  effect  on  growth  rate,  with  a  380%  increase, 


and  a  doubling  of  the  actual  thickness  at  a  given 
streamwise  location  in  the  optimum  case.  In  addition, 
most  of  the  increased  thickness  occurred  on  the  low- 
speed  side  of  the  layer.  The  authors  speculated  that 
their  results  may  have  been  affected  by  the  recirculation 
region  enclosed  below  the  low-speed  stream  in  their 
experiments. 

The  use  of  shock  waves  has  also  been  studied  as  a 
method  for  achieving  growth  rate  enhancement.  Shau 
and  Dolling  (1989)  impinged  an  oblique  shock 
generated  by  a  10°  wedge  both  on  the  upstream 
boundary  layer  and  on  a  shear  layer  at  Mc=0.32.  The 
results  showed  that,  when  the  shock  was  incident  on  the 
shear  layer,  no  measurable  effeet  on  the  local  thickness 
or  growth  rate  was  detected.  However,  when  the  shock 
was  impinged  on  the  boundary  layer,  a  large  increase  in 
the  near-field  spreading  rate  was  measured,  although  it 
rapidly  returned  to  the  undisturbed  value  further 
downstream.  Samimy  et  al.  (1989)  immersed  round 
and  square  cylinders  in  compressible  mixing  layers  at 
Mc=0.51  and  0.86  in  order  to  generate  bow  shock 
interactions  with  the  layers.  For  the  Mc=0.51  case,  the 
bow  shock  interaction  was  not  found  to  affect  the 
growth  rate  appreciably.  However,  at  Mc=0.86  some 
enhancement  of  the  growth  rate  was  achieved, 
particularly  when  the  cylinders  were  placed  in  the  near- 
field  developing  region  of  the  shear  layer. 

Both  Hall  et  al.  (1993)  and  Ramaswamy  et  al. 
(1996)  investigated  the  effects  of  mismatching  the  static 
pressure  of  the  two  freestreams  at  the  splitter  plate  tip. 
This  generates  compression  or  expansion  waves  that  are 
reflected  from  the  test  section  walls  (and  from  the  shear 
layer  for  a  subsonic  low-speed  stream)  and  interact  with 
the  mixing  layer.  Neither  of  these  studies  found  a 
significant  effect  of  the  waves  on  the  layer  growth  rate, 
although  Hall  et  al.  (1993)  noted  increased  large- 
structure  organization  in  some  cases  for  pressure- 
mismatched  conditions. 
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Fig.  27  Growth  rates  of  a  compressible  shear  layer  at 
Mj=0.38  with  (a)  corrugated  plate  vortex 
generators  and  (b)  cylindrical  vortex 
generators  (from  Dolling  et  a/.,  1992) 

Martens  et  al.  (1994,  1996)  excited  low  Reynolds 
number  mixing  layers  at  Mc=0.50  and  0.64  using  a 
glow  discharge  system.  Spanwise  two-dimensional 
forcing  and  oblique  forcing  at  various  angles  to  the 
spanwise  direction  were  studied.  At  both  convective 
Mach  numbers,  two-dimensional  excitation  resulted  in 
instability  waves  that  remained  two-dimensional.  On 
the  other  hand,  three-dimensional  forcing  resulted  in 
oblique  instability  waves  that  assumed  the  angle  of  the 
preferred  mode,  regardless  of  the  excitation  angle  or 
value  of  Me.  For  both  levels  of  compressibility,  the 
shear  layer  thickness  in  the  near-field  transitional  region 
was  increased  compared  to  the  undisturbed  case. 
However,  downstream  in  the  fully-turbulent  region,  the 
growth  rates  of  the  excited  shear  layers  returned  to 
those  of  the  natural  cases. 

Martens  and  McLaughlin  (1995)  also  studied  the 
effects  of  spanwise  two-dimensional  hemispherical  arc 


disturbances  attached  to  the  upper  and  lower  walls  for 
the  same  two  compressibility  levels  just  discussed. 
These  disturbances  caused  impingement  of  spatially 
periodic  Mach  waves  on  the  shear  layers.  The 
additional  effects  of  temporal  excitation  of  the  two- 
dimensional  Kelvin-Helmholtz  mode  were  also 
investigated  using  glow  discharge  excitation.  The 
results  showed  little  effect  of  the  disturbances  on 
growth  rate  for  the  more  compressible  case.  However, 
at  Mc=0.50  the  optimized  wall  disturbance  geometry 
showed  a  50%  increase  in  the  growth  rate  and,  when 
glow  discharge  forcing  at  20  kHz  was  added,  the 
growth  rate  enhancement  was  100%;  see  Fig.  28. 

Ramaswamy  and  Loth  (1996)  used  passive  acoustic 
excitation  to  enhance  the  growth  rate  of  a  confined, 
single-stream  (r=0)  shear  layer  at  Mc=0.74.  This  study 
showed  that  two  acoustically  reflective  surfaces  were 
required  to  achieve  this  resonance  excitation;  one 
below  and  one  downstream  of  the  shear  layer.  In 
addition,  an  upstream  reflective  surface  further 
enhanced  the  growth  rate;  note  that  none  of  the  surfaces 
was  inserted  directly  into  the  shear  layer.  In  the 
optimum  case,  a  growth  rate  enhancement  of 
approximately  100%  was  achieved.  Fig.  29.  The 
authors  concluded  that  a  combination  of  streamwise  and 
transverse  modes  may  be  responsible  for  the  excitation. 

The  number  of  these  enhancement  studies  that  have 
achieved  either  no  or  only  modest  improvements  in  the 
growth  rate  attest  to  the  inherent  stability  of 
compressible  mixing  layers.  However,  the  recent 
studies  of  Martens  and  McLaughlin  (1995)  and 
Ramaswamy  and  Loth  (1996),  for  which  significant 
enhancement  was  achieved,  offer  hope  that  increased 
growth  rates  are,  in  fact,  possible.  It  is  likely,  however, 
that  to  effect  substantial  growth  enhancement  will 
require  that  the  instability  modes  and  turbulent  structure 
of  compressible  mixing  layers  be  more  clearly 
understood,  including  the  influences  of  velocity  ratio, 
density  ratio,  compressibility,  wall  confinement, 
Reynolds  number,  upstream  history,  and  the  like. 

4.  COMPRESSIBLE  FREE  SHEAR  LAYERS  IN 

HIGH-SPEED  SEPARATED  FLOWS 

4.1  Flowfield  Structure 

Figure  30  presents  a  schematic  diagram  of  a  generic 
separated  flow  region  embedded  in  a  high-speed  stream. 
For  the  case  shown,  a  supersonic  freestream  and  its 
associated  boundary  layer  approach  the  sharp  base 
corner  of  an  axisymmetric  or  planar  symmetric  body 
where  they  separate  geometrically  through  a  centered 
expansion.  A  free  shear  layer  is  formed  that  encloses  a 
recirculating  region  whose  pressure  is  lower  than  that  of 
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Fig.  28  Growth  rates  of  a  compressible  shear  layer  at 
M£=0.50  with  wall  disturbances  (Mach 
waves)  and  glow  discharge  excitation  (20  kHz) 
(from  Martens  and  McLaughlin,  1995) 
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Fig.  29  Growth  rates  of  a  compressible  shear  layer  at 
M£=0.74  with  and  without  passive  acoustic 
excitation  (from  Ramaswamy  and  Loth,  1996) 

the  approaching  stream.  The  shear  layer  and  freestream 
are  then  recompressed  through  an  oblique  shock  system 
as  they  are  constrained  to  turn  along  the  axis  of 
symmetry  near  the  rear  stagnation  (or  reattachment) 
point.  Development  of  the  trailing  wake  then  occurs  in 
the  downstream  region. 

The  free  shear  layer  is  the  key  component  in  this 
separated  flow,  since  it  controls  the  entrainment  and 
mixing  of  freestream  and  recirculating  region  fluids, 
which,  in  turn,  determine  important  parameters  such  as 
the  base  pressure.  However,  the  development  of  this 
shear  layer  is  influenced  by  factors  not  present  for  the 
two-stream,  constant-pressure  layer  described  at  length 
above.  One  such  factor  is  the  centered  expansion  that 
occurs  at  separation.  This  expansion  alters  the  initial 
mean  flow  and  turbulence  structure  of  the  mixing  layer 


and,  hence,  its  development.  In  addition,  only  the 
initial  two-thirds  or  so  of  the  shear  layer  near  the  base  is 
at  approximately  constant  pressure  before  encountering 
the  adverse  pressure  gradient  caused  by  the 
recompression  waves  near  the  reattachment  point.  The 
enclosed  recirculating  region  also  imposes  an  energetic 
and  nonuniform  reverse  velocity  at  the  inner  edge  of  the 
shear  layer.  Finally,  near  the  rear  stagnation  point  the 
effects  of  streamline  curvature  and,  for  the 
axisymmteric  case,  lateral  streamline  convergence  also 
play  a  role  in  the  strueture  of  the  shear  layer  and  on  the 
initial  development  of  the  trailing  wake. 

The  effeets  of  these  additional  factors  on 
compressible  free  shears  layer  present  in  high-speed 
separated  flows  will  be  described  in  the  following 
sections. 


4.2  Mean  Flow  and  Turbulence  Statistics 
4.2.1  Effects  of  Expansion  at  Separation 

Herrin  (1993)  and  Herrin  and  Dutton  (1994a,b)  have 
made  detailed  three-component  LDV  measurements  of 
the  mean  velocity  and  turbulence  fields  in  the  near- 
wakes  of  both  cylindrical  and  boattailed  afterbodies 
immersed  in  a  Mach  2.5  freestream  flow;  see  Fig.  30. 
The  boattail  consisted  of  a  conical  5°  convergence  of 
the  afterbody  over  the  last  0.5  caliber  (i.e.,  diameter)  of 
its  length.  The  approach  boundary  layer  on  the 
boattailed  afterbody  (Case  1  below)  separated  through  a 
relatively  weak  centered  expansion,  with  a  mean 
turning  angle  of  about  2°.  The  rapid  expansion  at  the 
corner  of  the  cylindrical  afterbody  (Case  2)  was 
considerably  stronger,  with  a  mean  turning  angle  of 
approximately  9°.  Herrin  and  Dutton  (1995a)  utilized 
these  two  flows  to  analyze  the  effects  of  expansion 
strength  on  the  initial  structure  of  the  developing  free 
shear  layer.  For  the  velocity  statistics  presented  below, 
the  data  have  been  rotated  such  that  the  mean  U  and  V 
components  are,  respectively,  parallel  and 
perpendicular  to  the  average  shear  layer  direction. 
While  the  flows  investigated  here  are  axisymmetric,  the 
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ratio  of  the  boundary  layer  thickness  to  the  afterbody 
radius  in  the  neighborhood  of  separation  is  of  the  order 
of  only  10%,  so  that  the  results  below  should  also  apply 
to  the  planar  case. 

Figure  31  presents  the  nondimensional  mean 
streamwise  velocity,  U/Ui,  immediately  adjacent  to  the 
separation  point,  where  Ui  is  the  mean  freestream 
velocity  approaching  separation  for  each  case.  The 
axial  and  radial  coordinates  have  been 
nondimensionalized  by  the  radius  of  the  base  at 
separation,  Rq.  The  magnitude  of  the  plotted  variable  is 
shown  by  the  scale  at  the  upper  left  of  the  figure.  In 
addition,  dotted  lines  denoting  the  approximate  inner 
and  outer  edges  of  the  shear  layer  are  shown.  The 
transition  from  a  turbulent  boundary  layer  velocity 
profile  upstream  of  separation  to  an  error  function-type 
shear  layer  profile  just  downstream  occurs  smoothly 
and  rapidly  for  the  mildly  expanded  Case  1 .  However, 
immediately  downstream  of  separation  for  the  strong 
expansion  of  Case  2,  the  velocity  profile  develops  a 
"kink"  with  an  essentially  piecewise  linear  profile  and  a 
discontinuity  in  velocity  gradient  at  point  A.  This 
discontinuity  is  similar  to  that  found  in  rapidly 
expanded  boundary  layers  in  supersonic  flow  (Hampton 
and  White,  1986;  Dussauge  and  Gaviglio,  1987)  and 
likely  represents  the  interface  between  two  layers;  an 
overexpanded  viscous  sublayer  and  an  outer  boundary 
layer  remnant  that  has  reduced  turbulence  activity  due 
to  the  rapid  expansion  (see  below). 

Profiles  of  the  streamwise  Reynolds  normal  stress, 
2/0 

Cy/Uj  ,  adjacent  to  the  separation  point  for  both  cases 
are  shown  in  Fig.  32.  One  effect  of  the  separation 
process,  which  is  more  obvious  for  the  stronger 
expansion  of  Case  2,  is  the  decrease  in  the  streamwise 
velocity  fluctuations  over  the  middle  portion  of  the 
shear  layer  relative  to  that  of  the  upstream  boundary 
layer.  Recent  work  on  rapidly  expanded  boundary 
layers  (Dussauge  and  Gaviglio,  1987;  Smith  and  Smits, 
1991)  suggests  that  this  Reynolds  stress  reduction  is 
due  to  the  bulk  dilatation  and  stabilizing  convex 
streamline  curvature  associated  with  the  expansion.  A 
second,  even  more  noticeable  effect  of  separation 
shown  in  Fig.  32  is  the  large  increase  in  turbulence 
level  at  the  inner  edge  of  the  shear  layer.  This  increased 
turbulence  is  most  likely  due  to  the  impingement  of 
recirculating  region  fluid  on  the  shear  layer  as  it  is 
entrained  by  turbulent  structures  along  the  inner  edge  of 
the  layer.  The  mean  velocity  vector  field  presented  in 
Fig.  33  shows  this  entrainment  of  recirculation  region 
fluid  into  the  shear  layer  near  the  separation  point  for 
Case  1.  In  Fig.  32  note  that  the  majority  of  the 
streamwise  evolution  of  the  normal  stress  profde  occurs 
in  the  sharply-peaked  region  with  the  turbulence  in  the 


Fig.  31  Mean  streamwise  velocity  profiles  near 

separation,  U/Uj ,  for  (a)  Case  1  and  (b)  Case  2 
(from  Herrin  and  Dutton,  1995a) 

outer  portion  of  the  profile  simply  convecting  in  a 
frozen  manner.  The  sharp  peak  in  the  longitudinal 
normal  stress  profile  is  in  sharp  contrast  to  similar 
measurements  for  rapidly  expanded  boundary  layers, 
which  show  a  reduction  in  normal  stress  across  the 
entire  thickness  (Dussauge  and  Gaviglio,  1987;  Smith 
and  Smits,  1991).  However,  this  difference  is  easily 
explained  by  the  compliant  fluid  dynamic  boundary  and 
mass  entrainment  that  occur  along  the  inner  edge  of  the 
expanded  free  shear  layer  as  contrasted  to  the  solid  wall 
present  for  an  expanded  boundary  layer. 

Similar  profiles  of  the  transverse  normal  stress, 
CT^/Uj  (not  presented)  also  show  a  decrease  m 
magnitude  in  the  middle  portion  of  the  shear  layer  as 
compared  to  the  upstream  boundary  layer.  A  peak  in 
the  transverse  stress  occurs  near  the  inner  shear  layer 
edge  as  for  the  streamwise  stress,  although  its 
magnitude  is  similar  to  that  in  the  upstream  boundary 
layer.  This  suggests  that  the  expansion  is  on  a  short 
enough  time  scale  that  redistribution  of  turbulence 
energy  from  the  streamwise  component  (primary 
extractor  of  turbulence  energy  from  the  mean  flow)  to 
the  transverse  component  does  not  occur.  The  relative 
constancy  of  the  peak  transverse  stress  through  the 
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Fig.  32  Streamwise  Reynolds  normal  stress  profiles  near 
separation,  (Oy  /Uj )  ,  for  (a)  Case  1  and 
(b)  Case  2  (from  Herrin  and  Dutton,  1995a) 

expansion  and  the  increase  in  the  peak  streamwise 
stress  shown  in  Fig.  32  imply  that  the  normal  stress 
anisotropy,  increases  both  across  the 

expansion  and  with  expansion  strength.  These  results 
clearly  show  the  nonequilibrium  nature  of  the  post¬ 
expansion  turbulence  field  and  its  dependence  on  the 
strength  of  the  expansion. 

Profiles  of  the  normalized  Reynolds  shear  stress, 

— (u'  v')/u^ ,  (also  not  shown)  are  similar  to  those  for 
the  streamwise  normal  stress  plotted  in  Fig.  32,  with  a 
reduction  in  magnitude  over  the  outer  portion  of  the 
mixing  layer  and  with  a  strong  peak  near  the  inner  edge 
that  increases  with  increasing  expansion  strength.  A 
difference,  however,  is  that  the  shear  stress  in  the  outer 
part  of  the  expanded  boundary  layer  is  not  only 
reduced,  but  essentially  vanishes.  This  implies  that 
there  is  essentially  no  turbulence  production  and  that 
the  large-scale  structures  are  frozen  in  the  outer  part  of 
the  expanded  boundary  layer.  The  shear  stress  peak  at 
the  inner  edge  of  the  layer,  on  the  other  hand,  implies 
the  existence  of  large  turbulent  structures  that  actively 
entrain  low-speed  fluid,  with  this  effect  being  enhanced 
with  increased  expansion  strength.  This  increased  mass 
entrainment  from  the  separated  region  for  the  more 
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Fig.  33  Mean  velocity  vector  field  near  separation  for 
Case  1  (from  Herrin,  1993) 

strongly  expanded  cylindrical  afterbody  case  is 
consistent  with  its  lower  base  pressure  as  compared  to 
the  more  weakly  expanded  boattailed  afterbody.  The 
location  of  the  shear  stress  peak  approximately 
corresponds  to  that  of  the  peak  mean  velocity  gradient 
shown  in  Fig.  31,  so  that  the  production  of  turbulent 
kinetic  energy  (proportional  to  the  product  of  the  two) 
is  maximized  in  this  region.  In  addition,  the  peak  shear 
stress  magnitude  is  also  enhanced  with  increased 
strength  of  the  expansion.  As  a  result,  higher 
downstream  turbulence  levels  will  occur  for  the  more 
strongly  expanded  Case  2. 

To  further  analyze  the  structure  of  the  turbulence 
field  in  the  neighborhood  of  separation,  Herrin  and 
Dutton  (1995a)  performed  a  quadrant  decomposition  of 
the  instantaneous  velocity  realizations  at  each  spatial 
location.  The  instantaneous  u'  and  v'  fluctuations, 
normalized  by  the  local  streamwise  rms  velocity 
fluctuation  Ou,  are  plotted  against  each  other  in  Fig.  34 
at  three  locations:  upstream  of  separation  for  Case  1 
(Case  2  results  are  similar)  and  immediately 
downstream  of  separation  for  Cases  1  and  2.  The  radial 
locations  for  each  plot  correspond  to  those  of  the  peak 
shear  stress  at  the  given  streamwise  station.  The 
quadrant  decomposition  in  the  upstream  boundary 
layer,  Fig.  34(a),  displays  a  wide  array  of  velocity 
fluctuations,  with  a  slight  preference  for  quadrant  2  and 
4  events,  but  with  no  strongly  preferred  orientation.  In 
contrast,  the  quadrant  decomposition  plots  immediately 
downstream  of  separation  for  Cases  1  and  2,  Figs.  34(b) 
and  (c),  show  that  the  velocity  fluctuations  are  more 


2-21 


u'/o 


Fig.  34  Velocity  fluctuation  quadrant  decomposition 
near  separation  for  (a)  approach  boundary 
layer  of  Case  1;  (b)  downstream  of  separation 
for  Case  1;  and  (c)  downstream  of  separation 
for  Case  2  (from  Herrin  and  Dutton,  1995a) 


organized  and  strongly  aligned  along  a  preferred  stress 
direction  in  quadrants  2  and  4.  Since  large-scale 
turbulent  structures  are  the  most  significant  contributor 
to  the  Reynolds  shear  stress  (i.e.,  <u'v'>  correlation),  it 


follows  from  these  results  that  the  large  structures  in  the 
initial  portion  of  the  shear  layer  are  better  organized 
than  those  in  the  approaching  boundary  layer.  This 
result  is  in  agreement  with  the  fluctuating  pressure 
probe  and  hot-wire  studies  of  Shau  et  al.  (1993)  and 
Petullo  and  Dolling  (1993),  respectively,  discussed 
above  for  matched-pressure,  two-stream  shear  layers. 
Arnette  et  al.  (1993)  and  Dawson  and  Samimy  (1994) 
also  found  that  rapid  expansions  increase  large-structure 
organization  for  attached  boundary  layers  in  supersonic 
flow.  Comparing  the  results  for.  Cases  1  and  2, 
Figs.  34(b)  and  (c),  shows  that  increasing  the  strength 
of  the  expansion  causes  a  slight  increase  in  the  structure 
organization,  although  the  separation  process  itself,  and 
the  consequent  formation  of  the  free  shear  layer, 
appears  to  be  the  more  dominant  factor. 

Herrin  and  Dutton  (1995a)  further  investigated  the 
effects  of  expansion  on  shear  layer  turbulence  structure 
by  computing  the  instantaneous  shear  angle, 
v|/=tan"^(v7u'),  for  each  velocity  realization  and  sorting 
the  ensembles  into  histograms  (probability  density 
functions).  Note  that  velocity  fluctuations  in  quadrants 
1  and  3  will  have  \l/>0,  while  quadrant  2  and  4  events 
will  have  V)/<0.  The  histograms  generated  in  this 
manner  for  the  three  data  locations  of  Fig.  34  are  given 
in  Fig.  35.  The  velocity  fluctuations  in  the  approach 
boundary  layer.  Fig.  35(a),  show  no  strongly  dominant 
shear  stress  orientation,  although  realizations  in 
quadrants  2  and  4  (\|/<0)  occur  somewhat  more 
frequently  than  in  the  other  quadrants.  Immediately 
downstream  of  separation  for  the  more  weakly 
expanded  Case  1,  Fig.  35(b),  the  shear  stress  has  a 
strong  preferential  orientation  about  an  angle  of 
approximately  -12°  from  the  mean  flow  direction.  This 
provides  additional  quantitative  evidence  of  the 
increased  organization  of  the  turbulent  structures  in  the 
separated  free  shear  layer  as  compared  to  the  upstream 
boundary  layer.  As  the  expansion  strength  is  increased 
to  Case  2,  Fig.  35(c),  the  magnitude  of  the  preferred 
shear  stress  angle  increases  slightly  to  -16°,  although 
the  general  shape  of  the  shear  angle  distribution  is 
relatively  unchanged  from  that  of  Case  1 .  The  increase 
in  the  preferred  shear  angle  with  increased  expansion 
strength  may  result  from  an  increase  in  the  average 
large-structure  orientation  angle  with  respect  to  the 
mean  flow  direction.  The  results  of  Arnette  et  al. 
(1993)  for  rapidly  expanded,  attached,  supersonic 
boundary  layers  provide  some  support  for  this 
hypothesis. 

We  should  note  that  we  are  unaware  of  any 
previous  comparable  work  on  the  effects  of  separation 
through  compression  waves,  although  the  current 
efforts  of  Palko  (1997)  are  addressing  this  issue. 
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4.2.2  Shear  Layer  Development 

Herrin  (1993)  and  Herrin  and  Dutton  (1995a)  have  also 
analyzed  the  development  of  the  free  shear  layers 
contained  in  the  near- wake  regions  of  the  boattailed  and 
cylindrical  afterbodies,  Cases  1  and  2,  discussed  above 
(Fig.  30).  The  velocity  data  shown  here  are  again 
rotated  such  that  the  U  and  V  mean  components  are, 
respectively,  parallel  and  perpendicular  to  the  average 
shear  layer  direction.  Data  are  presented  from  the 
x/Ro=0  base  plane  to  about  x/Ro=2.5,  just  before  the 
rear  stagnation  point.  The  initial  portion  of  this  domain 
is  at  approximately  constant  pressure.  However,  the 
effects  of  the  adverse  pressure  gradient  caused  by  the 
recompression  waves  (see  Fig.  30)  are  experienced  by 
the  shear  layers  over  the  last  one-third  or  so  of  this 
region.  In  addition,  as  these  shear  layers  approach  the 
centerline,  their  thicknesses  and  radial  locations  relative 
to  the  axis  will  be  of  the  same  order  of  magnitude,  so 
that  the  effects  of  axisymmetry  will  become  important. 


Fig.  35  Histograms  of  instantaneous  shear  angle  for 

(a)  approach  boundary  layer  of  Case  1; 

(b)  downstream  of  separation  for  Case  1;  and 

(c)  downstream  of  separation  for  Case  2  (from 
Herrin  and  Dutton,  1995a) 


As  a  result,  it  is  expected  that  the  results  presented 
below  will  be  qualitatively  similar  to  planar  symmetric 
separated  flows,  although  precise  quantitative 
magnitudes  may  differ  between  the  two  geometries. 

Although  the  freestream  velocities  on  either  side  of 
the  shear  layers  contained  in  these  separated  flows  vary 
somewhat  with  distance  from  the  base  corner,  an 
average  convective  Mach  number  can  be  estimated  (see 
Eq.  4).  The  result  for  both  the  boattailed  and  cylindrical 
afterbodies  (Cases  1  and  2,  respectively)  is,  Mc=1.3, 
which  indicates  that  these  mixing  layers  are  strongly 
affected  by  compressibility. 

Figure  36  is  a  plot  of  the  mean  streamwise  velocity 
profiles  of  the  shear  layers  for  Cases  1  and  2  in 
similarity  coordinates  (rmid  is  the  radial  midpoint 
between  the  10%  and  90% AU  locations  and  U2  is  the 
local  mean  velocity  at  the  inner  edge  of  the  mixing 
layer).  The  two  profiles  plotted  for  each  case  are 
relatively  far  from  separation,  and  the  good  collapse  of 
the  data  demonstrates  that  the  mean  velocity  field  has 
become  self-similar  in  this  region.  In  addition,  the 
agreement  of  the  profiles  for  the  two  cases  suggests  that 
the  stronger  expansion  that  occurs  at  separation  for 
Case  2,  which  distorted  the  initial  mean  velocity  profile. 
Fig.  31(b),  has  little  effect  on  the  velocity  profile  farther 
downstream.  All  four  profiles  shown  in  Fig.  36  also 
have  a  relatively  sharper  corner  at  the  outer,  high-speed 
edge,  which  may  be  due  to  the  reduced  intermittency 
and  altered  large-scale  structure  in  this  region,  as 
compared  to  that  at  the  inner  edge.  Similar  results  have 
been  obtained  for  matched-pressure,  two-stream, 
compressible  mixing  layers  {e.g.,  Gruber  et  al,  1993), 
although  the  rounding  effect  on  the  low-speed  side  may 
be  accentuated  for  the  current  cases  due  to  the  nature  of 
the  recirculating  flow  on  the  shear  layer  inner  edge. 

In  order  to  examine  the  growth  of  the  shear  layer  in 
this  separated  flow,  the  loci  of  the  10%,  50%,  and 
90%AU  lines  for  Case  1  are  plotted  in  Fig.  37.  It  can  be 
seen  that  the  growth  rate  is  initially  very  rapid  with  an 
overwhelming  majority  of  it  occurring  on  the  inner 
edge,  as  shown  by  the  divergence  of  the  10%  and  50% 
velocity  lines.  As  previously  noted,  this  is  the  location 
where  mass  entrainment  from  the  recirculation  region  is 
large.  This  result  also  clearly  shows  the  importance  of 
the  initial  shear  layer  development  region  on  the  overall 
mixing  layer  growth.  Further  downstream  in  Fig.  37,  a 
region  of  reduced  growth  rate  can  be  observed  that 
extends  to  the  rear  stagnation  point  (marked  with  an 
"S"). 

To  further  investigate  the  growth  rate 
characteristics  of  the  shear  layers,  the  dimensionless 
velocity  thicknesses  for  both  cases  are  plotted  against 
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Fig.  36  Mean  streamwise  velocity  profiles  of  the 

compressible  shear  layers  for  Cases  1  and  2  in 
similarity  coordinates  (from  Herrin  and  Dutton, 
1995a) 

distance  from  the  separation  point  in  Fig.  38.  In  both 
instances  two  regions  of  distinctly  different  growth 
rates  (as  just  discussed)  are  apparent:  a  region  of  rapid 
linear  growth  almost  immediately  downstream  of 
separation  and  a  second  region  of  reduced  linear  growth 
after  the  shear  layer  mean  velocity  profile  becomes  self¬ 
similar.  By  fitting  least-squares  lines  to  the  thickness 
data  of  Fig.  38,  the  growth  rates  in  the  self-similar 
regions  are  found  to  be  db/dx=:0.032  and  0.090  for 
Cases  1  and  2,  respectively.  Since  the  convective  Mach 
numbers  for  the  two  shear  layers  are  essentially 
identical,  the  near  tripling  of  the  asymptotic  growth  rate 
of  Case  2  relative  to  Case  1  cannot  be  a  compressibility 
effect  and  is  clear  evidence  of  the  sensitivity  of  this 
feature  of  shear  layer  behavior  to  initial  conditions  (i.e., 
expansion  strength  at  separation).  The  larger  growth 
rate  of  Case  2  is  also  consistent  with  the  higher  levels  of 
turbulence  in  this  shear  layer,  both  initially  after 
separation  (Fig.  32),  and  further  downstream,  as 
discussed  next. 

Using  the  Mehta  and  Westphal  (1986)  definition  of 
a.  fully-developed  shear  layer  discussed  previously,  not 
only  must  the  growth  rate  be  linear  and  the  mean 
velocity  profiles  be  self-similar,  but  the  profiles  of  all 
turbulence  quantities  must  also  be  self-similar  with 
constant  peak  values.  As  an  example  of  the  approach  of 
the  shear  layers  in  the  current  separated  flows  toward 
fully-developed  conditions.  Fig.  39  shows  streamwise 
Reynolds  normal  stress  profiles  at  several  axial 
locations  for  Case  2.  The  comparable  peak  values 
shown  for  the  last  two  measurement  stations,  x/Ro=1.57 
and  1.89,  suggest  that  this  quantity  is  approaching  self- 
similarity,  although  additional  distance  is  needed  for 
complete  development.  Comparable  profiles  of  the 
transverse  Reynolds  normal  stress  and  the  Reynolds 


Fig.  37  Shear  layer  development  for  Case  1  (from 
Herrin,  1993) 

shear  stress  for  Case  2  show  an  even  slower  approach 
toward  self-similar  conditions  for  these  quantities. 
Plots  of  the  same  turbulent  stress  profiles  for  the  more 
weakly  expanded  Case  1  demonstrate  the  same 
qualitative  behavior  with  respect  to  attainment  of  the 
fully-developed  state.  However,  in  each  case,  the  peak 
turbulent  stress  magnitudes  for  Case  1  are  lower  than 
those  for  Case  2.  Thus,  the  far-field  effect  of  increasing 
expansion  strength  at  the  shear  layer  origin  is  enhanced 
overall  turbulence  levels  further  downstream,  with  a 
concomitant  increased  growth  rate. 

Figure  40  further  emphasizes  this  latter  effect  by 
plotting  the  peak  streamwise  and  transverse  normal 
stresses  along  the  length  of  the  shear  layers  for  Cases  1 
and  2.  The  peak  streamwise  normal  stress  distributions 
for  the  two  cases.  Fig.  40(a),  are  very  comparable  in 
shape,  with  a  maximum  immediately  after  separation, 
followed  by  a  decrease  to  a  local  minimum,  and  then  an 
increase  to  the  end  of  the  shear  layer.  However,  the 
magnitudes  for  Case  2  everywhere  exceed  those  for 
Case  1,  especially  near  boundary  layer  separation, 
where  the  effects  of  expansion  strength  are  dominant. 
Likewise,  the  peak  transverse  normal  stress 
distributions  for  the  two  cases.  Fig.  40(b),  start  with 
relatively  small  and  comparable  magnitudes 
immediately  after  separation,  but  then  increase 
monotonically  with  increasing  distance  from  the  shear 
layer  origin.  In  the  downstream  region,  the  peak  stress 
values  for  the  more  strongly  expanded  Case  2  again  are 
larger  than  those  for  Case  1 .  Comparing  the  two  peak 
stress  distributions,  it  appears  that  the  far-field 
turbulence  structure,  in  terms  of  the  distribution  of 
turbulence  energy  among  the  Reynolds  stress 
components,  is  relatively  unaffected  by  the  strength  of 
the  initial  expansion.  However,  the  magnitudes  of  the 
individual  stress  components  themselves  increase  with 
increasing  expansion  strength. 
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Fig.  38  Shear  layer  growth  rates  for  (a)  Case  1  and 
(b)  Case  2  (from  Herrin,  1993) 


Fig.  39  Streamwise  Reynolds  normal  stress  profiles  of 
the  compressible  shear  layer  for  Case  2  in 
similarity  coordinates  (from  Herrin  and  Dutton, 
1995a) 
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Fig.  40  Comparison  of  peak  Reynolds  normal  stress 
distributions  for  Cases  1  and  2:  (a)  streamwise 
normal  stress  and  (b)  transverse  normal  stress 
(from  Herrin  and  Dutton,  1995a) 

4.2.3  Effects  of  Recompression  and  Reattachment 

Herrin  and  Dutton  (1995b)  have  studied  the  behavior  of 
a  compressible  shear  layer  in  a  separated  flow  as  it 
recompresses  and  reattaches  near  the  rear  stagnation 
point,  see  Fig.  30.  The  velocity  measurements 
presented  and  discussed  here  are  in  standard  cylindrical 
coordinate  form,  such  that  U  and  V  are  the  axial  and 
radial  mean  velocity  components,  respectively. 
Furthermore,  axial  distances  from  the  base  plane  are 
nondimensionalized  with  respect  to  the  reattachment 
length,  XR,  where  xr/Ro=2.81  for  the  Case  1  (boattailed 
afterbody)  measurements  shown.  The  location  of  the 
onset  of  the  adverse  pressure  gradient  associated  with 
the  recompression  waves  has  been  estimated  from  the 
sidewall  pressure  data  of  Amatucci  (1990)  and  is 
marked  with  the  symbol  "xp"  on  the  results  plots.  In 
each  case  at  least  one  profile  is  shown  upstream  of 
recompression  so  that  the  properties  of  the  highly 
compressible  free  shear  layer  (Mc=1.3)  are  documented 
prior  to  the  beginning  of  the  adverse  pressure  gradient 
and  reattachment  processes.  With  the  shear  layer 
immediately  adjacent  to  the  centerline  during 
reeompression  and  reattachment,  the  effects  of 
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axisymmetry  are  strong,  and  fundamental  differences 
are  found  between  the  behavior  of  planar  and 
axisymmetric  flows  in  this  region,  as  will  be  discussed 
below. 

Profiles  of  the  axial  Reynolds  normal  stress 
through  the  reattachment  region  are  shown  in  Fig.  41. 
The  sharp  peak  in  the  first  profile  (upstream  of 
recompression)  is  characteristic  of  compressible  free 
shear  layers,  see  Fig.  3.  As  the  shear  layer  approaches 
the  rear  stagnation  point,  the  peak  values  away  from 
the  axis  decrease  in  magnitude  while  the  centerline 
values  reach  a  local  maximum  due  to  turbulence 
interaction  effects  across  the  axis.  The  net  result  is  a 
less  peaked,  more  radially  uniform  normal  stress 
profile.  Also,  as  the  flow  proceeds  into  the  wake 
development  region,  the  general  level  of  the  turbulent 
stresses  is  reduced  because  of  the  decreased  mean 
strain  rates  in  the  wake  as  compared  to  those  in  the 
approaching  shear  layer.  Qualitatively,  the  behavior  of 
the  radial  Reynolds  normal  stress  and  primary  shear 
stress  profiles  (not  shown)  through  this  region  is 
similar.  The  transition  from  a  sharply  peaked,  shear 
layer-type  profile  to  a  more  rounded  profile  of  reduced 
magnitude  in  the  developing  wake  is,  perhaps,  most 
pronounced  for  the  shear  stress,  since  this  quantity 
vanishes  along  the  centerline  by  symmetry. 

Figure  42  presents  the  peak  magnitudes  of  the  three 
Reynolds  normal  stresses  and  the  primary  shear  stress 
as  a  function  of  axial  distance  near  the  rear  stagnation 
point.  All  four  of  these  peak  turbulent  stresses 
generally  decrease  in  magnitude  throughout  the 
reattachment  and  initial  wake  development  regions. 
The  reduction  in  the  peak  magnitudes  of  the  axial 
normal  stress  and  the  primary  shear  stress  begin 
essentially  immediately  at  the  onset  of  recompression, 
while  the  decrease  in  the  radial  and  tangential  normal 
stresses  is  somewhat  delayed.  This  delay  is  most  likely 
due  to  the  finite  time  required  to  redistribute  turbulence 
energy  from  the  axial  normal  stress,  which  extracts 
energy  from  the  mean  flow,  to  the  radial  and  tangential 
components. 

To  explain  the  behavior  of  the  turbulent  stresses  in 
this  region,  it  is  helpful  to  consider  the  "extra  rates  of 
strain"  that  are  present  in  addition  to  the  simple  shear 
strain  rate,  dU/3r  (Bradshaw,  1974;  Smits  et  al, 
1979a,b).  In  this  regard,  bulk  compression  due  to  the 
recompression  waves  and  concave  streamline  curvature 
resulting  from  realignment  of  the  flow  along  the  axis 
should  act  to  destabilize  (increase)  the  Reynolds 
stresses  in  the  reattaching  shear  layer.  On  the  other 
hand,  the  effect  of  lateral  streamline  convergence  as  this 
axisymmetric  shear  layer  approaches  the  centerline  and 
reattaches  on  itself  should  stabilize  (decrease)  the 


Fig.  41  Axial  Reynolds  normal  stress  proHles  near 
reattachment,  (a^  /U^f )  for  Case  1  (from 
Herrin  and  Dutton,  1995b) 

Reynolds  stress  magnitudes.  Thus,  the  overall  decrease 
in  the  level  of  the  turbulent  stresses  through 
recompression  and  reattachment  indicates  the  dominant 
influence  of  the  lateral  streamline  convergence  effect 
for  this  axisymmetric  flow.  In  a  similar  vein,  the 
turbulence  measurements  of  Amatucci  et  al.  (1992) 
show  that,  for  a  similar  two-dimensional  compliant 
boundary  reattachment,  the  axial  and  radial  turbulence 
intensities  and  the  shear  stress  increase  through 
recompression  and  peak  at  or  just  downstream  of  the 
reattachment  point.  Fig.  43.  Since  lateral  convergence 
effects  are  not  present  in  this  two-dimensional  flow,  the 
increases  in  the  Reynolds  stresses  up  to  the 
reattachment  point  can  be  explained  by  the  destabilizing 
influences  of  bulk  compression  and  concave  streamline 
curvature.  For  both  the  axisymmetric  and  two- 
dimensional  cases,  as  the  shear  layer  realignment 
process  is  gradually  completed,  all  of  the  extra  strain 
rates  vanish.  Consequently,  the  turbulent  stress 
magnitudes  are  reduced  in  the  developing  wake  as  the 
shear  strain  rate  decreases. 

In  addition  to  investigating  the  magnitudes  of  the 
Reynolds  stresses  in  the  reattachment  region,  it  is  also 
instructive  to  examine  the  turbulence  structural  changes 
that  result  from  application  and  removal  of  the  extra 
strain  rates.  One  such  structure  parameter  is  the 
anisotropy  of  the  Reynolds  normal  stresses.  Figure  44 
presents  a  primary-to-secondary  normal  stress  ratio, 
(au/CTy)^.  and  a  secondary-to-secondary  stress  ratio, 
((Jw/cJv)^,  plotted  at  the  peak  shear  stress  location 
through  the  reattachment  region.  During  the  early 
stages  of  recompression  and  reattachment,  a  significant 
shift  in  the  relative  magnitudes  of  the  normal  stresses  is 
indicated  by  the  decreasing  value  of  (au/Oy)^.  This 
decay  in  normal  stress  anisotropy  continues  up  to 
reattachment,  where  it  appears  to  reach  a  new 
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Fig.  42  Peak  Reynolds  stress  distributions  through 
reattachment  for  Case  1  (from  Herrin  and 
Dutton,  1995b) 
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Fig.  43  Peak  turbulence  intensity  and  Reynolds  shear 
stress  distributions  through  reattachment  for  a 
two-dimensional,  supersonic,  separated  flow 
(from  Amatucci  et  al.,  1992) 

equilibrium  state  with  only  small  variations  in  the 
developing  wake.  Throughout  the  entire  reattachment 
region,  the  (Ow/cty)^  secondary-to-secondary  normal 
stress  ratio  remains  approximately  constant  at  a  value  of 
unity.  This  suggests  little  effect  of  the  extra  strain  rates 
on  the  distribution  of  turbulence  energy  among  these 
secondary  normal  stress  components.  Therefore,  the 
recompression  and  reattachment  processes  generally 
increase  the  isotropy  of  the  turbulence  field  as 
compared  to  that  of  the  incoming  shear  layer,  although 
the  axial  normal  stress  is  still  clearly  the  dominant 
component. 

Herrin  and  Dutton  (1995b)  also  investigated  the 
behavior  of  two  turbulence  structure  parameters; 
-<u'v'>/k  and  the  shear  stress  correlation  coefficient, 
Ruv.  in  the  shear  layer  reattachment  region.  Both 
parameters  were  found  to  decrease  monotonically 


Fig.  44  Normal  stress  anisotropy  ratios  through 

reattachment  for  Case  1  (from  Herrin  and 
Dutton,  1995b) 

through  the  region  and  to  approach  values  (0.3  and  0.4- 
0.5,  respectively)  that  are  often  used  in  turbulence 
closures.  The  decrease  in  the  shear  stress  correlation 
coefficient  is  also  indicative  of  a  loss  in  organization  of 
the  large-scale  turbulent  structures  as  they  negotiate  the 
recompression  and  reattachment  processes.  This  effect 
will  be  discussed  further  below. 

Probability  density  functions  of  tbe  instantaneous 
shear  angle,  \|/=tan"l(v7u'),  also  discussed  above  in 
regard  to  the  effects  of  expansion  at  separation,  are 
presented  in  Fig.  45.  The  histograms  correspond  to 
three  locations  in  the  reattachment  region:  in  the  free 
shear  layer  just  upstream  of  the  start  of  recompression, 
very  near  the  mean  reattachment  point,  and  downstream 
in  the  developing  wake.  The  shear  angle  pdf  in  the 
approaching  free  shear  layer  exhibits  a  well-defined 
peak  at  a  negative  value  of  \|r,  which  indicates  the 
predominance  of  quadrant  2  (u'<0,  v'>0)  and  quadrant  4 
(u'>0,  v'<0)  events.  The  organization  of  the  shear  layer 
turbulence  field  approaching  reattachment  is  consistent 
with  previous  visualizations  of  large-scale  turbulent 
structures  in  compressible  mixing  layers  {e.g., 
Messersmith  and  Dutton,  1996),  and  also  is  in 
agreement  with  shear  angle  pdfs  constructed  near  the 
shear  layer  origin  in  the  present  flowfield.  Fig.  35.  The 
histograms  shown  here  at  reattachment  and  in  the  initial 
part  of  the  wake  retain  the  same  general  shape  as  that 
for  the  incoming  mixing  layer,  although  the  peak  at 
negative  angles  is  no  longer  as  dominant.  This  result 
suggests  that,  while  quadrant  2  and  4  events  are  still  the 
most  frequent,  the  organization  of  the  turbulence  field 
decreases  through  reattachment.  This  reduction  in 
large-structure  organization  is  also  consistent  with  the 
decrease  in  the  magnitudes  of  the  Reynolds  shear  stress 
and  shear  stress  correlation  coefficient  in  this  region.  It 
therefore  appears  that  the  large-scale  structures 
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Fig.  45  Histograms  of  instantaneous  shear  angle  through 

reattachment  for  Case  1:  (a)  x/xr=0.56; 

(b)  x/xj(  =1.01;  and  (c)  x/xr=1.46  (from  Herrin 
and  Dutton,  1995b) 

contained  in  the  incoming  shear  layer  can  successfully 
negotiate  the  adverse  pressure  gradient  and 
reattachment  processes,  but  that  they  lose  strength  and 
organization  as  they  do  so.  More  evidence  of  this  will 
he  given  below  in  discussions  of  planar  visualizations 
of  compressible  separated  flows. 

4.3  Large-Scale  Turbulent  Structure 
4.3.1  Single-Frame  Planar  Imaging  Results 

Smith  (1996)  and  Smith  and  Dutton  (1996)  have 
conducted  planar  imaging  studies  in  the  same  two- 
dimensional,  supersonic,  separated  flow  for  which 
Amatucci  et  al.  (1992)  reported  mean  flow  and 
turbulence  measurements.  Figure  46(a)  presents  a 
schematic  of  this  flow,  including  the  imaging  locations 
that  will  be  discussed  below.  The  upper  stream 
approaches  the  25.4  mm  thick  base  at  Mi=2.5,  while 
the  lower  stream  is  at  M2=2.0  before  separating  at  the 


base  corner.  The  upper  stream  boundary  layer  just 
before  separation  is  about  2.3  times  thicker  than  that  of 
the  lower  stream  (intentional  mismatch  to  model  a 
power-on  missile  flow).  Since  both  flows  originate 
from  the  same  stagnation  conditions,  the  static  pressure 
of  the  lower-speed  stream  at  separation  is  higher  than 
that  of  the  upper  stream,  P2/Pi=2.14.  Also,  because 
both  flows  separate  and  expand  to  a  common  base 
pressure,  the  Mach  2.0  stream  experiences  a  much 
stronger  expansion  and  turning  angle,  21.6°,  as 
compared  to  the  Mach  2.5  stream,  which  turns  about 
10.7°.  After  the  separation  and  acceleration  processes, 
the  freestream  flows  adjacent  to  the  recirculation  region 
are  both  at  approximately  Mach  3.0.  The  two  free  shear 
layers  that  form  after  separation  are  recompressed  and 
realigned  to  a  common  flow  direction  near  the  rear 
stagnation  point.  Since  the  lower  stream  static  pressure 
at  separation  exceeds  that  of  the  upper  stream,  the  flow 
direction  of  the  developing  wake  is  inclined  upward  at 
an  angle  of  approximately  11.2°. 

Figure  46(b)  presents  a  global  Mie  scattering  image 
of  the  entire  near-wake  region.  Vaporized  ethanol  that 
is  seeded  into  both  flows  far  upstream  of  the  test  section 
condenses  when  expanded  to  supersonic  velocities.  The 
relatively  lower-speed,  and  therefore  warmer,  fluid  in 
the  recirculation  region  promotes  re-evaporation  of  the 
ethanol.  Thus,  the  high-intensity  regions  in  the  image 
are  in  the  supersonic  freestreams,  the  low-intensity 
regions  delineate  recirculating  region  fluid,  and  the 
boundary  between  the  two  marks  the  turbulent  structure 
of  the  shear  layers  and  developing  wake.  Inspection  of 
this  global  image  suggests  the  existence  of  stringy 
large-scale  structures  in  the  shear  layers  that  are 
particularly  noticeable  as  the  rear  stagnation  point  is 
approached  and  also  in  the  wake.  Individual  weak 
oblique  shock  waves  that  coalesce  into  the  main 
recompression  shocks  are  also  easily  visualized  since 
the  number  density  of  the  scattering  droplets  increases 
across  the  shocks.  Other  features  are  difficult  to  discern 
in  this  low-magnification  view. 

To  examine  in  detail  the  structure  of  this  separated 
flow,  large  ensembles  of  high-magnification  images 
were  obtained  at  each  of  the  ten  locations  sketched  in 
Fig.  46(a).  Both  side-view  and  end-view  images  were 
acquired  and  analyzed  at  each  position.  The  choice  of 
these  locations  was  made  based  on  the  pressure  gradient 
environment  in  the  near-wake,  as  determined  from  the 
mean  pressure  measurements  of  Amatucci  (1990). 
Positions  A  and  B  are  in  the  constant-pressure,  initial 
shear  layer  formation  region.  Position  C  is  centered  in 
the  adverse  pressure  gradient  {i.e.,  recompression) 
region  approaching  the  rear  stagnation  point.  Position 
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Fig.  46  Two-dimensional,  supersonic,  separated  flow 
of  Smith  and  Dutton  (1996):  (a)  imaging 
locations  and  (b)  global  planar  image  of  entire 
near-wake  region 

D  is  centered  on  the  mean  reattachment  point,  while 
Position  E  is  located  in  the  initial  portion  of  the  trailing 
wake.  In  each  case  the  camera  field-of-view  was 
rotated  so  that  the  mean  flow  direction  is  horizontal  and 
left-to-right  across  the  images.  Table  2  gives  the 
imaging  locations,  inclination  angles,  and  shear  layer 
thicknesses  at  the  five  image  positions  in  the  upper 
shear  layer,  which  will  be  discussed  in  detail  below. 
Also  included  in  Table  2  is  an  estimate  of  the 
convective  Mach  number  at  each  location  that  was 
developed  using  the  velocity  data  of  Amatucci  et  al. 
(1992).  For  the  first  three  positions  before 
reattachment,  the  convective  Mach  number  is  fairly 
constant  at  a  value  of  about  1.3.  This  value  is  similar  to 
that  of  the  shear  layers  in  the  axisymmetric  separated 
flows  analyzed  by  Herrin  and  Dutton  (1995a,b)  and 
indicates  substantial  compressibility  effects.  However, 
at  reattachment,  and  especially  as  the  trailing  wake 
develops,  the  level  of  compressibility  drops  markedly. 

The  characteristics  of  the  turbulent  structures 
visualized  at  Positions  Atop  ^^d  Btop  in  the  constant- 
pressure  shear  layer  region  are  qualitatively  similar,  so 
that  results  only  at  the  latter  location  will  be  shown. 


Figure  47  presents  four  time-uncorrelated  instantaneous 
images  from  Position  Btop-  The  mean  thickness  and 
location  of  the  shear  layer  are  indicated  adjacent  to  the 
images.  Large  turbulent  structures  are  clearly  visible  at 
this  location,  which,  together  with  those  visualized  at 
Position  Atop,  demonstrate  that  such  large  structures 
exist  even  at  this  very  early  stage  of  shear  layer 
development.  However,  the  structures  are  not  rounded, 
Brown-Roshko  (1974)  rollers,  but  rather  are  more 
elliptical  in  shape  and  inclined  to  the  mean  flow 
direction,  with  long  filament-like  braids  connecting 
highly-strained  structure  cores.  The  structures 
sometimes  exhibit  a  polygonal  shape,  which  is  similar 
to  the  observation  made  by  Clemens  and  Mungal  (1995) 
for  two-stream  compressible  shear  layers  at  high 
compressibility.  The  coherence  and  spatial  periodicity 
of  the  structures  at  these  locations  are  greatly  reduced 
as  compared  to  those  of  shear  layers  at  low  convective 
Mach  number  (e.g..  Fig.  9).  This  result  can  be 
attributed  to  the  dominance  of  three-dimensional 
instability  modes  under  the  highly  compressible 
conditions  of  this  shear  layer  (Ragab  and  Wu,  1989; 
Sandham  and  Reynolds,  1990,  1991).  The  lower  right 
image  of  Fig.  47  shows  an  excellent  example  of 
recirculation  region  fluid  that  has  been  surrounded  by 
freestream  fluid  by  means  of  some  type  of  vortical 
motion.  This  engulfment-type  of  mass  entrainment  will 
act  to  reduce  the  base  pressure  and  is  the  first  step  in 
mixing  the  recirculation  region  and  freestream  fluids  at 
the  molecular  level  (Broadwell  and  Breidenthal,  1982; 
Broadwell  and  Mungal,  1988). 

Four  instantaneous  images  from  position  Ctop,  in 
the  adverse  pressure  gradient  region,  are  shown  in 
Fig.  48.  At  this  location  the  eddies  exhibit  a  greater 
diversity  in  size  and  shape  than  at  the  two  earlier 
stations.  For  example,  the  upper  right  image  has  little 
well-defined  large  structure,  while  there  are  at  least  two 
distinct  large  structures  and  an  intervening  braid  in  the 
lower  right  image.  Small-scale  structures  residing  on 
larger  structures  are  often  observed  at  this  location,  as 
in  the  upper  left  image.  A  similar  observation  of  small 
structures  has  been  made  for  constant-pressure,  two- 
stream,  compressible  mixing  layers  by  Elliott  et  al. 
(1992).  The  compression  waves  that  form  the  base  of 
the  main  recompression  shock  are  also  sometimes  seen 
in  the  images  at  this  position  (upper  right  image). 

Figure  49  presents  instantaneous  images  at  the 
mean  reattachment  location,  Dfop-  The  large-scale 
structures  that  were  seen  at  earlier  locations  have  now 
grown  and  become  dominant  features  of  the  flowfield; 
see  also  the  global  view.  Fig.  46(b).  Freestream  fluid 
often  makes  deep  excursions  into  the  recirculation 
region  and  vice  versa.  The  size  and  orientation  of  the 
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Table  2  Imaging  locations  and  flowfield  parameters  for  top  shear  layer  (from  Smith  and  Dutton,  1996) 


Imaging 

position 

Distance  from  base 
corner  along  shear 
layer,  mm 

Field-of-view 

inclination,^ 

deg 

Convective  Mach 
number. 

Me 

Shear  layer  width, 
5locab 
mm 

Atop 

7.5 

-10.7 

1.27 

1.65 

Btop 

15.0 

-9.6 

1.37 

1.95 

Ctop 

30.0 

-5.6 

1.25 

2.35 

Dtop 

35.0 

0.0 

1.12 

2.77 

Etop 

50.0 

11.2 

0.74 

3.98’’ 

^  Measured  with  respect  to  test  section  floor.  Positive  angles  denote  an  upward  inclination. 
An  estimate  for  the  half-wake  width  is  used. 


Fig.  47  Side-view  planar  images  at  Position 
(from  Smith  and  Dutton,  1996) 


Fig.  48  Side-view  planar  images  at  Position 
(from  Smith  and  Dutton,  1996) 


structures  vary  from  image  to  image  (compare  the  two 
images  on  the  left),  but  nearly  every  one  contains  some 
degree  of  easily  identifiable  large-scale  organization. 
Weak  shock  waves  that  emanate  from  within  the  shear 
layer  are  observed  even  more  frequently  than  at  the 
previous  location  in  the  adverse  pressure  gradient 
region.  These  shocks  appear  to  originate  from  the  lee 
side  of  large  structures.  However,  whether  or  not  the 
shocks  are  caused  by  the  interference  of  large  structures 
with  the  supersonic  outer  flow  and,  therefore,  move 
with  the  structures,  cannot  be  determined  from  these 
single-frame  images.  This  subject  will  be  addressed 
further  in  the  discussion  below  of  double-pulsed 
imaging  results. 

Images  taken  at  Position  Etop  in  the  trailing  wake 
are  shown  in  Fig.  50.  A  variety  of  large  and  small 
structures  is  evident  at  this  location.  In  some  instances, 
the  structure  spacing  is  nearly  periodic,  as  in  the  upper 
left  image,  while  in  other  cases  it  appears  to  be  random, 
as  in  tbe  lower  left  image.  At  this  location  the 
structures  appear  to  be  a  bit  more  rounded  and  less 
jagged  than  at  earlier  positions.  Clear  visualizations  of 
shock  origination  from  large  structures  are  quite 
common,  as  is  coalescence  of  these  individual  shocks 
into  the  global  recompression  shock. 

Figure  51  presents  two  instantaneous  end-view 
images  at  each  of  the  four  positions,  Bfop-Etop,  at  which 
side-view  images  were  just  shown  and  discussed. 
Compared  to  the  side  view,  the  quality  and  spatial 
resolution  of  the  end-view  images  are  somewhat 
reduced,  since  an  oblique  viewing  angle  was  required  in 
the  latter  case.  Nevertheless,  the  major  structural 
characteristics  in  this  plane  are  readily  discernible.  The 
most  common  features  at  all  four  positions  are  rounded 
structures  of  freestream  fluid  projecting  downward  into 
the  recirculation  region  and  vice  versa.  Consequently, 
the  shear  layer  has  a  corrugated  appearance  in  the  end 
views.  It  is  expected  that  streamwise  or  obliquely- 
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Fig.  49  Side-view  planar  images  at  Position 
(from  Smith  and  Dutton,  1996) 


Fig.  50  Side-view  planar  images  at  Position  Ejop 
(from  Smith  and  Dutton,  1996) 

oriented  vorticity  is  responsible  for  this  trough-like 
structure  and  that  this  vorticity  would  participate 
strongly  in  entraining  mass  into  the  shear  layer. 
Clemens  and  Mungal  (1995)  and  Messersmith  and 
Dutton  (1996)  have  observed  similar  evidence  of  cross¬ 
stream  fluid  ejections  in  end-view  images  of  two- 
stream,  compressible  shear  layers.  The  general  tilting 
of  the  rounded  structures  away  from  the  vertical  in 
Fig.  51  is  also  suggestive  of  obliquely-oriented  large 
structures.  This  observation  is  consistent  with  the 
dominance  of  oblique  instability  modes  at  the  large 
convective  Mach  number  of  this  shear  layer.  Another 
less  obvious  feature  that  is  commonly  observed  at  the 


recompression,  reattachment,  and  initial  wake  positions 
(Ctop-Etop)  is  a  high  intensity  "halo"  that  surrounds 
projections  of  recirculation  region  fluid  into  the  shear 
layer.  This  may  be  due  to  shock  waves  that  are  caused 
by  blockage  of  the  supersonic  outer  flow  by  the 
structures. 

In  addition  to  obtaining  time-resolved  images. 
Smith  and  Dutton  (1996)  have  computed  spatial 
correlation  fields  for  the  image  ensembles  at  each 
location  Atop-Etop-  This  was  done  in  order  to  analyze 
the  large  structure  features  in  a  statistically  objective 
manner,  much  as  was  done  hy  Messersmith  and  Dutton 
(1996)  for  two-stream,  compressible  mixing  layers 
(Figs.  18-20).  The  ensemble-averaged  spatial 
correlation  fields  for  the  side  views  at  all  five  positions 
are  shown  in  Fig.  52.  In  all  cases  the  local  mean  flow 
direction  corresponds  to  horizontal  in  the  figure.  In 
addition,  the  central  correlation  peak  has  a  value  of 
unity  by  definition,  and  the  contours  are  drawn  in 
increments  of  0.1.  The  structure  size  and  inclination  are 
determined  at  the  0.5  correlation  contour.  The 
ensemble-averaged  dimensionless  size,  eccentricity,  and 
angular  orientation  at  each  position  are  summarized  in 
Table  3. 

Inspection  of  Fig.  52  shows  that,  on  average,  the 
structures  at  each  of  the  five  locations  are  elliptical  in 
shape.  As  the  shear  layer  progresses  from  Position  A^p 
to  Btop  in  the  constant-pressure  region,  the  structures 
seem  to  evolve  only  by  growing,  with  little  change  in 
eccentricity  or  angular  inclination  (Table  3).  The 
structure  angles  of  approximately  40°  at  these  two 
locations  are  larger  than  those  measured  by 
Messersmith  and  Dutton  (1996)  for  two-stream, 
constant-pressure  mixing  layers  at  lower 
compressibility.  In  the  current  separated  flow, 
however,  the  shear  layer  has  been  strongly  expanded  at 
its  origin  and  a  recirculating  flow  exists  on  its  inner 
edge.  These  factors  may  account  for  the  differences  in 
structure  angle  between  the  two  studies.  In  the 
recompression  and  reattachment  regions,  Ctop  and  Dtop, 
the  dimensionless  size  increases  substantially,  the 
inclination  angle  is  significantly  decreased,  while  the 
eccentricity  is  increased  modestly.  As  a  result,  the 
average  structure  at  reattachment  is  highly  elongated 
and  tilted  down  toward  the  streamwise  direction. 
Fig.  52.  At  position  Etop  in  the  initial  wake,  the 
normalized  structure  size  is  significantly  reduced,  the 
structure  angle  increases  slightly,  and  the  eccentricity 
decreases  substantially  with  respect  to  the  values  at 
reattachment.  The  latter  result  is  consistent  with  the 
more  rounded  structures  visualized  at  this  location. 
Fig.  50,  and  is  most  likely  due  to  the  reduced 
convective  Mach  number  here. 
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Fig.  51  End-view  planar  images  at  Position 

Btop  -  Ejop  (from  Smith  and  Dutton,  1996) 

Messersmith  and  Dutton  (1996)  found  that  the 
structure  inclination  angle  decreased  with  increasing 
compressibility  for  two-stream  shear  layers,  Table  1. 
However,  in  the  separated  flow  studied  by  Smith  and 
Dutton  (1996),  the  structure  angle  decreases  from  the 
values  in  the  constant-pressure  region  as  the 
recompression  and  reattachment  processes  are 
negotiated,  even  though  the  convective  Mach  number  is 
roughly  constant.  Thus,  the  downward  tilting  in  the 
latter  case  most  likely  results  from  the  structures’ 
response  to  the  adverse  pressure  gradient  and  shear 
layer  realignment  processes.  This  hypothesis  is 
supported  by  the  two-point  fluctuating  pitot  pressure 
measurements  of  Shau  et  al.  (1993).  When  these 
investigators  impinged  a  shear  layer  at  Mc=0.28  with  an 
oblique  shock  wave,  the  large  structures  were  found  to 
react  by  tilting  downward.  In  the  separated  flow  of 
Smith  and  Dutton  (1996),  the  adverse  pressure  gradient 
in  the  recompression  and  reattachment  regions  is 
qualitatively  similar  to  that  caused  by  a  shock. 


A  careful  examination  of  the  correlation  contours  at 
Positions  Cjop  and  Dfgp  the  recompression  and 
reattachment  regions.  Fig.  52,  shows  that  they  are  not 
all  aligned  along  a  common  axis  as  they  are  in  the 
constant-pressure  region  at  Positions  Atop  and  Btop- 
This  contour  rotation  is  especially  pronounced  at  the 
reattachment  location,  where  the  orientations  of  the  0.9 
and  0.5  contours  differ  by  approximately  25°.  The 
central  contours  at  levels  from  0.7-0. 9  do,  however, 
maintain  a  consistent  orientation  from  Positions  A^p  to 
Dtop-  These  results  suggest  that  the  large-structure 
cores  maintain  their  coherence,  while  the  structure 
peripheries  are  more  susceptible  to  the  effects  of  the 
adverse  pressure  gradient  and  other  localized  influences 
(extra  strain  rates)  in  the  neighborhood  of  the  rear 
stagnation  point.  The  recompression  and  reattachment 
processes  therefore  appear  to  degrade  the  spatial 
coherence  of  the  large-scale  structures  present  in  the 
incoming  shear  layer.  This  conclusion  is  in  agreement 
with  the  velocity  measurements  of  Herrin  and  Dutton 
(1995b),  made  for  an  axisymmetric  reattaching  shear 
layer.  Note  that  the  contours  for  Position  Etop  in  the 
initial  wake  are  better  aligned  than  at  the  two  preceding 
locations,  perhaps  due  to  the  reduced  convective  Mach 
number  and  strain  rates  at  this  position. 

The  end-view  spatial  correlation  fields  (not  shown) 
at  all  five  locations  are  qualitatively  similar  to  each 
other  and  consist,  essentially,  of  concentric  circles.  The 
spanwise  symmetry  of  these  correlations  confirms  that 
the  mean  flowfield  is  nominally  two-dimensional. 
Table  4  presents  the  relevant  statistical  results.  Since 
the  correlation  contours  are  nearly  circular  in  this  view, 
the  eccentricity  is  very  small,  particularly  at  the  later 
stations.  The  nondimensional  structure  size  increases 
through  the  constant-pressure  and  recompression 
regions,  before  decreasing  at  reattachment  and  in  the 
wake.  The  last  column  in  Table  4  gives  the  ratio  of  the 
end-view  major  axis  to  the  side-view  major  axis.  At  the 
first  two  locations,  in  the  constant-pressure  region,  the 
large  structures  are  slightly  longer  in  the  spanwise 
direction  than  in  the  streamwise.  However,  in  the 
recompression  region,  a  crossover  occurs  such  that  at 
the  last  three  stations  the  structures  exhibit  a  greater 
coherence  in  the  streamwise  direction.  The  large  shear 
strain  rate  experienced  by  the  layer  may  be  responsible 
for  stretching  the  structures  in  the  streamwise  direction, 
while  the  large  convective  Mach  number  is  responsible 
for  the  onset  of  oblique  instability  modes  that  act  to 
reduce  the  spanwise  correlation  length. 
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Time-resolved  imaging  and  spatial  correlation 
analyses  have  also  been  performed  at  the  five  locations 
in  the  bottom  shear  layer  sketched  in  Fig.  46(a).  In 
general,  the  results  for  this  shear  layer  are  quite  similar 
to  those  just  discussed  for  the  upper  layer.  However, 
some  distinct  differences  were  also  observed,  which  are 
thought  to  be  due  primarily  to  the  differing  expansion 
strengths  experienced  at  the  separation  points.  A 
detailed  comparison  of  the  top  and  bottom  shear  layer 
single-pulse  imaging  results  can  be  found  in  Smith 
(1996). 

4.3.2  Dual-Frame  Planar  Imaging  Results 

In  addition  to  the  single-frame  planar  imaging 
experiments  described  above.  Smith  (1996)  also 
obtained  double-pulsed  images  for  the  same  high-speed 
separated  flow  shown  in  Fig.  46.  These  experiments 
allowed  the  temporal  evolution  and  convective  velocity 
of  the  turbulent  structures  to  be  examined.  To 
accomplish  this,  large  side-view  image  ensembles  were 
obtained  at  Positions  B-E  in  both  the  upper  and  lower 
shear  layers.  The  cameras  in  this  two-laser,  two-camera 
technique  were  again  rotated  so  that  the  horizontal 
direction  in  the  images  corresponds  to  the  local 
streamwise  direction. 

Four  different  time  delays  were  used  at  each 
location  to  investigate  structure  evolution  over 
increasing  pulse  separations.  The  magnitude  of  these 
delays,  T,  was  chosen  based  on  consideration  of  the 
dimensionless  delay  parameter,  x  =  U^x  /  SipcaF  whieh 
relates  the  time  delay  to  the  local  shear  layer  integral 
scales.  Note  that  when  x  equals  unity,  a  structure  will 
convect  a  streamwise  distance  equal  to  one  shear  layer 
thickness.  The  four  time  delays  for  the  imaging 
experiments  at  each  location  correspond  to  x  values  of 
approximately  0.5,  1.0,  1.5,  and  2.0. 

Since  the  structure  evolution  characteristics  in  the 
upper  and  lower  shear  layers  at  comparable  locations 
are  similar,  dual-frame  images  will  be  presented  only 
for  the  upper  layer.  At  Position  Btop  in  the  constant- 
pressure  region,  image  pairs  at  the  shortest  time  delay, 
x  =  0.43,  show  that  the  inclined,  elliptical  (or 
sometimes  polygonal)  structures  convect  in  a  frozen 
manner  with  little  rotation  or  deformation.  Features  in 
the  initial  images  are  easily  detected  in  the  delayed 
images,  indicating  that  the  structures  retain  their  spatial 
coherence  over  this  short  time  interval.  In  contrast. 
Fig.  53  shows  two  image  pairs  with  x  =  0.81.  In  this 
case,  the  dominant  evolution  eharacteristic  is  rotation  in 
a  clockwise  sense  with  an  accompanying  increase  in 
size  and  eccentricity;  see  the  marked  structure  core  in 
Fig.  53(b).  This  elongation  and  rotation  down  toward 


the  streamwise  direction  are  consistent  with  other  multi¬ 
frame  imaging  studies  of  two-stream  compressible 
mixing  layers  (Mahadevan  and  Loth,  1994;  Elliott  et 
al,  1995;  Ramaswamy  et  at,  1996).  While  clockwise 
rotation  was  observed  most  often,  occasionally 
structures  imaged  at  this  location  rotated  counter¬ 
clockwise,  thereby  inereasing  their  structure  angle  with 
respect  to  the  local  mean  flow  direction. 

Side-view  image  pairs  obtained  at  Position  Btop 
and  dimensionless  time  delays  of  x  =  1.21  and  1.61 
show  the  limited  temporal  coherence  of  the  structures 
under  these  conditions.  In  many  cases,  structures 
identified  in  the  initial  image  are  not  easily  seen  in  the 
second  image.  For  example,  the  braid  indicated  in  the 
delayed  image  of  Fig.  54  at  X  =  1.61  does  not  appear  to 
be  present  in  the  initial  image.  This  rapid  breakdown 
with  increasing  time  delay  indicates  that  the  structures 


Fig.  52  Side-view  spatial  correlation  fields  for 
top  shear  layer  (from  Smith  and 
Dutton,  1996) 
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Table  3  Side-view  correlation  results  for  top  shear  layer  (from  Smith  and  Dutton,  1996) 


Position 

Major  axis 
dimension, 

^side,^ 

mm 

Nondimensional 

structure 

size,® 

%ide^^local 

Eccentricity,® 

e=l-bsi(]e/aside 

Structure 

angle,^ 

deg 

■^top 

0.71 

0.43 

0.50 

41.2 

®top 

1.24 

0.64 

0.54 

40.1 

C^top 

3.96 

1.69 

0.61 

24.6 

Dtop 

5.56 

2.01 

0.65 

17.4 

Etop 

4.57 

1.15 

0.46 

19.8 

^  See  Fig.  52  for  definition  of  aside  and  bside- 
^  Measured  with  respect  to  local  mean  streamwise  direction. 


Table  4  End-view  correlation  results  for  top  shear  layer  (from  Smith  and  Dutton,  1996) 


Position 

Major  axis 
dimension, 
aend.  mm 

Nondimensional 

structure 
size,  aend^Sjocal 

Eccentricity, 

e=l-bend/®end 

®end  /®side 

Atop 

0.90 

0.55 

0.08 

1.27 

Etop 

1.45 

0.75 

0.02 

1.17 

Ctop 

2.30 

0.98 

0.01 

0.58 

Dtop 

2.30 

0.83 

0.00 

0.41 

Etop 

3.07 

0.77 

0.00 

0.67 

at  this  location  have  a  temporal  coherence  of  order 
Slocal/Uc  Using  a  similar  two-frame 

imaging  technique,  Elliott  et  al.  (1995)  found  greatly 
reduced  temporal  coherence  of  structures  in  their  two- 
stream  shear  layer  experiments  when  the 
compressibility  was  increased  from  Mc=0.51  to  0.86. 
Thus,  the  current  results,  which  show  rapid  structural 
breakdown  for  the  highly  compressible  conditions  at 
Btop  (Mc==1.3),  are  not  surprising. 

At  this  early  stage  of  shear  layer  development 
(Position  Btop),  no  evidence  of  structure  formation  from 
the  roll-up  of  instability  waves  was  seen.  As  discussed 
earlier,  this  is  similar  to  Elliott  et  al.'s  (1995)  results  for 
a  two-stream  layer  at  Mc=0.86,  but  differs  from  their 
results  at  lower  compressibility,  Mc=0.51,  where 
structure  roll-up  from  Kelvin-Helmholtz  waves  was 
observed.  Also,  in  the  current  separated  flow,  no 
instances  of  rotational  pairing,  as  occur  at  small  Me, 
were  observed  for  any  time  delay  at  Position  B^op,  or  at 
any  other  position.  The  lack  of  pairing  events  in  the 
shear  layers  of  the  present  study  is  most  likely  related  to 
their  high  compressibility  level,  Mc  =  1.3. 
Papamoschou  (1990)  has  suggested  that  a  supersonic 


convective  Mach  number  environment  should  severely 
limit  the  ability  of  a  trailing  structure  to  communicate 
with  or  interact  with  a  leading  structure,  which  would 
reduce  the  likelihood  of  pairing.  However,  it  may  be 
that  other  structure  interactions,  which  are  either 
complex  or  difficult  to  visualize,  are  present  in  the 
current  high-speed  separated  flow. 

Moving  to  Position  Cjop  in  the  recompression 
region,  image  pairs  obtained  at  a  short  time  delay, 
X  =  0.42,  are  characterized  primarily  by  convection  of 
large-scale  structures  without  appreciable  deformation. 
Small-scale  structures  that  are  observed  at  the  edges  of 
the  large  structures  do  exhibit  significant  temporal 
evolution  at  this  short  delay,  however.  Two  image  pairs 
at  this  location  at  a  larger  pulse  separation,  x  =  0.96, 
are  shown  in  Fig.  55.  In  this  case,  a  pronounced 
clockwise  rotation  of  the  marked  structure  in  the  upper 
pair  can  be  seen.  In  addition,  this  structure  flattens 
noticeably  and  appears  to  lose  organization  during  the 
pulse  interval.  In  contrast,  the  large  structures  in 
Fig.  55(b)  seem  to  simply  convect  with  little  alteration, 
although  the  associated  smaller-scale  structure  is  seen 
to  evolve  considerably. 
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Fig.  53  Double-pulsed  planar  images  at  Position  Bjop ; 
T  =  0.81  (from  Smith,  1996) 


Figure  56  presents  image  pairs  obtained  at  the 
mean  reattachment  point,  Position  Djop,  at  the  short 
temporal  separation  of  t  =  0.49.  As  at  earlier  stations, 
the  dominant  mechanism  here  is  large-structure 
translation,  although  the  smaller  structure  on  the  left 
side  of  Fig.  56(b)  does  appear  to  rotate  and  elongate.  In 
addition,  the  thin  braid  that  separates  this  structure  from 
the  larger  structure  just  to  its  right  appears  to  degrade 
during  the  pulse  interval.  This  may  be  a  realization  of 
the  "slapping"  structure  interaction  discussed  above  for 
compressible  shear  layers  (Mahadevan  and  Loth,  1994). 
At  a  longer  time  delay  of  t  =  1.03,  the  previously 
observed  large-structure  evolution  history  of  translation 
with  a  significant  amount  of  rotation  and  elongation  is 
again  found.  Substantial  growth  of  smaller-scale 
structures  along  the  peripheries  of  structure  cores  and 
hraids  is  also  seen. 

Additional  interesting  features  in  both  image  pairs 
of  Fig.  56  are  the  bright  regions  seen  on  the  upstream 
sides  of  the  large  structures.  Tf  these  regions  are  caused 
by  the  weak  shocks  that  were  seen  emanating  from 
within  the  shear  layers  in  the  single-frame  images  (see 
Fig.  49),  then  the  fact  that  these  regions  maintain  their 
position  on  the  windward  side  of  the  large  structures 
suggests  that  the  shocks  move  with  the  structures.  This, 
in  turn,  suggests  that  these  shocklets  are  indeed  caused 


Fig.  54  Double-pulsed  planar  images  at  Position  Bjop ; 
T  =  1.61  (from  Smith,  1996) 


hy  the  structures'  interference  with  the  outer  supersonic 
flow  and  are  not  simply  stationary  waves  resulting  from 
the  mean  recompression  of  the  flow  near  the  rear 
stagnation  point.  Although  not  absolutely  conclusive, 
these  image  pairs  at  least  suggest  the  existence  of  eddy 
shocklets  (Dimotakis,  1991;  Papamoschou,  1995)  in 
this  highly-compressible  separated  flow. 

Two-frame  time-correlated  images  in  the  initial 
wake  region.  Position  Etop,  differ  quite  substantially 
from  those  at  the  upstream  locations.  In  this  case, 
image  pairs  obtained  not  only  at  the  shortest  time  delay, 
T  =  0.41 ,  but  also  at  the  increased  delay  of  T  =  0.87, 
Fig.  57,  are  characterized  essentially  exclusively  by 
large-structure  translation  with  little  temporal  evolution. 
Even  at  t  =  1.30,  Fig.  58,  simple  structure  convection 
seems  to  prevail,  although  some  degree  of  rotation  and 
elongation  can  be  observed.  In  contrast,  time  delays  of 
this  magnitude  at  the  upstream  positions  resulted  in 
considerable  structural  evolution  and,  in  some  cases,  an 
almost  complete  loss  of  temporal  coherence.  This 
result  at  Etop  may  be  partially  due  to  the  wake-like 
nature  of  the  flowfield  at  this  location,  which  makes 
estimates  of  the  convection  velocity  and  local  layer 
thickness  difficult.  Thus,  the  values  of  x  given  here 
may  not  be  perfectly  consistent  with  those  given  at  the 
earlier  stations.  However,  a  more  likely  explanation  for 
the  persistence  of  structure  identity  at  this  location  is 
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Fig.  55  Double-pulsed  planar  images  at  Position  Cj^p; 
T  =  0.96  (from  Smith,  1996) 


that  its  compressibility  is  significantly  reduced, 
Mc=0.74  (Table  2),  as  compared  to  that  at  the  upstream 
locations,  Mc«1.3.  This  observation  of  increased 
temporal  coherence  with  reduced  compressibility  is  in 
agreement  with  the  fluctuating  pitot  pressure 
measurements  of  Samimy  et  al.  (1992)  and  the  double- 
pulsed  planar  imaging  study  of  Elliott  et  al.  (1995)  for 
two-stream  compressible  shear  layers. 

Smith  (1996)  has  used  these  ensembles  of  time- 
correlated,  dual-frame  images  to  compute  structure 
convection  velocities  in  this  separated  flow.  As 
discussed  earlier  in  regard  to  two-stream  shear  layers, 
the  convection  velocity  is  an  important  parameter  for 
estimating  growth  rates,  entrainment  ratios,  mixing 
rates,  and  noise  characteristics.  Smith  (1996)  obtained 
results  at  Positions  Btop-Etop  to  characterize  structure 
velocities  in  the  constant-pressure,  recompression, 
reattachment,  and  initial  wake  development  regions, 
respectively.  Convection  velocities  were  also 
determined  at  Positions  Bbottom  aod  Cbottom  to  study 
the  effects  of  the  differing  expansion  strengths  in  the 
initial  portions  of  the  two  shear  layers. 

Table  5  presents  the  convection  velocity  results  for 
the  six  imaging  positions.  The  subscript  "i"  is  used  to 
denote  tbe  isentropic  theoretical  values  for  the 
convection  velocity  (Eq.  2)  and  convective  Mach 


Fig.  56  Double-pulsed  planar  images  at  Position  Dj^p ; 
T  =  0.49  (from  Smith,  1996) 


number  (Eq.  4),  while  the  "exp"  subscript  indicates 
experimental  measurements  of  the  same  parameters.  In 
the  upper  shear  layer,  the  experimentally  determined 
convection  velocity  decreases  substantially  as  the 
structures  leave  the  constant-pressure  region  (Bjop)  and 
enter  the  adverse  pressure  gradient  (Ctop)  and 
reattachment  (Dtop)  regions.  Then,  as  the  mean  flow 
accelerates  in  the  initial  wake  region  (Etop),  the 
structure  convection  velocity  also  increases 
significantly.  The  bottom  shear  layer  measurements 
show  a  similar  but  smaller  decrease  in  structure 
convection  velocity  from  the  constant-pressure 
(Bbottom)  to  the  recompression  (Cbottom)  regions. 
Considering  the  mean  pressure  and  velocity  fields  in  the 
entire  near-wake  region,  these  general  trends  for  the 
large-structure  convection  velocity  are  physically 
reasonable. 

The  measurements  of  Uc  at  the  initial  constant- 
pressure  shear  layer  locations,  Btop  and  Bbottom- 
nearly  identical.  Therefore,  the  structure  translation 
rate  appears  to  be  unaffected  by  the  strength  of  the 
initial  expansion  at  the  shear  layer  origin.  This  result 
may  not  be  surprising,  though,  since  the  velocity  of  the 
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Fig.  57  Double-pulsed  planar  images  at 

Position  Ejop;  t  =  0.87  (from  Smith, 

1996) 

freestreams  immediately  adjacent  to  the  two  shear 
layers  are  identical  (M=3.0).  In  contrast,  as  the 
structures  enter  the  adverse  pressure  gradient  region 
(C),  those  in  the  upper  layer  decelerate  significantly 
more  than  in  the  lower  layer.  This  result  may  again  be 
explained  by  consideration  of  the  mean  pressure  field, 
since  the  top  shear  layer  experiences  an  adverse 
pressure  gradient  that  is  approximately  25%  stronger 
than  that  of  the  bottom  layer  (Amatucci,  1990). 

Another  point  that  is  clear  from  an  examination  of 
Table  5  is  that  the  standard  deviation  of  the  Uc 
measurement  ensembles,  Ctuc,exp>  quite  large.  As 
was  also  found  for  two-stream  compressible  shear 
layers,  a  wide  range  of  eonvection  velocities  is 
therefore  experienced  at  each  of  these  locations.  The 
redueed  value  of  CJuc,exp  the  initial  wake  region, 
Position  Ejop,  may  be  another  manifestation  of  the 
better  spatial  and  temporal  coherence  of  the  large 
structures  for  the  lower  convective  Mach  number 
conditions  here. 


Fig.  58  Double-pulsed  planar  images  at 

Position  Ejopt  r  =  1.30  (from  Smith, 

1996) 

Comparison  of  the  convection  velocity 
measurements  with  the  isentropic  theoretical  values  in 
Table  5  shows  that  at  Positions  Stop  and  Bbottom-  in  the 
constant-pressure  portions  of  the  shear  layers,  the 
measured  values  exceed  the  theoretical  estimates.  This 
trend  is  in  agreement  with  the  "stream  selection  rule" 
(Dimotakis,  1991)  discussed  earlier  in  regard  to  two- 
stream  compressible  mixing  layers.  This  rule  states  that 
for  supersonic/subsonic  shear  layers  (which  is  the  case 
at  all  positions  in  the  current  separated  flow),  the 
structure  convection  velocity  will  tend  toward  the 
velocity  of  the  supersonic  stream.  As  a  result,  the  value 
of  Mc2  will  exceed  that  of  Md  under  these  conditions. 
This  result  is  emphasized  in  the  Mci-Mc2  plot  of 
Fig.  59,  where  the  convection  velocity  data  from  other 
supersonic/subsonic,  two-stream,  constant-pressure 
shear  layer  investigations  are  included.  For  all  cases 
(including  Btop  and  Bbottom)-  except  for  the  two  cases 
of  Elliott  et  al.  (1995),  Mc2>Mci,  in  agreement  with  the 
selection  rule.  However,  as  the  shear  layer  progresses 
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Table  5  Isentropic  predictions  and  experimental  results  for  convection  velocity  (from  Smith,  1996) 


Imaging 

Position 

Uc,i 

m/s 

Uc,exp 

m/s 

'-^c,exp 

m/s 

Mc,i 

Mcl,exp 

^c2,exp 

Etop 

335 

399 

112 

1.37 

1.06 

1.55 

Ctop 

360 

334 

120 

1.25 

1.37 

1.17 

Dtop 

387 

298 

123 

1.12 

1.55 

0.86 

Etop 

466 

352 

93 

0.74 

1.29 

0.40 

E  bottom 

335 

392 

135 

1.37 

1.10 

1.53 

Cbottom 

360 

372 

135 

1.25 

1.19 

1.28 

r4 


s 


M 
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Fig.  59  Experimental  results  for  M^j  and  Mj2  for 
several  two-stream  compressible  shear  layers 
and  the  separated  flow  of  Smith  (1996) 


into  the  recompression  (Ctop).  reattachment  (Dtop),  and 
wake  development  (Efop)  regions,  the  measured  value 
of  Uc  drops  below,  in  some  eases  quite  significantly, 
the  theoretical  value;  see  Table  5.  As  a  result,  Mc2  is 
less  than  Md  at  these  positions.  Fig.  59.  However,  this 
should  not  be  considered  a  violation  of  the  stream 
selection  rule,  since  these  four  positions  involve  non¬ 
zero  pressure  gradients.  As  a  result,  the  selection  rule  is 
not  expected  to  be  a  good  predictor  of  convection 
velocity  at  these  locations.  Note  that  at  Position 
Cbottom  th®  experimental  and  theoretical  values  of  Uc 
are  approximately  equal  so  that  the  values  of  Md  and 
Mc2  are  nearly  equal  here.  This  is  most  likely  due  to 
the  fortuitous  cancellation  of  the  usual  Mc2>Mc] 
behavior  by  the  effects  of  the  adverse  pressure  gradient. 

Another  point  of  interest  in  Table  5  is  the  large 
value  of  Md  measured  at  Position  Djop-  This  value, 
Mci  =  l-55,  indicates  that  the  outer  flow  moves 
supersonically  with  respect  to  the  shear  layer  large 
structures,  indicating  the  possibility  of  eddy  shocklets  at 
this  location.  Evidence  of  the  existence  of  eddy 


shocklets  at  Dtop  was  presented  and  discussed  in 
relation  to  Fig.  56. 


5.  SUMMARY 

Recent  experimental  efforts  aimed  at  achieving  a  better 
understanding  of  the  physical  flow  mechanisms  in 
compressible  turbulent  free  shear  layers  have  been 
reviewed.  Both  two-stream,  constant-pressure  layers, 
as  well  as  the  shear  layers  that  occur  in  high-speed 
separated  flows,  have  been  considered.  While  it  is 
difficult,  and  perhaps  a  bit  presumptuous,  to  attempt  a 
concise  summary  of  a  broad  area  of  research,  the 
following  observations  are  offered. 


5.1  Two-Stream,  Constant-Pressure  Shear  Layers 

•  Compressible  shear  layer  growth  rate  is  reduced 
compared  to  that  of  an  incompressible  layer  at  the 
same  velocity  and  density  ratios.  The  convective 
Mach  number  (Me)  correlates  the  growth  rate  data 
moderately  well. 

•  The  peak  transverse  Reynolds  normal  stress  and 
Reynolds  shear  stress  are  strongly  reduced  with 
increasing  Mq,  while  the  peak  spanwise  normal  stress 
is  approximately  constant.  There  is  some 
disagreement  about  the  trend  of  the  streamwise 
normal  stress  and,  therefore,  the  normal  stress 
anisotropy.  In  general,  the  reduction  of  peak 
turbulence  quantities  with  increasing  compressibility 
is  well  correlated  by  M^. 

•  A  shift  in  the  large-scale  turbulent  structure  occurs 
from  spanwise  rollers  to  obliquely-oriented  structures 
to  a  highly  three-dimensional  turbulence  structure  as 
Me  increases. 

•  Although  the  large  structures  of  compressible  shear 
layers  are  generally  poorly  organized,  they  are  better 
organized  than  in  the  approach  boundary  layer,  and 
this  organization  increases  with  downstream  distance. 
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•  As  Me  increases,  the  large  structures  (side  view) 
become  more  jagged  and/or  polygonal.  The 
normalized  size  increases  and  the  structure 
inclination  angle  decreases  with  increasing 
compressibility.  End  views  show  a  more  convoluted 
interface  at  large  Me- 

•  The  large  structures  of  compressible  shear  layers 
have  limited  temporal  coherence.  The  dominant 
evolution  characteristics  are  elongation,  rotation 
down  toward  the  streamwise  direction,  with  attendant 
growth  of  small-scale  structures. 

•  There  is  no  evidence  of  structure  roll-up  from 
instability  waves  at  large  Mq,  nor  has  rotational 
pairing  been  observed.  A  modified  merging 
mechanism,  termed  "slapping,"  has  been  reported. 

•  At  large  Me  the  structures  do  not  convect  at  the 
isentropic  theoretical  convection  velocity,  but  rather 
at  a  velocity  closer  to  that  of  one  freestream  or  the 
other  ("stream  selection  rule"). 

•  There  is  only  limited  experimental  evidence  of  eddy 
shocklets  for  shear  layers  at  large  M^. 

•  Efforts  at  growth  rate  enhancement  have  generally 
met  with  limited  success.  However,  periodic  Mach 
wave,  glow  discharge,  and  passive  acoustic  excitation 
methods  have  achieved  significantly  increased 
growth. 

5.2  Compressible  Shear  Layers  in  High-Speed 
Separated  Flows 

•  In  the  neighborhood  of  separation  and  expansion, 
compressible  shear  layers  exhibit  a  two-layer 
character  with  a  kink  in  the  mean  velocity  profile.  In 
the  outer  layer,  turbulence  levels  are  reduced,  while 
in  the  inner  layer,  they  are  greatly  enhanced.  These 
effects  are  magnified  with  increasing  expansion 
strength. 

•  Large  structures  in  the  initial  portion  of  the  shear 
layer  are  better  organized  than  in  the  upstream 
boundary  layer.  Increasing  expansion  strength 
increases  organization  slightly. 

•  Shear  layer  growth  occurs  in  two  distinct  regions: 
rapid  initial  growth  immediately  after  separation, 
which  is  predominantly  on  the  inner  edge,  and  slower 
growth  further  downstream  as  the  mean  velocity 
profile  becomes  self-similar.  Growth  rates  and 
turbulence  levels  are  higher  for  increasing  expansion 
strength. 

•  For  two-dimensional  reattaching  shear  layers, 
turbulence  quantities  peak  at  or  just  downstream  from 
reattachment  due  to  concave  streamline  curvature  and 


bulk  compression.  For  the  axisymmetric  case,  these 
quantities  decrease  through  the  recompression  and 
reattachment  regions  because  of  the  dominant 
influence  of  lateral  streamline  convergence. 

•  The  large  structures  in  a  highly  compressible 
separated  shear  layer  are  elliptical  or  polygonal  (side 
view)  with  long  braids  and  highly  strained  cores.  The 
structure  dimensionless  size  increases,  the  inclination 
angle  decreases,  and  the  eccentricity  increases 
moderately  between  the  separation  and  reattachment 
points.  End  views  in  this  region  show  a  conugated 
interface  with  fluid  projections  up  and  down  into  the 
shear  layer. 

•  In  the  initial  wake  the  normalized  structure  size  is 
reduced,  the  inclination  increases  slightly,  and  the 
eccentricity  decreases  substantially  compared  to 
locations  upstream.  These  observations  are 
consistent  with  the  lower  Me  at  this  location. 

•  The  recompression  and  reattachment  processes  cause 
a  degradation  in  the  spatial  organization  of  the  large 
structures,  which  results  in  increased  turbulence 
isotropy. 

•  In  the  constant-pressure,  recompression,  and 
reattachment  regions,  the  large  structures  have  a 
limited  temporal  coherence  of  order  6/Uc.  In  the 
wake  the  temporal  coherence  is  increased  due  to  the 
lower  convective  Mach  number  in  this  region. 

•  The  dominant  temporal  behavior  of  large  structures  is 
similar  to  that  for  two-stream  layers:  elongation, 
rotation  toward  the  streamwise  direction,  and  growth 
of  small-scale  turbulence.  No  instances  of  rotational 
pairing  have  been  observed.  Time-correlated  images 
suggest  the  existence  of  eddy  shocklets  in  the 
reattachment  zone. 

•  In  the  constant-pressure  shear  layer  region,  the 
structure  convective  velocities  follow  the  stream 
selection  rule  with  the  experimental  value  exceeding 
the  theoretical.  In  the  recompression,  reattachment, 
and  initial  wake  regions,  the  measured  convective 
velocity  is  (in  some  cases  significantly)  less  than  the 
theoretical  value.  This  is  expected  given  the  mean 
velocity  and  pressure  fields  in  these  regions. 
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ABSTRACT 

This  review  is  concerned  with  turbulent 
combustion  in  high  speed  flows.  Its  aim 
is  to  assess  the  current  state  of  knowl¬ 
edge  incorporated  in  theoretical  models 
and,  as  with  most  turbulent  flows,  these 
models  necessarily  involve  averaging.  Be¬ 
cause  high  speed  turbulent  combustion  in¬ 
volves  additional  phenomena  which  are 
not  well  understood  we  begin  by  consid¬ 
ering  combustion  at  low  Mach  numbers 
where  a  substantial  body  of  theory  ex¬ 
ists.  Our  purpose  is  to  identify  the  key 
role  played  by  the  low  Mach  number  as¬ 
sumption  and  hence  to  define  the  particu¬ 
lar  challenge  posed  by  high  Mach  number 
reactive  flows. 

Experiments  concerning  high  speed  tur¬ 
bulent  combustion  in  jet  flames,  high 
speed  turbulent  deflagration  and  transi¬ 
tion  to  detonation  are  reviewed.  Finally, 
problems  involved  in  modelling  and  pre¬ 
diction  of  high  speed  turbulent  combus¬ 
tion  are  identified  and  discussed.  It  is  con¬ 
cluded  that  convincing  theoretical  models 
are  currently  not  available. 


SYMBOLS 


c 

reaction  progress  variable 

Cpi 

specific  heat  of  species  i 

mean  specific  heat 

V 

diffusion  coefficient; 
also  dilatation 

Da 

Damkohler  number 

h 

specific  enthalpy 

k 

turbulence  kinetic  energy 

forward  and  backward 
rate  coefficients 

Ka 

Karlovitz  number 

Ik 

Kolmogorov  length  scale 

f-l 

thickness  of  laminar  flame 

It 

turbulence  length  scale 

Let 

Lewis  number  of  species  i 

Ma 

Mach  number 

Mt 

turbulence  Mach  number 

N 

number  of  species 

P 

pressure 

P 

probability  density 
function 

R 

number  of  reactions 

ReT 

turbulence  Reynolds 
number 

Ro 

universal  gas  constant 

S 

see  Equation  (7.3) 

t 

time 

Paper  presented  at  the  AGARD  FDP  Special  Course  on  “Turbulence  in  Compressible  Flows”,  held  at  the 
von  Kdrmdn  Institute  for  Fluid  Dynamics  (VKI)  in  Rhode-Saint-Genese,  Belgium,  2-6  June  1997, 
and  in  Newport  News,  Virginia,  USA,  20-24  October  1997,  and  published  in  R-819. 
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‘L 

l2iminar  flame  time 

tr 

turbulence  time 

T 

temperature 

Ut 

turbulent  burning  velocity 

Vk 

velocity  component 

Wi 

mass  rate  of  production 

of  species  i 

per  unit  volume 

Wi 

molecidetr  weight  of 

species  i 

spatial  coordinate 

meiss  fraction  of  species  i 

Z 

mixture  fraction 

Zel’dovich  number 

T 

ratio  of  specific  heats 

Ai 

enthalpy  of  formation 

of  species  i 

€ 

viscous  dissipation 

A 

thermal  conductivity 

u 

kinematic  viscosity 

stoichiometric  coefficients 

P 

density 

flame  surface  density 

(-) 

Reynolds  mean 

(~) 

Favre  mean 

(  )' 

Reynolds  fluctuation 

(  )" 

Favre  fluctuation 

Subscripts 


i,j  chemical  species,  reaction 

k,£,m  cartesian  components 


1.  INTRODUCTION 


Combustion  processes  in  high  speed  tur¬ 
bulent  flows  are  of  technological  inter¬ 
est  because  of  applications  in  the  field 
of  propulsion,  including  ramjet  engines 
(Refs.  1-4),  rocket  engine  exhaust  plumes 
(Refs.  5-7)  and  ram  accelerators  (Refs.  8- 
10).  Another  important  application  is  to 
the  assessment  and  mitigation  of  explosion 
heizards  due  to  detonation  (Refs.  11-14) 
and  to  high  speed  turbulent  deflagration 
in  the  presence  of  obstacles  (Refs.  15-18). 
In  this  Introduction  we  first  provide  a  brief 
review  of  some  literature  concerning  these 
applications.  The  Section  ends  with  a  de¬ 
scription  of  the  organisation  of  the  remain¬ 
der  of  the  work.  Some  of  this  material  is 
based  on  an  earlier  review  of  high  speed 
turbulent  combustion  (Ref.  19). 

In  the  1960 ’s  there  was  considerable 
interest  in  turbulent  combustion  in  high 
speed  flows  motivated  by  ramjet  propul¬ 
sion  for  hypersonic  flight,  i.e.,  by  the 
scramjet,  the  acronym  for  supersonic  com¬ 
bustion  ramjet.  The  basic  elements  of 
such  a  propulsion  system.  Figure  1,  are 
an  inlet  which  compresses  the  free  stream 
air  from  a  hypersonic  Mach  number  to 
roughly  one  third  that  value,  a  combus¬ 
tor  within  which  the  air  mixes  and  reacts 
with  the  fuel,  generally  gaseous  hydrogen, 
and  an  exhaust  nozzle  which  expands  the 
combustion  products  back  to  free  stream 
presure.  Because  of  the  length  scales,  flow 
rates  and  pressures  of  practical  interest 
in  this  device  the  mixing  of  the  fuel  and 
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air  and  the  combustion  of  the  mixture  in¬ 
volves  turbulent  flow. 


Station 

0  4  5  6 

I  I  II 


Figure  1 
Scramjet  engine 

Although  simply  described,  each  of  the 
components  of  such  an  engine  gives  rise  to 
serious  technical  problems  whose  resolu¬ 
tion  is  restricted  by  the  basic  requirement 
that  net  thrust  be  produced  by  the  engine. 
Fundamentally,  we  must  view  the  inlet  as 
leading  to  a  large  drag  and  the  exhaust 
nozzle  to  a  large  thrust  with  the  difference 
in  these  two  forces  being  the  net  thrust, 
i.e.,  the  small  difference  of  two  large  quan¬ 
tities,  necessary  to  overcome  the  drag  of 
the  entire  vehicle.  Thus  small  changes 
in  the  flow  in  each  component,  in  par¬ 
ticular  a  change  leading  to  a  small  mo¬ 
mentum  loss,  can  have  a  profound  influ¬ 
ence  on  engine  performance.  In  particular 
shockwaves  and  flow  separation  resulting 
in  losses  in  total  head  must  be  avoided  if 
at  all  possible  with  the  consequence  that 
downstream  injection  of  the  fuel  is  pre¬ 
ferred  despite  the  reduced  rates  of  mixing 
and  reduced  combustion  efficiencies  that 
may  thereby  be  incurred.  One  circum¬ 
stance  necessitating  such  losses  arises  at 


low  hypersonic  Mach  numbers  where  the 
static  temperatures  in  the  combustor  may 
be  so  low  as  to  require  oblique  or  normal 
fuel  injection  to  insure  ignition. 

The  flow  in  a  combustion  chamber  can 
involve  a  wide  rztnge  of  flow  conditions 
as  a  hypersonic  vehicle  follows  a  sched¬ 
ule  of  flight  Mach  numbers  and  altitudes. 
An  indication  of  conditions  of  interest  is 
given  by  Ferri  (Ref.  1)  in  a  comparison 
of  ramjets  with  subsonic  versus  supersonic 
combustion.  For  a  flight  Mach  niimber 
of  12  at  an  altitude  of  30.5  km  the  de¬ 
sign  Ferri  considers  representative  of  such 
ramjets  calls  for  an  inlet  which  results  in 
a  static  pressure  in  the  combustion  cham¬ 
ber  of  2.7  atmospheres,  a  static  temper¬ 
ature  of  1250  K  and  a  Mach  number  in 
the  airstream  of  4.85.  The  velocity  in 
the  airstream  within  the  combustor  un¬ 
der  these  conditions  is  3700  m/s.  Since 
hydrogen  is  used  to  cool  various  airframe 
and  engine  components  prior  to  being  in¬ 
jected  into  the  combustion  chamber,  its 
stagnation  temperature  is  typically  1100 
K  and  its  Mach  number  in  the  range  from 
one  to  two.  These  conditions  are  consid¬ 
ered  to  be  representative  for  the  purpose 
of  our  discussion  but  others  corresponding 
to  lower  flight  Mach  numbers  at  lower  alti¬ 
tudes  and  higher  Mach  numbers  at  higher 
altitudes  may  be  of  interest.  A  significant 
design  challenge  is  to  mix  and  burn  the 
fuel  within  the  limited  length  of  the  com¬ 
bustion  chamber  while  minimising  shock 
losses.  The  chamber  shape  must  be  chosen 
so  that  part  of  the  chemical  energy  is  con- 
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verted  into  directed  kinetic  energy  in  order 
to  avoid  excessive  static  temperatures  and 
associated  dissociation  losses. 

An  example  of  the  early  experimen¬ 
tal  and  theoretical  research  on  supersonic 
combustion  is  provided  by  Ferri  (Ref. 
1).  In  addition  Libby  (Ref.  2)  presents 
an  early  theoretical  analysis  of  turbulent 
combustion  of  hydrogen  with  equilibrium 
chemistry.  Although  widespread  inter¬ 
est  in  high  speed  turbulent  combustion 
waned  during  the  decades  of  the  1970’s 
and  most  of  the  1980’s,  groups  at  the 
Apphed  Physics  Laboratory  of  the  John 
Hopkins  University  and  at  the  Lzingley 
Research  Center  of  NASA  continued  this 
early  research  on  supersonic  combustion 
for  over  two  decades  (cf.  BiUig,  Ref.  3).  A 
review  of  this  work  and  an  extensive  bib¬ 
liography  is  provided  by  Waltrup  (Ref.  4) 
who  inter  alia  lists  research  areas  requirmg 
attention  for  scramjet  development.  More 
recent  information  is  contained  in  Ref.  20. 
Since,  as  noted  earlier,  it  is  generally  con¬ 
sidered  essenticd  to  use  the  fuel  to  cool 
the  vehicle,  current  research  is  concerned 
mainly  with  gaseous  combustion  and  not 
with  problems  related  to  the  combustion 
of  liquid  fuels  in  high  speed  flows  (Wal¬ 
trup,  Ref.  4). 

Because  rocket  engines  often  develop 
maximum  thrust  when  operating  fuel- rich, 
secondary  combustion  can  occur  in  the  ex¬ 
haust  plume.  In  typical  rocket  exhaust 
flames  (Ref.  5),  fuel-rich  gases  from  a  sin¬ 
gle  nozzle  or  a  series  of  nozzles  at  tempera¬ 


tures  between  700  K  and  2500  K  Tnix  tur- 
bulently  with  a  moving  stream  of  cooler 
air.  Shock  waves  may  occur  in  the  flow 
and  external  combustion  can  take  place 
as  the  excess  carbon  monoxide  and  hydro¬ 
gen  mix  with  the  ambient  air.  A  region 
of  recirculating  flow  may  exist  behind  the 
base  wall  of  the  rocket.  Global  features  of 
these  high  speed  reacting  jet  flows,  such  as 
infrared  radiation  emission  intensity  and 
microwave  attenuation,  are  studied  exper¬ 
imentally  and  theoretically  (Refs.  6,  7). 
Such  properties  demand  a  detailed  under- 
steinding  of  chemical  kinetic  processes  and 
rates  as  influenced  by  turbulent  mixing 
and  flow. 

The  ram  accelerator  is  a  device  proposed 
by  Hertzberg  et  al.  (Ref.  8)  to  accelerate  a 
body  flying  in  a  tube  at  supersonic  speed. 
The  flying  body  or  projectile  is  stabilised 
in  the  tube  either  by  fins  or  by  rails  run¬ 
ning  along  the  length  of  the  tube.  Fig.  2. 
Acceleration  is  achieved  by  filling  the 
launching  tube  with  a  combustible  gas 
mixture.  Shock  waves  attached  to  the  fly¬ 
ing  body  heat  the  combustible  mixture 
and  combustion  is  stabilized  behind  its 
bluff  base.  The  body  is  continuously  accel¬ 
erated  by  the  resulting  high  base  pressure. 
Two  alternative  modes  of  combustion  can 
occur.  Figs.  3  and  4,  depending  on  the 
flight  speed  relative  to  the  CJ  detonation 
speed.  The  flowfield  is  extremely  complex. 
An  essential  parameter  (Ref.  10)  appears 
to  be  the  specific  heat  release  of  the  mix¬ 
ture.  Below  a  minimum  heat  release,  com¬ 
bustion  decouples  downstream  of  the  pro- 
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Figure  2 

Schematic  of  a  ram  accelerator 
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Figure  3 

Flow  around  the  projectile  in  the  subdetonative  case 
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Figure  4 

Flow  around  the  projectile  in  the  superdetonative  case 
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jectile  whereas  beyond  an  upper  limit,  a 
detonation  wave  gets  in  front  of  the  pro¬ 
jectile  (so-called  “unstart”).  Speeds  up  to 
2600  m/s  are  reported  (Ref.  9). 

The  damaging  consequences  of  acciden¬ 
tal  explosions  provide  another  motivation 
for  the  study  of  high  speed  combustion 
processes.  The  presence  of  obstacles  such 
35  pipes,  storage  tanks  and  other  equip¬ 
ment  can  have  a  significant  influence  on 
the  development  and  strength  of  an  explo¬ 
sion  following  cm  accidental  leakage  and 
ignition  of  combustible  materials  in  an  in¬ 
dustrial  environment.  Offshore  oil  and  gas 
drilling  operations  provide  examples  of  sit¬ 
uations  where  assessments  must  be  made 
of  hazards  due  to  obstructed  explosions 
(Ref.  21).  The  sequence  of  events  leading 
to  the  development  and  intensification  of 
an  explosion  following  a  leakage  of  gaseous 
fuel  in  a  space  which  contains  obstructions 
may  be  described  as  follows.  Mixing  of 
fuel  and  air  to  produce  a  combustible  mix¬ 
ture  will  occur  at  a  rate  which  is  deter¬ 
mined  by  air  motion  due  to  ambient  con¬ 
ditions  or  arising  as  a  result  of  the  leakage 
of  fuel.  Ignition  may  be  caused  for  ex¬ 
ample  by  a  spark,  a  hot  surface  or  a  pre¬ 
existing  flame.  The  initial  rate  at  which 
the  flame  spreads  from  this  ignition  source 
will  probably  be  close  to  the  laminar  rate 
imless  ambient  conditions  or  the  release  of 
fuel  has  generated  significant  turbulence. 

However,  a  strong  feedback  mechanism 
(Refs.  15-17)  can  convert  this  slowly  prop¬ 
agating  flame  into  a  powerful  explosion. 


Expansion  of  the  hot  products  of  combus¬ 
tion  drives  the  unbumed  mixture  ahead  of 
the  spreading  flame.  The  unbumed  gas 
flows  past  obstacles  and  becomes  turbu¬ 
lent.  The  flame  then  engulfs  this  turbulent 
gas  mixture  and  is  wrinkled  by  the  turbu¬ 
lence  so  that  its  surface  area  and  bum- 
ing  rate  axe  increased.  The  accelerating 
flame  drives  the  unbumed  mixture  past 
other  obstacles  at  higher  speed  generat¬ 
ing  more  intense  turbulence  and  when  this 
turbulence  is  engulfed  it  causes  further  ac¬ 
celeration  of  the  flame.  If  the  flame  speed 
becomes  sufficiently  high  shock  waves  and 
other  compressibility  effects  can  influence 
the  development  of  the  explosion  (Ref.  22) 
and  it  is  even  possible  for  detonation  to  oc¬ 
cur  (Ref.  15,  23).  An  illustration  of  the 
physical  mechanisms  involved  in  a  tran¬ 
sition  from  deflagration  to  detonation  is 
given  (Ref.  12)  by  use  of  stroboscopic  laser 
Schlieren  photography.  In  particular,  the 
importance  of  turbulence  on  the  onset  of 
detonation  is  pointed  out.  Significant  con¬ 
tributions  to  the  study  of  transition,  both 
experimental  and  numerical,  can  be  found 
in  the  work  of  Oppenheim  (Refs.  13,  14). 
Recent  numerical  work  may  be  foimd  in 
Refs.  24,  25. 

The  adverse  effects  of  an  obstructed  ex¬ 
plosion  can  often  be  reduced  by  the  pro¬ 
vision  of  appropriate  venting  to  allow  the 
hot  combustion  products  to  escape  from 
the  obstructed  area.  However,  unsuitable 
venting  can  lead  to  the  generation  of  ex¬ 
cessive  turbulence  in  the  path  of  the  flaune 
and  to  an  even  more  damaging  explosion 
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Outside  the  vented  area  (Ref.  26).  In  these 
circumstances  unproved  theoretical  mod¬ 
els  are  required  (Refs.  27,  28)  to  predict 
explosion  hazards  and  to  aid  the  design 
of  safer  industrial  plants.  Practical  ques¬ 
tions  which  should  be  addressed  by  these 
models  include  prediction  of  the  maximum 
overpressure  produced  in  a  given  event 
and  the  influence  on  this  overpressure  of 
factors  such  as  the  nature  of  the  fuel, 
the  manner  in  which  the  obstacles  are  ar¬ 
ranged  or  the  size  and  location  of  venting. 

All  of  these  practical  high  speed  com¬ 
bustion  problems,  both  in  propulsion  and 
m  the  field  of  industrial  safety,  require  a 
deep  understanding  of  the  complex  pro¬ 
cesses  which  control  the  rate  of  heat  re¬ 
lease  through  interactions  between  com¬ 
bustion  and  flow.  Such  understanding 
is  accumulated  through  both  theory  and 
experiment  and  the  resulting  experience 
must  guide  the  development  of  theoreti¬ 
cal  models.  Reviews  of  relevant  material 
may  be  foimd  in  Refs.  19,  20,  29-31. 

Combustion  flows  may  be  characterized 
in  many  ways:  laminar  or  turbulent,  high 
or  low  Mach  number,  single  or  midtiple 
phase.  In  this  review  we  are  mainly  con¬ 
cerned  with  turbulent,  high  Mach  number, 
single  phase  (gaseous)  combustion.  An¬ 
other  importcint  distinction  is  between  sit¬ 
uations  where  fuel  and  oxidiser  are  fully 
premixed  before  they  begin  to  bum  and 
cases  where  fuel  and  oxidiser  enter  the 
combustion  zone  separately  so  that  they 
mix  as  they  bum.  Most  high  Mach 
number  propulsion  systems  involve  non- 


premixed  combustion  but  the  detonation 
engine  (Ref.  20)  requires  premixing  of  fuel 
and  air.  Also  studies  of  accidental  explo¬ 
sions  (Refs.  11-18)  generally  assume  pre¬ 
mixing. 

The  stracture  of  the  paper  is  as  fol¬ 
lows.  Section  2  briefly  reviews  relevant 
fundamentals  of  combustion  thermochem¬ 
istry.  Although  direct  numerical  simula¬ 
tion  of  turbulent  combustion  (DNS,  Ref. 
32)  provides  unique  and  valuable  infor¬ 
mation,  its  application  is  restricted  to 
low  Reynolds  numbers,  idealised  boundary 
conditions  and  greatly  simplified  chemi- 
ced  kinetic  models.  Prediction  by  DNS  of 
practical  engineering  problems  with  real¬ 
istic  Reynolds  numbers  and  a  detailed  de¬ 
scription  of  hydrocarbon  oxidation  kinet¬ 
ics  is  not  yet  on  the  horizon.  For  the  fore¬ 
seeable  future  such  problems  wfll  have  to 
be  addressed  in  terms  of  time  or  ensem¬ 
ble  averaged  equations.  Averaging  of  the 
highly  nonlinear  chemical  source  terms  in 
the  transport  equations  poses  a  particu¬ 
larly  challenging  task.  A  formulation  is 
presented  in  §3. 

Because  of  the  complexity  of  the  in¬ 
teractions  between  combustion  and  high 
Mach  number  turbulent  flows  we  con¬ 
tinue,  in  §4,  with  a  review  of  impor¬ 
tant  processes  and  models  for  combus¬ 
tion  at  lower  speeds.  Chemical  reaction 
occurs  at  molecular  scale  and  is  often 
closely  coupled  to  molecular  diffusion  pro¬ 
cesses  with  the  result  that  descriptions 
of  mean  reaction  rates  are  strongly  in- 
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fluenced  by  assumptions  concerning  the 
small-scale  structure  of  a  turbulent  flame. 
Two  relatively  simple  limiting  cases  have 
been  identified.  If  combustion  chemistry 
is  sufficiently  fast  in  comparison  with  time 
scales  of  the  turbulent  flow  burning  takes 
place  in  thin  laminar  flamelets  (Refs.  33, 
34),  which  retain  the  deterministic  struc¬ 
ture  of  a  laminar  flame,  while  being  con- 
vected  and  distorted  by  the  turbulent  flow . 
At  the  other  extreme  where  chemical  time 
scales  are  sufficiently  long  in  compcirison 
time  scales  of  the  flow,  probability  density 
function  {pdf,  Refs.  35,  36)  approaches  as¬ 
sume  a  more  random  small  scale  structure. 
Section  4  describes  these  theories  and  re¬ 
views  information  from  DNS  and  from  ex¬ 
periment. 

The  limited  amount  of  useful  published 
experimented  data  concerning  high  speed 
turbulent  combustion  in  jet  flames,  with 
application  to  propulsion  problems,  is  re¬ 
viewed  in  §5.  Experimental  data  describ¬ 
ing  high  speed  tiubulent  deflagration  and 
transition  to  detonation  is  described  in  §6. 
Finally  §7  turns  to  the  theoretical  descrip¬ 
tion  of  high  speed  turbulent  reacting  flows. 


2.  THERMOCHEMISTRY 
(Refs.  11,  30,  31,  37) 

Consider  a  reactive  mixture  of  gaseous 
chemical  species  Ai{i  =  1,2  N).  The 

concentration  of  substance  i  in  the  mix- 
tme  is  denoted  by  [Ai\kg  mollm^. 
Then  its  mass  concentration  is  pi  — 


[Aj]  jWi  kg(m^  where  Wj  is  its  molecular 
weight  and  its  mass  fraction  is  Yi  =  pij p 
where  p  =  Pi  is  the  mass  density 

of  the  mixture.  Assuming  that  ideal  gas 
laws  are  applicable  the  thermal  equation 
of  state  for  the  mixture  is 


P 


N 

l>KTj2Yi/Wi 

1=1 


(2.1) 


where  p  is  the  pressure,  T  is  the  tempera¬ 
ture,  Ro  is  the  universal  gas  constant  and 
W  is  the  mean  molecular  weight  for  the 
mixture.  The  calorific  equation  of  state 
for  the  mixture  is 


N 

h  = 

1=1 


(2.2) 


where  h  is  the  specific  enthalpy  and 

dTA^i 

(2.3) 

with  Ai  representing  the  enthalpy  of  for¬ 
mation  of  Ai  at  temperature  Tj,g£.  The 
specific  heats  Cpi  may  be  approximated  as 
polynomial  functions  of  temperature.  Al¬ 
ternatively,  if  the  Cpi  can  be  assumed  to  be 
constant,  a  mean  specific  heat  is 


N 


—  ^  Cpili 


i=l 


(2.4) 


and  the  temperature  can  be  expressed  ex- 
phcitly  as 


T  =  — 


N 


1  =  1 


(2.5) 
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In  a  reactive  gas  mixture  (Ref.  37) 
the  equations  of  fluid  flow  must  be 
supplemented  by  the  foUowing  continu¬ 
ity  equations  for  the  individual  species 

Ai{i  =  l,2--’N): 


d  d 


pVkYi  = 


d 

-^Jik  +  V)i 

(2.6) 


and  it  follows  that  the  conservation  equa¬ 
tion  for  element  q  is 

d  ^  d 

_  _a_T'  .n.M 

'dxi,  (2.9) 


Here  is  the  velocity  component  in  the 
direction  of  the  cartesian  spatial  coordi¬ 
nate  A  summation  convention  is  em¬ 
ployed  for  subscripts  A;,  I  and  m  which  are 
associated  with  these  coordinates.  How¬ 
ever  subscripts  i  and  j  are  reserved  for 
chemical  species  and  reactions  for  which 
no  summation  is  implied.  Assuming  Fick’s 
law  the  diffusion  flux  Jjfc  is 

dYi 

Jik  -  -pDi^  (2.7) 

where  Di  is  a  diffusion  coefficient.  The  fi¬ 
nal  term  in  Equation  (2.6)  is  the  chemical 
source  term  Wi  :  the  net  mass  rate  of  cre¬ 
ation  of  species  i  per  unit  volume  due  to 
chemical  reactions. 


which  obviously  contcdns  no  chemical 
source  term.  If  the  diffusivities  Di  of  all 
species  i  have  the  same  value,  D,  these 
equations  axe  compatible  with  linear  rela¬ 
tionships  between  the  element  mass  frac¬ 
tions.  For  nonpremixed  combustion  prob¬ 
lems  we  may  then  define  a  local  mixture 
fraction  Z  (x,  t)  as  the  local  element  mass 
fraction  of  an  element  contained  in  the 
fuel,  divided  by  the  mass  fraction  of  the 
same  element  in  pure  undiluted  fuel.  The 
mixture  fraction  satisfies  an  equation  sim¬ 
ilar  to  Equation  (2.9)  namely 


(2.10) 


It  is  sometimes  convenient  to  in¬ 
troduce  local  element  mass  fractions 
(q  {x,t)  [q  =  1,2  ■  ■  •  Q)  which  are  defined 
by 

N 

Cq  —  X]  Pqi^i  (2-8) 

t=i 

where  fiqi  is  the  mass  of  element  q  in  unit 
mass  of  species  i.  Since  elements  are  con¬ 
served  in  chemical  reactions  we  have 
N 

i=l 


and  all  the  element  mass  fractions 
(q{q  =  1,2  -  •  -  Q)  are  linearly  related  to  Z. 

If  there  are  R  elementary  chemical  re¬ 
actions  j  =  1, 2  •  •  •  E  then  the  chemical 
source  term  in  Equation  (2.6)  is 

R 

=  E  (2.11) 

where  Wij  is  the  rate  of  creation  of  Ai  in 
reaction  j.  This  reaction  may  be  repre¬ 
sented  symbohcaUy  by 
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N  kfj  N 

*=i  hj 


(2.12) 


The  process  from  left  to  right  is  the  for¬ 
ward  reaction,  and  is  associated  with  the 
forward  rate  coefficient,  kfj,  while  the 
backward  process  from  right  to  left  is  as¬ 
sociated  with  the  backward  rate  coeffi¬ 
cient  kbj.  The  quantities  and  v-j  are 
the  stoichiometric  coefficients  for  the  for¬ 
ward  and  backward  reactions  of  reaction 
j  respectively.  They  are  small  positive 
integers.  A  set  of  Equations  (2.12)  for 
j  =  1,2  -  ••  N  together  with  all  the  u'-j,  v"j, 
kfj  and  khj  constitutes  a  complete  reac¬ 
tion  rate  mechanism  for  a  given  gas  mix¬ 
ture  (Refs.  40,  41).  A  detailed  descrip¬ 
tion  of  the  combustion  of  hydrogen  in  air 
(Ref.  42)  takes  into  account  the  eight 
species  H2,02,H20,0,H,0H,H02  and 
H2O2  and  twenty  one  elementary  reac¬ 
tions.  Hydrocarbon  combustion  (Ref.  40) 
can  involve  very  large  numbers  of  species 
and  up  to  thousands  of  elementary  reac¬ 
tions. 


To  complete  the  chemical  kinetic  for¬ 
mulation  the  net  chemical  source  term  for 
species  i  in  reaction  j  is  (Ref.  37) 

=  ("5  -  •'«) 

•  |i  -  1 

'  (2.13) 


where  the  following  definitions  are  used 


N  N 

=  ;  '^bj  =  '^i'ij; 

i=l  i=l 


t=l 

The  rate  coefficients  kfj  and  k^j  are  usu¬ 
ally  expressed  in  the  form 


=  BtjT°‘>‘exp 


(2.14) 


where  Bfj,  afj  and  Efj  are  constants. 
If  the  temperature,  pressure  and  chemi¬ 
cal  composition  are  such  that  reaction  j  is 
in  chemical  equilibrium  the  curly  bracket 
term  in  Equation  (2.13)  must  be  zero. 
This  requires  that 


khj  _ 


= 


(2.15) 


where  Kj  (T)  is  the  equilibriiim  constant 
for  reaction  j.  Since  kfj  and  kf,j  are 
functions  of  temperature  alone.  Equation 
(2.15)  appHes  also  when  chemical  equilib¬ 
rium  does  not  prevail  and  may  be  used  to 
calculate  k^j. 


Recalling  that  =  1  we  have 

N  independent  mass  fractions  to  describe 
the  mixture  composition.  With  3  velocity 
components  Vk{k  =  1,2,3)  and  4  thermo¬ 
dynamic  variables  {p,p,  T  and  h)  a  total  of 
(7  -I-  N)  dependent  variables  have  been  in¬ 
troduced.  If  the  Wi  source  terms  are  eval¬ 
uated  using  Equations  (2.11)  and  (2.13) 
there  are  N  independent  species  equations 


3-11 


of  the  form  of  Equation  (2.6).  The  re¬ 
maining  7  equations  are  the  two  equations 
of  state  (Equations  2.1  and  2.2)  plus  the 
equations  of  fluid  mechanics:  continuity, 
energy  cind  three  equations  of  motion. 

3.  MEAN  REACTION  RATES  ; 
PROBLEM  STATEMENT 

As  stated  earlier,  combustion  DNS  is 
not  a  feasible  option  for  practical  engi¬ 
neering  problems  involving  high  Reynolds 
numbers  and  detailed  chemical  kinetic 
processes.  Under  these  conditions  it  is 
necessary  to  invoke  averaged  flow  equa¬ 
tions  in  which  some  of  the  information 
destroyed  in  the  averaging  process  is  re¬ 
placed  in  the  form  of  turbulence  models. 
The  chemical  source  terms  summarized  in 
Equations  (2.13  -  2.15)  are  highly  nonlin- 
eetr  and  the  evaluation  of  average  values 
presents  a  peurticulax  problem.  A  time  av¬ 
erage  may  be  defined  in  the  usual  way  as 


where  W{  (x,  t)  =  Wi  (p,  T,Yj{j  =  1, 2  •  •  • 
N  —  1)).  However  it  is  not  helpful  to  de¬ 
compose  p,  T  etc.  into  mean  and  fluctu¬ 
ating  components.  Instead  the  mean  is 
expressed  (Ref.  37)  in  terms  of  the  joint 
probability  density  function  {pdf)  of  these 
thermochemical  variables  so  that 

(k)  =  j  j  "  j  {p^T,Yj  ■  ■  •) 

^  (Pj  ^5  ■  ■  ■  !  ^)  dpdTdYj  •  ■  ^3.2) 


where  integration  must  extend  over  all 
possible  values  of  the  {N  -f-  2)  stochastic 
thermochemical  variables  appearing  as  ar¬ 
guments  of  the  pdf  P.  If  this  pdf  is 
simply  a  delta  function  in  the  multidi¬ 
mensional  composition  space  then  Wi  = 
Wi  (p,  T,  Yj  •  •  •) .  On  the  other  hand  a 
broad  pdf  impHes  that  Wi  is  not  a  function 
of  the  mean  thermo  chemical  state  alone. 

This  probability  distribution  depends  in 
a  complex  way  on  the  transport  of  energy, 
mass  and  chemical  species  in  and  out  of 
an  infinitesimal  control  voltime,  by  con¬ 
vection  and  molecular  diffusion,  and  on 
the  progress  of  chemical  reactions  inside 
the  control  volume.  Molecular  diffusion 
and  chemical  reaction  interact  strongly.  If 
chemical  reactions  are  fast  the  rate  of  con¬ 
version  into  products  is  determined  by  the 
rates  at  which  diffusion  can  transport  re¬ 
actants  to  the  reaction  zone  and  products 
away  from  it.  We  shall  return  to  this  topic 
later. 

As  wiU  be  explained  later,  two  routes 
are  available  for  estimating  the  unknown 
function  P.  The  first  (Refs.  35,  36)  in¬ 
volves  modelling  and  solution  of  a  pdf 
transport  equation  while  the  second  more 
empirical  approach  (Refs.  43  -  45)  replaces 
P  by  a  simple  “presumed  pdf  ”  expres¬ 
sion  such  as  a  Gaussian  or  a  beta  func¬ 
tion.  However  both  of  these  approaches 
become  impracticable  unless  the  number 
of  arguments  of  the  joint  pdf  is  small.  Ap¬ 
plications  of  these  methods  in  the  litera¬ 
ture  generally  involve  pd/’s  which  are  func- 
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tions  of  a  single  stochastic  variable  while 
the  largest  feasible  number  of  such  vari¬ 
ables  is  probably  aroimd  four. 

For  example  consider  a  presumed  pdf 
which  is  to  be  represented  in  terms  of  four 
stochastic  variables:  a,b,c  and  d.  A  sim¬ 
ple  pdf,  such  as  a  Gaussian  or  a  beta  func¬ 
tion,  can  be  evaluated  in  terms  of  its  first 
and  second  moments.  Here  we  have  4 
first  moments  (a,  6,  c  and  d) ,  4  variances 
a'2 , and  d'^  ^  and  six  covariances 

(a*b',dd,a'd',b'd,b’d'  and  c'd'^  -  a  total 
of  14  quantities  -  requiring  closure  and  so¬ 
lution  of  14  Reynolds  averaged  transport 
equations. 

It  is  therefore  essenticd  to  express  the  in¬ 
stant  aneous  rate  Wi  in  terms  of  the  small¬ 
est  possible  number  of  independent  ther¬ 
mochemical  variables.  One  way  to  do 
this  is  by  simplifying  the  chemical  kinet¬ 
ics.  This  Ccin  be  done  in  a  rational  manner 
(Ref.  41)  by  assuming  that  some  reactions 
are  sufficiently  fast  to  maintain  quasi- 
equilibrium  and/or  that  some  species  ex¬ 
ist  in  sufficiently  small  concentrations  so 
that  a  steady  state  approximation  can  be 
employed.  The  furthest  this  process  can 
be  taken  while  retaining  some  informa¬ 
tion  about  finite  rates  of  reaction  is  to 
reduce  the  whole  chemical  kinetic  mech¬ 
anism  to  a  single  global  reaction.  Then 
N  =  I  and  Wi  =  Wi{p,T,Yi)  where  Yi 
is  the  only  remaining  independent  mass 
fraction.  Using  the  equations  of  state  we 
can  rewrite  this  functional  relationship  as 


Wi  (p,  h,  Yi).  The  corresponding  joint  pdf 
is  P{p,h,Yi]  x). 

The  other  way  to  reduce  the  number 
of  independent  variables  is  to  simplify 
the  thermodyncimics,  as  will  be  explcdned 
next. 

4.  TURBULENT  COMBUSTION 
IN  LOW 

MACH  NUMBER  FLOWS 

Because  the  physics  of  turbulent  com¬ 
bustion  at  high  Mach  numbers  is  not  well 
imderstood  we  begin  by  considering  low 
Mach  numbers  where  a  substantial  body 
of  theory  does  exist  (Refs.  30  -  39).  Our 
aim  is  to  identify  the  key  role  played  by  the 
low  Mach  number  assiimption  and  hence 
to  define  the  particular  challenge  posed  by 
high  Mach  number  reactive  flows.  Note 
that  the  terms  compressible  flow  and  in¬ 
compressible  flow  can  lead  to  confusion 
when  applied  to  combustion  where  heat 
release  can  lead  to  density  changes  of  a 
factor  of  six  or  more  while  the  Mach  num¬ 
ber  remains  small. 

The  Section  begins  with  the  thermo¬ 
chemical  simplifications  arising  from  the 
low  Mach  number  assumption.  Regimes 
of  low  Mach  number  turbulent  combustion 
axe  then  described  and  theoretical  models 
are  described.  Finally  §4.4  contains  com¬ 
ments  on  experimental  validation  of  theo¬ 
retical  models. 


reduces  to 
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4.1  Low  Mach  Number  Flow 
Assumption 


Introduce  characteristic  quantities: 
v,p,p,  h  and  a  =  {jplp)"^  to  represent  t3rp- 
ical  values  of  flow  velocity,  pressure,  den¬ 
sity,  specific  enthalpy  and  speed  of  sound 
in  a  given  reactive  flow.  The  change 
in  pressure  Sp  associated  with  velocity 
change  v  may  be  estimated  as 


P 


(4.1) 


where  Ma  =  vfa  is  the  flow  Mach  num¬ 
ber.  Thus,  when  Ma  «  1,  pres¬ 
sure  cheinges  within  the  flow  become  very 
small.  In  these  circumstances,  local  pres¬ 
sure  variations  within  the  flow  have  a  neg¬ 
ligible  effect  on  chemical  reaction  rates. 
In  evaluating  the  thermochemical  state 
for  this  purpose  we  may  replace  the  in- 
steintaneous  pressure  p{x,t)  by  its  mean 
value  p  (ic , )  which  is  a  deterministic  rather 
than  a  stochastic  variable.  Thus  the  pdf 
P  (p,  h,  Yi ;  r, )  is  reduced  to  P  {h,  Yi ;  r, )  . 


To  seek  further  simplification  we  note 
that  the  order  of  magnitude  of  the  ratio 
of  kinetic  energy  per  unit  mass  to  specific 
enthalpy  is 


5  (7  -  1) 


(4.2) 


showing  that,  when  Ma  «  1,  the  ki¬ 
netic  energy  of  the  flow  makes  a  negligi¬ 
ble  contribution  to  the  total  energy  bal¬ 
ance.  Then  the  specific  enthalpy  equation 


^Ph+—pv,h  = 


dp  d 
dt  ^  dxk 


A  dh 
Cpdxk 


(4.3) 

where  radiative  heat  loss  is  neglected,  A 
is  the  thermal  conductivity  of  the  mixture 
and 


pCpA-  (4.4) 

is  the  Lewis  number  of  species  i.  In  statis¬ 
tically  stationary  flow  at  low  Mach  num¬ 
ber  the  term  dpjdt  is  negligibly  small.  If 
additionally  we  assume  Lewis  numbers  L^i 
to  be  sufficiently  close  to  unity  so  that  the 
last  term  can  be  neglected  Equation  (2.20) 
finally  becomes 


d  d  d  f  X  dh\ 

dt^  dxk^^^  dxk\^dxkj 

(4.5) 

Consider  premixed  combustion  first.  If 
the  flow  is  adiabatic  Equation  (4.5)  allows 
h  to  be  constant  everywhere.  The  pdf 
is  then  further  reduced  from  P{h,Yi]x) 
to  the  desired  monovariate  form  P  (Yi;  r). 
In  the  nonpremixed  case  with  unity  Lewis 
number  Equations  (2.10)  and  (4.5)  are  the 
same  showing  that  A  is  a  linear  function 
of  the  mixture  fraction  Z.  If  in  addition, 
the  mass  fractions  Yi  can  be  expressed  as 
functions  Y^  (Z)  then  the  pdf  reduces  to 
P{Z]x)  as  required.  Both  of  these  cases 
wiU  be  explained  further  in  §4.3.  First  we 
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consider  tlie  validity  of  the  so-called  lam¬ 
inar  flamelet  approximation  in  which  the 
small-scale  structure  of  reaction  zones  in 
turbulent  reacting  flow  is  represented  by 
the  structure  of  a  laminar  flame. 

4.2  Turbulent  Combustion  Regimes 


In  this  Section  we  define  key  dimension¬ 
less  parameters  in  terms  of  which  various 
different  regimes  of  low  speed  turbulent 
combustion  may  be  defined.  It  is  to  be  ex¬ 
pected  that  successful  models  will  involve 
such  parameters  and  will  show  appropri¬ 
ate  behaviour  in  the  various  combustion 
regimes.  An  important  aim  is  to  identify 
circumstances  in  which  laminar  flamelet 
models  are  valid.  Confining  attention  to 
gaseous  systems  we  first  consider  premixed 
combustion.  This  is  the  more  complex 
situation  because  unlike  a  diffusion  flame 
a  premixed  flame  can  propagate  and  so 
avoid  some  regions  of  the  turbidence  field. 

If  fuel  and  oxidiser  are  fully  premixed 
the  imstretched  laminar  flame  provides 
characteristic  chemical  length  and  time 
scales  which  we  denote  by  and  where 
^lI^l  —  laminar  burning  veloc¬ 

ity.  Characteristic  length  and  time  scales 
of  the  turbulent  flow  may  be  defined  in 
terms  of  a  characteristic  turbulence  kinetic 
energy  k  and  its  dissipation  e.  Then  we 
have  time  and  length  scales 

It  =  kje  ;  £t  —  k  (^•®) 


turbulence  Reynolds  number  may  be  de¬ 
fined  as 


ReT 


k^lx  __  k^ 

V  eu 


(4.7) 


where  u  is  the  kinematic  viscosity.  The 
smallest  scciles,  associated  with  Kol¬ 
mogorov,  are 

tK  =  ;  iK  =  (^V^)  *  gj 


SO  that 

^  (4.9) 

Ratios  of  these  scales  may  be  used  to  de¬ 
fine  dimensionless  parameters  and  to  iden¬ 
tify  combustion  regimes.  Key  parameters 
are  the  turbulent  Damkohler  number 

tl  ell  (4.10) 


and  the  turbulent  Karlovitz  number 


Ka  = 


tK 


ulu"^ 


(4.11) 


Equations  (4.10)  and  (4.11)  compare  the 
laminar  flame  time  tl  with  the  large  and 
small  characteristic  times  of  the  turbu¬ 
lence,  It  and  Ir,  respectively.  Note  that 
Ka  is  the  reciprocal  of  a  Deimkohler  num¬ 
ber.  The  three  parameters  Da,  Ka  and 
the  turbulence  Reynolds  number 
low  us  to  identify  regimes  of  premixed  tur¬ 
bulent  combustion.  Note  however  that 


Ka  =  Rlj^jDa 


which  are  associated  with  the  most  ener¬ 
getic  scales  of  the  turbulence  spectrum.  A 


(4.12) 
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SO  only  two  parameters  are  independent. 
It  is  sometimes  convenient  to  replace  ReTy 
Da  and  Kahy  the  velocity  and  length  ra¬ 
tios 


where  a  is  the  order-unity  coefficient  in 
V  =  aul 

(4.14) 

Consider  the  so-called  eddy  break-up 
limit,  Da  — ^  oo,  where  chemical  reac¬ 
tions  are  very  fast  and  the  rate  of  conver¬ 
sion  of  reactants  is  limited  by  a  finite  rate 
of  small-scale  mixing  so  that  “mixed-is- 
buxned” .  In  mixing  and  combustion  prob¬ 
lems  we  axe  interested  in  scalar  variables 
such  as  the  mass  fraction  Yi  {x,  i)  of  species 
i  (i  =  1, 2,  •  •  •  iV^)  whose  Favre  mean  and 
vaxicince  axe 

Yi  =  Wi/P-,  =  p{Yi-Y,)'‘lp 

(4.15) 

The  rate  at  which  fluctuations  in  Yi  {x,t) 
axe  reduced  by  molecular  diffusion  is  de¬ 
scribed  by  the  mean  scalar  dissipation 
function 


€« 


2  dYi  dY!' 
p  ^  'dxk  dxk 


(4.16) 


where  Vi  is  the  Pick’s  Law  diffusion  co¬ 
efficient  for  species  i;  in  has  dimen¬ 
sion  (time)“^  and  provides  a  character¬ 
istic  time  for  the  important  small  scale 
mixing  process.  An  instantaneous  quan¬ 
tity  closely  related  to  in  is  2Vi  [dYildx^Y 
which  is  the  reciprocal  of  a  loccd  diffusion 
time.  High  activation  energy  analysis  of 
both  laminar  premixed  flames  and  lami¬ 
nar  diffusion  flames  shows  that  this  diffu¬ 
sion  time,  evaluated  at  the  reaction  sur¬ 
face,  is  equal  to  the  local  chemical  time 
scale  of  the  reaction  surface.  We  shall  see 
later  that  both  turbulent  premixed  flames 
and  turbulent  diffusion  flames  behave  in 
Em  analogous  manner  in  the  fast- chemistry 
limit.  In  both  cases  the  mean  reaction  rate 
is  proportional  to  the  mean  scalar  dissipa¬ 
tion. 


In  1940  Damk6hler(Ref.  46)  argued 
that  if  <<  turbulence  has  the  ef¬ 
fect  of  wrinkling  the  laminar  flame  in¬ 
creasing  its  area  and  hence  the  burn¬ 
ing  rate.  Locally  in  the  laminar  flame 
reaction  and  molecular  diffusion  are  in 
bcilance.  However  at  the  other  extreme 
where  >>  It  it  is  turbulent  trans¬ 
port  which  must  balance  the  rate  of  re¬ 
action.  In  further  development  of  these 
ideas  the  following  combustion  regimes 
may  be  displayed  diagrammaticaUy  with 
either  Da  and  47)  or  /u'j^  and 

48,  49)  as  independent  vari¬ 
ables.  The  second  of  these  options  is  cho¬ 
sen  in  Figure  5.  The  following  regimes 
may  be  identified  (Ref.  39): 


velocity  ratio 
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Figure  5 

Turbulent  burning  regimes 

-ffeT  <  1  .  Essentially  laminar  flow  be¬ 
haviour  is  to  be  expected. 

Ka  <  1,  RcT  >  1  •  This  is  the  regime  of 
laminar  flamelet  combustion  in  which 
the  laminar  flame  time  scale  t’l  is 
smaller  than  the  shortest  time  scale 
Ik  of  the  turbident  flow.  Burning 
is  expected  to  occur  in  thin  lami¬ 
nar  flames,  which  are  stretched  and 
curved  by  the  turbulent  flow,  but 
chemical  reaction  remains  fast  and 
turbulence  cannot  extinguish  the  lam¬ 
inar  flames. 

Ka  >  IjDa  >  l,ReT  > 'i-  ■  In  this  inter¬ 
mediate  regime  Ik  <t%  <  It  so  small 
scale  turbulent  motions  can  domi¬ 
nate  the  flame  structure  quenching 
laminar  flamelets  and  producing  dis¬ 
tributed  reaction  zones.  However,  be¬ 
cause  of  the  intermittency  of  intense 
small  scale  motion  in  high  Reynolds 
number  turbulent  flow,  local  regions 


of  laminar  flamelet  burning  may  also 
survive  as  discussed  later. 

Da  <  l^ReT  >  1  •  This  is  the  well 
stirred  reactor  regime  in  which  t^  is 
greater  than  the  largest  turbulence 
time  scale  so  chemistry  is  relatively 
slow. 

The  situation  is  less  clear  in  cases  where 
fuel  and  oxidiser  are  not  premixed.  Some 
authors(Ref.  49,  50)  argue  that,  since  the 
laminar  diffusion  flame  does  not  possess 
a  unique  thickness  or  propagation  speed, 
the  stoichiometric  premixed  laminar  flame 
provides  the  most  appropriate  chemical 
scales.  It  may  then  be  concluded  that  the 
four  regimes  identified  above  are  also  ap¬ 
plicable  to  all  types  of  nonpremixed  and 
partially  premixed  combustion.  An  al¬ 
ternative  perspective(Ref.  34)  identifies 
the  flamelet  regime  for  nonpremixed  com¬ 
bustion  in  terms  of  the  mixture  fraction 
Z  (x,£).  In  a  two-stream  combustion  pro¬ 
cess  with  all  species  diffusivities  assumed 
equal  Z  {x,t)  is  the  mass  fraction  of  all  ma¬ 
terial  at  {x,t)  which  originated  in  the  fuel 
stream.  Burning  regimes  are  described  in 
terms  of  the  laminar  flame  reaction  zone 
thickness  AZl  in  mixture  fraction  space: 
separated  laminar  flamelets  can  exist  if 

AZl  <  f  otherwise  connected  re¬ 

action  zones  will  occur.  A  second  require¬ 
ment  for  the  laminar  flamelets  is  that  a 
time  scale  ratio  tjc/tc  must  be  greater 
than  miity  where  tK  is  the  Kolmogorov 
time  and  ic  is  a  characteristic  chemical 
time  for  the  laminar  diffusion  flame.  This 
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is  defined  as  tc  =  l/a,  where  a,  is  the 
strain  rate  which  is  just  sufficiently  large 
to  extinguish  the  laminar  flame.  Note 
that  is  the  reciprocal  of  a  turbident 

Karlovitz  number  so  the  flamelet  criterion 
tKjtc  >  1  is  similar  to  the  requirement 

iira<l. 

The  question  of  the  vzdidity  of  these 
criteria  for  laminar  flamelet  combustion 
has  received  much  attention.  It  is  im¬ 
portant  to  recognise  that  the  eirguments 
summarized  above  axe  concerned  with  or¬ 
ders  of  magnitude  and  describe  asymp¬ 
totic  behaviour.  The  transition  between 
laminar  flamelets  and  well  stirred  reac¬ 
tor  combustion  may  be  sudden  or  gradual 
and  is  likely  to  be  influenced  by  other  fac¬ 
tors  in  addition  to  these  which  have  been 
identified.  Significant  uncertainties  are  as¬ 
sociated  with  the  choice  of  characteristic 
quantities  such  as  v  which  is  a  strong  func¬ 
tion  of  temperature. 

The  classical  criterion  Ka  <  1  for 
laminar  flamelet  combustion  requires  the 
chemical  time  to  be  smaller  than  the 
Kohnogorov  time  scale  tR  which  is  as¬ 
sociated  with  the  smallest  dissipative  ed¬ 
dies.  In  these  circumstances  bTiming  is 
supposed  to  occur  exclusively  in  laminar 
reaction  zones.  However,  numerical  cal¬ 
culations  by  Poinsot  et  al.(Ref.  51),  who 
studied  the  two-dimensional  interaction 
between  a  laminar  premixed  flame  and  a 
vortex  pair,  show  that  these  small  eddies 
decay  before  they  can  have  a  strong  in¬ 
fluence  on  the  flame.  Eddies  of  interme¬ 


diate  scale  are  found  to  be  much  more 
important.  Experiments  by  Roberts  and 
Driscoll(Ref.  52)  support  these  findings. 
Applying  their  results  to  a  turbulent  spec¬ 
trum  of  eddy  scales  Poinsot  et  al.(Ref.  51) 
conclude  that  the  laminar  flamelet  regime, 
defined  in  terms  of  the  absence  of  local 
flcune  quenching  rather  than  as  the  pres¬ 
ence  of  a  laminar  reaction  zone,  extends 
about  an  order  of  magnitude  beyond  the 
limit  Ka  =  1  as  shown  in  Figure  5  if  Ka 
is  calculated  in  terms  of  conditions  in  un- 
bumed  reactants. 

Despite  these  observations  the  Kol¬ 
mogorov  time  remains  an  important  char¬ 
acteristic  time  scale  in  turbulent  reac¬ 
tive  flows.  Results  from  combustion  DNS 
show(Ref.  53)  that  the  mean  tangential 
strain  on  the  flame  surface  due  to  turbu¬ 
lence  is  correlated  by  B JIk  where  B  = 
0.28  in  the  limit  where  <<  Ik  jtK  while 
R  =  0  if  >>  iKitK-  Also  the  ex¬ 
perimentally  observed  extinction  of  turbu¬ 
lent  flames  near  stagnation  points  can  be 
correlated  with  laminar  flame  extinction 
data,  for  both  premixed(Ref.  54)  and  non- 
premixed(Ref.  55)  flames,  by  modeUing 
the  turbulent  flame  stretch  as  the  sum  of 
the  bulk  strain  and  the  reciprocal  of  the 
Kolmogorov  time. 

In  the  case  of  premixed  combustion  re¬ 
sults  of  DNS  with  one-step  chemistry  (see 
review  by  Poinsot  et  al.(Ref.  32)  and  ref¬ 
erences  cited  there)  clearly  show  the  abil¬ 
ity  of  thin  reaction  zones  with  structures 
similar  to  that  of  a  laminar  flame  to  sur- 
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vive  when  Ka>  1.  However  the  instanta¬ 
neous  propagation  speeds  of  these  struc¬ 
tures  do  not  correlate  well  with  those  of 
steady  strained  Icuninar  flames.  Curvature 
effects  are  also  found  to  be  importeint.  On 
the  average  the  central  portions  of  local  re¬ 
action  zones  are  found  (Ref.  56)  to  be  in¬ 
distinguishable  from  unstretched  laminar 
flames  in  terms  of  magnitude  of  gradient, 
reaction  rate  and  relative  velocity  of  iso¬ 
surface.  At  the  edges  of  the  reaction  zones 
all  these  conditional  mean  properties  devi¬ 
ate  from  the  properties  of  an  unstretched 
laminar  flame  due,  presumable,  both  to 
the  combined  effects  of  flame  curvature 
and  strain  and  to  the  influence  of  small 
eddies  which  can  enter  the  relatively  thick 
preheat  zone  of  the  laminar  flame.  The  de¬ 
viations  from  laminar  flame  distributions 
do  not  appear  large  as  may  be  seen  from 
Figure  6.  However  these  out-of-flamelet 
regions  have  a  much  larger  probability  of 
occurrence  in  the  turbulent  flame  than  the 
thin  laminar  flame  structures,  so  they  can 
make  an  important  contribution  to  mean 
properties(Ref.  44).  This  contribution, 
which  involves  the  characteristic  scales  of 
the  turbident  flow  rather  than  those  of  the 
laminar  flame,  is  present  even  in  the  limit 
Da  >>  1.  We  conclude  that  the  transi¬ 
tion  from  laminar  flamelets  to  distributed 
reaction  zones  is  gradual  and  sensitive  to 
definitions. 


Computational  costs  currently  limit 
predictions  from  DNS  with  even  simpH- 
fied  multi-step  reaction  schemes  to  a  two¬ 


dimensional  computational  domain. 
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Figure  6 

Data  from  DNS  of  premixed 
turbulent  combustion  compared 
with  laminar  flame  profiles 
(Ref.  56). 

Such  calculations  do  however  aRow  differ¬ 
ential  diffusion  effects  to  be  studied(Ref. 

57) .  Because  of  their  large  diffusivities  H 
and  H2  are  strongly  influenced  by  flamelet 
curvature  whereas  CO  which  reacts  slowly 
is  more  sensitive  to  tangential  strain.  This 
complex  behaviour  is  not  easily  described 
in  terms  of  a  simple  laminar  flame  speed. 
Ccdculations  with  detailed  chemistry(Ref. 

58)  also  show  an  enhcinced  sensitivity  of 
the  reaction  surface  to  strain.  Direct  ex¬ 
perimental  determination  of  any  deviation 
from  laminar  flamelet  behaviour  is  difficult 
because  of  the  three-dimensionality  of  the 
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thin  wrinkled  surface  which  must  be  stud¬ 
ied.  However  measurements  (Refs.  59,  60) 
do  confirm  the  existence  of  such  a  surface 
at  large  Karlovitz  numbers  while  indicat¬ 
ing  local  variations  in  its  thickness. 

We  now  turn  to  nonpremixed  turbu¬ 
lent  combustion.  At  high  enough  val¬ 
ues  of  instantaneous  point  measure¬ 
ments  of  say  temperature  eind  mixture 
fraction  lie  close  to  a  single  theoretical 
curve  for  a  wecJdy  strained  Iciminax  dif¬ 
fusion  fiame.(Ref.  58)  At  smaller  values  of 
Da  experiments  provide  scatter  plots(Ref. 
58)  in  which  the  data  is  more  widely  dis¬ 
persed.  If  local  extinction  and  reignition 
occur  these  scatter  plots  are  sufficiently 
widely  distributed  to  include  points  which 
correspond  to  nonreactive  mixing  between 
fuel  and  air  and  others  which  represent 
combustion  going  to  completion(Ref.  61). 
Three  dimensional  DNS  by  Mahalingam 
et  al.(Ref.  62)  employ  both  a  single- 
step  global  reaction  model  and  a  two-step 
model  to  provide  data  which  is  compared 
with  predictions  for  a  steady  laminar  dif¬ 
fusion  flame.  At  Damkohler  numbers  of 
order  rniity  the  DNS  data  is  widely  dis¬ 
persed  and  does  not  correspond  well  to 
the  laminar  flame  prediction.  Burning  is 
observed  to  occur  in  the  turbulent  flow 
under  conditions  which  completely  extin¬ 
guish  the  steady  laminar  flame.  Time- 
dependent  strain  rates  in  the  turbulent 
flow  may  provide  an  explanation(Refs.  62 
,  63).  More  recent  two-dimensional  DNS 
by  Chen  et  al.(Ref.  64)  also  identify  a 
strong  influence  of  iso- surface  curvature  in 


nonpremixed  combustion.  K  partial  pre¬ 
mixing  is  allowed  DNS(Ref.  65)  predicts 
that  triple  flames(Ref.  66)  can  play  a  sig¬ 
nificant  role  during  autoignition. 

We  must  conclude  from  both  DNS  and 
experimental  evidence  that  conditions  of 
interest  exist  in  nonpremixed  and  peirtially 
premixed  combustion  where  a  steady  lami¬ 
nar  flamelet  assumption  is  not  valid.  How¬ 
ever  this  data  does  yet  not  appear  to  al¬ 
low  a  clear  judgement  to  be  made  as  to 
whether  laminar  flamelet  burning  will  oc¬ 
cur  in  circumstances  corresponding  to  the 
flamelet  regimes  defined  by  Borghi(Ref. 
49)  or  by  Bray  and  Peters(Ref.  34). 

4.3  Theoretical  Models 


The  set  of  equations,  to  be  foimd  in 
Libby  and  Wflliams  (Ref.  37),  comprises 
the  equations  of  continuity,  motion,  en¬ 
ergy  and  species  balance,  supplemented  by 
equations  of  state,  chemical  kinetic  data 
and  molecular  transport  models.  These 
low  Mach  number  flow  equations  are  to 
be  averaged  either  in  the  form  of  a  time 
average,  Equation  (3.1),  or  as  an  ensem¬ 
ble  average.  In  combustion  flows,  where 
large  changes  in  density  occur  as  a  result  of 
heat  release,  it  is  usual  to  employ  a  mass- 
weighted  or  Favre  average.  For  any  vari¬ 
able  (j){x,t)  we  have  a  Favre  mean 


= h  ir‘ 


(4.17) 


and  Favre  fluctuation 
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(4.18) 

This  notation  greatly  simplifies  the  aver¬ 
aged  equations  by  suppressing  many  den¬ 
sity  fluctuation  terms  which  occur  in  the 
mean  equations  if  they  are  averaged  with¬ 
out  mass  weighting.  For  example 

prw  =  P^kh  +  pv'iv'l 

=  pVkVt  +  pviv[  -f  Vkp'v[ 

-\-Vip%  (4  19) 

It  is  often  assumed  that,  because  the 
mass  weighted  average  converts  the  flow 
equations  into  a  form  similar  to  that  of 
constant  density  flow,  it  somehow  captures 
all  the  additional  physics  associated  with 
large  changes  in  density.  Thus  constant 
density  models  of  turbulent  transport  are 
widely  used  with  little  or  no  modification 
to  allow  for  effects  of  combustion.  This 
assumption  is  naive  and  can  sometimes  be 
grossly  in  error  (Ref.  39).  The  starting 
point  for  development  of  mean  flow  mod¬ 
els  must  be  the  hierarchy  of  nonreactive 
flow  models  (Ref.  39): 


Reactive  turbulent  flow  models  in  all  these 
categories  may  be  found  in  the  literature. 
However  it  is  necesscuy  to  review  and  re¬ 
vise  the  nonreactive  flow  closures  in  each 
of  these  models  to  take  into  account  the 
possibility  of  interactions  between  com¬ 
bustion  and  flow.  Figure  7. 
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\  eddy  scales  j 
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r  ^ 
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to  volume  expansion, 
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changes  which  modify  j 
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Iso  surface  stretch, 
enhancing  small-scai^ 
mixing  and  molecular 
diffusion,  allowing 
chemical  reactions 
.to  occur 


Figure  7 

Interaction  between  turbulent  flow 
and  combustion  (Ref.  39). 


Some  relevant  phenomena  may  be  iden¬ 
tified  (Ref.  39)  as  follows: 


•  large  eddy  simulation  (LES), 

•  probability  density  function  {pdf  ) 
models, 

•  second  moment  or  Reynolds  stress 
models. 


•  Instabihties  of  the  laminar  flame  can 
modify  the  flow  field  and  introduce 
additional  length  and  time  scales 
which  are  unrelated  to  turbulence 
scales  ahead  of  the  flame  (Ref.  67). 

•  Both  Icirge  and  small  scale  features  of 
the  flow  are  modified  as  a  result  of 


•  k  —  €  models. 


3-21 


dilatation  due  to  heat  release.  Di¬ 
latation  dissipation  (Refs.  68-70)  is 
a  contribution  to  the  viscous  dissi¬ 
pation  of  turbulence  energy  which  is 
proportional  to  the  mean  square  di¬ 
latation.  It  can  be  important  in  re¬ 
active  flows  (Refs.  69,70)  as  in  high 
speed  flows  (Ref.  68). 

•  The  combination  of  a  pressure  field 
and  a  spatially  varying  density  field 
leads  to  vorticity  generation  due  to 
baroclinic  torque  (Ref.  38)  and  also 
to  related  phenomena  of  pressure  gra¬ 
dient  transport  (Ref.  71)  and  turbu¬ 
lence  generation  (Ref.  71).  According 
to  one  study  (Ref.  72)  self-generated 
pressure  gradient  transport  leads  to 
coimtergradient  turbulent  diffusion  of 
combustion  products  if 


The  accurate  prediction  of  mean  re¬ 
action  rates  represents  the  central  prob¬ 
lem  and  challenge  of  turbulent  combus¬ 
tion  modelling.  The  instantaneous  reac¬ 
tion  rate  is  influenced  by  local  molecular 
diffusion  fluxes  linked  to  small  scale  mix¬ 
ing.  Indeed  in  the  eddy  break-up  limit 
when  chemistry  is  fast  it  is  these  fluxes 
which  control  the  net  rate  of  reaction. 
Consequently  mean  reaction  rate  predic¬ 
tions  can  be  strongly  influenced  by  under¬ 
lying  assumptions  concerning  small-scale 
flame  structure.  Two  different  starting 
points  may  be  identiffed  in  theoretical  ap¬ 
proaches  to  these  problems.  The  first  is  a 
probabilistic  approach,  typically  involving 
the  use  of  stochastic  models  to  describe 
small-scale  mixing.  Simple  models  of  mix¬ 
ing  as  a  random  process  become  suspect 
at  Icirge  Damkohler  numbers  where  lami¬ 


nar  flamelet  burning  imphes  the  existence 
of  deterministic  mixing  rate  expressions. 
(4.20)  alternative  starting  point,  restricted 


where  (1  +  r)  is  the  ratio  of  adiabatic 
flame  temperature  to  ambient  tem¬ 
perature  and  a  is  a  function  of 
See  Figure  5. 

•  Pressure  fluctuation  terms  are  known 


to  situations  where  Da  >>  1  so  that  reac¬ 
tion  is  restricted  to  sheets  of  vanishingly 
small  thickness,  is  introduced  later.  Much 
effort  is  directed  to  the  problem  of  bridg¬ 
ing  the  gap  between  these  two  approaches 
whose  origins  he  at  opposite  ends  of  the 


(Ref.  73)  to  play  a  key  role  in  Damkohler  number  range, 
flow  turbulence  models  with  closure 


at  Reynolds  stress  or  equivalent  pdf 
level.  Turbulent  combustion  provides 
a  strong  monopole  acoustic  source  so 
the  use  of  nonreactive  flow  models 
to  predict  pressure  fluctuation  terms 
in  combustion  flows  must  be  viewed 
with  suspicion  (Ref.  38). 


The  starting  point  for  pdf  models  is  the 
exact  but  unclosed  transport  equation  for 
the  joint  pdf  of  the  relevant  set  of  scalar 
variables  (Refs.  74-76).  As  explained  ear- 
her,  low  Mach  number  assumptions  are 
used  to  reduce  as  far  as  possible  the  num¬ 
ber  of  independent  thermochemical  vari- 
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ables.  It  is  possible  to  add  the  velocity  to 
this  list  of  variables  (Ref.  74)  but  we  il¬ 
lustrate  the  pdf  approach  by  considering 
only  scalar  variables  (z,  t)  (i  =  1, 2  •  •  •) 
for  which  the  equation  is 

dP  .  dP 

= 

\p  <  «£  I  =  V>P 

-  ^  \  •  f  \f^  1 


<  Cij  1  0(®,t)  =(p>  P 


(4.21) 


where  (p  =  (i  =  1, 2  •  •  •)  is  a  set  of 
independent  variables  corresponding  to 
the  physical  variables  (j)i  (r,  t)  [i  =  1, 2  •  •  •) 
and  P  =  P{(p;x,t)  is  the  Favre  joint 
pdf.  This  is  related  to  the  conventional 
jomt  pdf  P{(p\x,t)  hy  P  =  Pp{(p)lp 
where  p{ip)  is  the  density  evaluated  at 
the  state  =  1,2  "  •).  The  notation 

<  eij  I  <f){x,t)  =  (p  >  represents  the  con¬ 
ditional  mean  of  eij  {x,  t)  subject  to  the 
constraint  (f){x,t)  —  p  where 

£..  =  2V^  ^ 

dxk  dxk  (4.22) 


is  an  instantaneous  scalar  dissipation,  the 
inverse  of  a  diffusion  time,  evaluated  with 
the  assumption  of  equal  mass  diffusivities 
for  all  species.  Equation  (4.21)  is  valid  at 
high  Reynolds  numbers  and  the  summa¬ 
tion  convention  apphes  not  only  to  spa¬ 
tial  coordinates  Xk{k  =  1,2, 3)  but  also  in 
composition  space  pi  [i  =  1,2  •  •  •).  From 


left  to  right  terms  in  Equation  (4.21)  rep¬ 
resent,  respectively,  accumulation  of  prob¬ 
ability,  its  advection  in  physical  space  by 
the  mean  velocity,  Uk,  its  turbulent  trans¬ 
port  in  physical  space,  transport  of  proba¬ 
bility  in  composition  space  by  chemical  re¬ 
action  rate  Wi  and  its  transport  in  compo¬ 
sition  space  by  molecular  diffusion.  Equa¬ 
tions  of  state  and  other  information  must 
be  used  to  reduce  as  far  as  possible  the 
number  of  independent  scalar  variables  pi 
which  might  for  example  represent  tem¬ 
perature  and  several  species  mass  frac¬ 
tions.  The  pdf  equation  must  be  closed 
and  then  solved  in  conjunction  with  a  tur¬ 
bulent  flow  model  which  provides  aU  nec¬ 
essary  information  about  the  mean  veloc¬ 
ity  and  turbulence.  Mean  values  of  the 
scalar  variables  are  found  by  integration 
of  the  pdf  in  the  scalar  space. 

An  important  advantage  is  that  the  re¬ 
action  rate  term  in  Equation  (4.21)  is  au¬ 
tomatically  closed  because  the  rate  Ui  is 
expressed  in  terms  of  the  chosen  set  of 
scalars.  Two  types  of  model  are  however 
required  in  order  to  close  the  equation. 
These  are  deterministic  and/or  stochastic 
models  which  are  selected  with  the  aim  of 
causing  the  pdf  to  evolve  in  a  desired  man¬ 
ner.  The  first  is  a  model  of  the  transport 
of  probabihty  in  physical  space  due  to  tur¬ 
bulent  motion.  A  gradient  transport  ap¬ 
proximation  is  sometimes  introduced  (Ref. 
76)  such  as 


3-23 


<ui\^  =  ^>P  = 

€ 

(4.23) 


gain  must  be  pcdd  for  in  terms  of  greater 
computational  complexity  and  the  need  to 
model  unknown  and  combustion- sensitive 
pressure  fluctuation  terms. 


where  Cc  is  a  model  constant.  On  the 
other  hand  the  premixed  combustion  DNS 
(Refs.  56,  72,  77)  show  that  if  Da  >>  1 
the  conditional  mean  velocity  on  the  iso¬ 
surface  c  (s,  f )  =  c*  varies  hneaxly  with  c* 
(see  Figure  6)  so  that 


<  Uk  I  c{x,t)  =  c*  > 


=  Urk  (z)  +  C*  [Upk  {x)  -  Urk  (a?)] 


(4.24) 


It  can  be  shown  (Ref.  39)  that 
<u'^\c  =  c*>={c*-c)- 


c(l-c) 


=  (c*  -  c) 


o  _  ,  brim 

TUj^  —  2au  —  ^ 


dp 


PtVt  dxk 


(4.26) 


where  c  (z,  t)  is  the  progress  variable  corre¬ 
sponding  to  (f)  (z,  t)  in  Equation  (4.21)  and 
c*  is  the  isosurface  value  corresponding  to 
ip.  The  first  version  of  Equation  (4.25) 
corresponds  precisely  to  the  “linear  mean- 
square  estimate”  model  of  Dopazo[115].  In 
general  Equations  (4.23)  and  (4.25)  pre¬ 
dict  qualitatively  different  behaviour  in¬ 
dicating  that  the  gradient  transport  ex¬ 
pression,  Equation  (4.23),  is  inappropriate 
when  Da  >>  1.  The  necessity  to  model 
this  turbulent  transport  term  is  avoided  if 
P  is  defined  as  the  joint  pdf  of  velocity  and 
scalar  variables  (Ref.  78).  However  this 


The  second  t)rpe  of  model  provides  an 
approximation  to  the  conditional  dissipa¬ 
tion  term  in  Equation  (4.21).  This  im¬ 
portant  term  describes  transport  of  prob¬ 
ability  in  the  space  of  the  sccdar  Veiriables 
through  molecular  diffusion  influenced  by 
small- scale  turbulent  mixing.  Experimen¬ 
tal  measurements  have  been  reported  of 
the  conditional  dissipation  or  of  closely 
related  quantities  (Refs.  79,  80).  Rele¬ 
vant  DNS  data  is  also  available  (Refs.  56, 
81)  together  with  reviews  of  models  (Refs. 
74-76)  It  is  often  represented  by  stochas¬ 
tic  models  which  cause  the  pdf  to  evolve 
towards  a  Gaussian  shape  and  which  do 
not  allow  for  deterministic  correlations  be¬ 
tween  scalars  and  their  gradients.  Differ¬ 
ential  diffusion  effects  axe  not  represented. 
Equation  (4.21),  supplemented  by  these 
turbulent  transport  and  small-scale  mix¬ 
ing  models,  is  generally  solved  by  means 
of  a  Monte  Carlo  simulation  (Ref.  74). 
At  this  level  of  description  the  mean  tur¬ 
bulent  flow  equations  must  be  solved  sep¬ 
arately  by  conventional  means.  The  two 
calculations  are  coupled  through  the  mean 
density  which  is  given  by 


=  C- 

Jo  p(v) 


(4.26) 


In  the  limit  Da  >>  1  chemical  reaction 
is  fast  in  comparison  with  convection  in 


3-24 


physical  space  so  the  reaction  rate  term 
in  Equation  (4.21)  must  essentially  be 
balanced  by  the  small-scale  mixing  term. 
This  is  the  pdf  version  of  the  eddy  break¬ 
up  limit  where  “mixed-is-bumed”.  How¬ 
ever  as  we  have  noted  laminar  flame  struc¬ 
tures  are  often  to  be  expected  in  these  cir¬ 
cumstances.  In  a  laminar  flame  scalar  gra¬ 
dients  are  deterministically  related  to  each 
other  and  to  scalar  variables  so  existing 
models  of  the  small-scale  mixing  term  are 
not  applicable.  This  question  -  how  to  take 
into  account  the  influence  of  fast  chemical 
reactions  on  the  small  scale  mixing  term 
-  raises  a  fundamental  issue  which  must 
be  solved  if  pdf  methods  are  to  be  uni¬ 
versally  apphcable.  One  relatively  simple 
approach  (Ref.  78)  is  to  represent  it  as  the 
sum  of  two  independent  terms.  The  first 
of  these  is  derived  from  the  known  scalar 
gradient  in  a  premixed  lamin^u'  flame  and 
so  requires  no  modelling.  The  second  term 
is  a  stochastic  model  representing  nonre¬ 
active  small-sccde  mixing  due  to  turbu¬ 
lence.  With  Da  »  1  it  is  small  in  com¬ 
parison  with  the  first  term  except  near 
c*  =  0,1  where  the  laminar  flame  scalar 
gradient  approaches  zero,  see  Figure  6,  so 
that  turbulent  mixing  controls  the  rate  of 
entry  to  the  fast  flamelet  combustion  pro¬ 
cess  (Ref.  82).  Data  from  DNS  (Ref. 
56)  tends  to  confirm  this  picture  with  the 
conditional  mean  gradient  agreeing  well 
with  the  fiamelet  value  everywhere  ex¬ 
cept  near  the  edges  of  the  fiamelet  where 
turbulent  mixing  predominates.  A  more 
rigourous  way  to  deal  with  this  problem 
in  the  framework  of  a  pdf  model  is  to  con¬ 


sider  the  joint  pdf  of  a  scalar  c  and  its 
gradient  lVc|.  However  a  price  must  be 
paid  in  terms  of  new  closure  assumptions 
and  in  the  solution  of  an  equation  with  a 
larger  number  of  independent  variables. 

MEASUREMENTS  CALCULATIONS 
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Figure  8 

Jet  diflfusion  flame  experiments 
(Ref.  84)  and  pdf  calculations 
(Ref.  83). 

The  scatter  plots  reproduced  in  Figure 
8  illustrate  what  can  be  achieved  by  the 
transported  pdf  method.  The  calculations 
which  are  shown  on  the  right  are  by  Taing 
et  al.  (Ref.  83).  They  compute  the  joint 
pdf  for  velocity  and  four  scalar  variables 
using  a  reduced  kinetic  mechanism  whose 
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rates  are  stored  in  a  look-up  table.  The 
predictions  are  compared  with  measure¬ 
ments  by  Masri  et  al.  (Ref.  84)  in  a 
pilot-stabilised  H2ICO2I  air  jet  diffusion 
flame.  Agreement  is  seen  to  be  reason¬ 
ably  good.  Deviations  in  flames  close  to 
extinction  are  attributed  to  finite  rate  ki¬ 
netic  effects  and  the  blow-off  limit  is  im- 
derpredicted  by  about  20  %. 

Presumed  pdf  methods  (Refs.  44,  45, 
48,  85)  provide  a  more  simple  and  em¬ 
pirical  way  to  estimate  the  shape  of  the 
scalar  pdf.  Equation  (4.21)  is  replaced  by 
a  pdf  of  assumed  form,  typically  a  beta 
function,  clipped  Gaussian  or  other  sim¬ 
ple  shape  which  can  be  specified  in  terms 
of  its  first  two  moments. 

We  teike  nonpremixed  turbulent  com¬ 
bustion  as  an  example.  At  low  Mach  num¬ 
bers  the  pressure  is  thermochemically  con¬ 
stant  as  explained  earlier.  Assuming  a  sin¬ 
gle  diffusion  coefficient  and  a  Lewis  num¬ 
ber  of  unity  we  define  a  mixture  fraction 
Z  such  that 

Z  —  ^  ~  _  Cf  -  Cf2 

hi  —  /i2  Cfi  -  Cf2  (4.27) 

where  subscripts  1  and  2  refer  to  fuel  and 
oxidiser  streams  respectively  and  (p  is  the 
mass  fraction  of  an  element  in  the  fuel. 
Hence  0  <  Z  <  1  with  Z  =  0  in  the 
oxidiser  stream  and  Z  —  \  in  fuel.  It 
is  further  assumed  that  the  combustion 
chemistry  is  infinitely  fast  so  Da  —>  00 
and  the  reaction  zone  shrinks  to  a  flame 
sheet.  Outside  this  sheet  the  mixture  is 


inert.  Equation  (2.6)  for  Yi  (r,t)  is  similar 
in  form  to  Equation  (2.10)  for  Z  (x,  t)  and 
so  Yi  varies  linearly  with  Z.  The  relation¬ 
ship  is  illustrated  in  Figure  9  where 


'F.o 


'  F.O 


Figure  9 

Flame  sheet  approximation 
(Ref.  31). 

it  may  be  seen  that  discontinuities  of 
shape  occur  at  the  stoichiometric  mixture 
fraction  where  Z  =  Zg.  Fuel  and  oxidiser 
concentrations  are  zero  at  this  point. 


This  simple  thermochemical  model  is 
averaged  using  a  beta  function  for  the  pre- 
smned  Favre  pdf  P  [Z*  ;  r)  which  is  re¬ 
lated  to  P  {Z*  ;x)  by 


P 


p 


(4.28) 


For  the  beta  function  we  have 


Pg(Z--,x) 


Z'"'  (1  - 


S'  Z'-'  (1  -  Z)'"’  dZ 

'  (4.29) 


where  the  exponents  r  and  s  are  related  to 
the  first  and  second  Favre  moments  of  Z 

by 
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J  (4.30) 

1-Z 
Z  ''  (4.31) 

and  Z"^  =  pZ"^  jp.  It  follows  from  Equa¬ 
tions  (4.29),  (4.30)  and  (4.31)  that 


Yi  [x)  =  f  Yi,,,  {Z*)  Pp  {Z*-x)  dZ* 

Jo 

(4.35) 

The  subscript  eg  attached  to  (Z*)  in¬ 
dicates  that  these  are  the  linear  functions 
which  cire  appropriate  for  our  equilibrium 
thermochemical  model  with  >  oo. 


(4.32) 

so  the  pdf  Ccin  be  evaluated  in  terms  of  its 
first  two  moments. 


Because  Z  is  related  to  elemental  mass 
fractions  Equation  (2.10)  has  no  trouble¬ 
some  chemical  source  terms  to  be  aver¬ 
aged.  Its  first  and  second  moments  satisfy 


d 

dxk 


pVkZ  = 


d 

dxh 


d 

dxk 


pvkZ"^  =  2pvlZ" 


dZ 

dxk 


d 

dxk 


pv'j^Z"^  -  plzz 


(4.34) 


At  this  level  of  description  the  flow  and 
the  thermochemistry  influence  each  other 
only  through  the  mean  density  ^(z). 


In  order  to  solve  Equations  (4.33)  and 
(4.34)  we  must  determine  p  (z)  from  Equa¬ 
tion  (4.26).  Other  mean  properties  are 
also  obtainable  from  the  pd/,  for  example 


If  Da  is  letrge  but  finite  the  flame  sheet 
a.t  Z  =  Zg  is  replaced  by  a  reaction  zone 
of  small  but  finite  thickness  centred  on 
Z  =  Zg.  As  explained  in  §4.2  this  has 
the  structure  of  a  strained  laminar  diffu¬ 
sion  flame.  Neglecting  imsteady  effects  a 
laminar  diffusion  flame  satisfies  the  equa¬ 
tion  (Ref.  34) 


Wi 


\pezz 


d^Yi,L 

dZ^ 


(4.36) 


where  ezz  =  2'D{dZ/dxt)^  is  the  scalar 
dissipation.  Choosing  a  typical  value 
of  this  in  a  given  turbulent  flow  Equa¬ 
tion  (4.37)  may  be  solved  to  give  Yi  = 
Yi,L{Z*).  The  presumed  pdf  model,  as 
described  above,  may  then  be  employed 
(Refs.  33,  34,  43,  48,  86)  with  these  lami¬ 
nar  flame  properties  replacing  p^q  (Z*)  and 
Y{^eq(Z*).  The  mean  reaction  rate,  ob¬ 
tained  from  Equation  (4.26),  may  be  ap¬ 
proximated  as 


,  1  . 


^0(Z.) 

(4.37) 
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where  subscript  s  denotes  stoichiometric 
conditions.  The  mean  rate  is  predicted  to 
be  proportional  to  the  scalar  dissipation 
and  to  the  probability  of  a  stoichiometric 
mixture. 

Similar  mean  reaction  rate  models  are 
available  for  premixed  turbulent  combus¬ 
tion.  Here  it  is  convenient  to  define  a  reac¬ 
tion  progress  variable  c  (z,  t)  as  the  mass 
fraction  of  a  major  combustion  product 
species  divided  by  the  value  of  this  mass 
fraction  in  fully  burned  products.  Then 
0  <  c  <  1  with  c  =  0  in  reactants  and 
c  =  1  in  fully  burned  products.  See  Ref. 
78  for  a  transported  pdf  model  and  Refs. 
44,  45,  85  for  presumed  pdf  models.  The 
transport  equation  for  the  Favre  mean  of 
c  (x,  t)  in  high  Reynolds  number  flow  is 


sufficiently  fast  reaction  zones  become  thin 
sheet-like  regions  which  separate  pockets 
of  reactant  from  pockets  of  product.  Then 
the  reaction  zone  probability  is  7  (z,  t)  = 
0{1/ Da)  «  1-  The  pdf  jP(c*;z,f)  is 
strongly  bimodal  with  spikes  at  c*  =  0  and 
c*  =  1  representing  reactants  and  prod¬ 
ucts,  respectively.  Mean  properties  de¬ 
rived  from  this  pdf  are  a  weighted  average 
of  react cint  and  product  properties  plus  a 
small,  0  (7),  contribution  from  the  reac¬ 
tion  zone. 

At  these  high  Damkohler  numbers  the 
reaction  zone  approaches  a  thin  wrinkled 
sheet.  The  area  per  unit  volume  or  surface 
density  of  this  flame  sheet  is  denoted  by 
S(z).  It  is  related  (Ref.  87)  to  P{c*]x) 
by 


dxk 


pvkc  =  - 


d 

dxk 


pv'lc"  Wc 


(4.38) 


If  Da  >>  1,  reaction  zones  are  thin, 
and  the  pdf  of  this  progress  variable  may 
be  partitioned  into  contributions  from  tm- 
burned  mixture,  fully  burned  product  and 
mixture  undergoing  reaction,  so  that 


S(z)  = 

<|Vcl|c(z,t)  =  c*>P(c*;z) 

(4.40) 

and  the  mean  chemical  source  term  in 
Equation  (4.38)  is  related  to  S  (z)  by 


Wc  —  PqUIjIo^ 


(4.41) 


P{c*]x,t)  =  a(z,  t)^  (c*) 

(x,t)S(l  -  c’)+j(x,t)pF(c'-,x,t) 

(4.39) 

where  a  (x,t),  (z,t),  and  7  (z,  t),  are,  re¬ 

spectively,  the  probabilities  of  observing 
unburned  mixture,  fuUy  burned  products 
and  partiaRy  reacted  mixture  at  (z,t), 
while  pF{c*x,t),  is  the  pdf  of  this  par¬ 
tially  reacted  mixture.  If  the  chemistry  is 


The  factor  prU^Io  is  the  rate  of  creation  of 
reaction  products  per  unit  flame  area:  pr 
is  the  reactant  density,  is  the  burning 
velocity  of  an  imstretched  laminar  flame 
and  Jo  =  is  a  factor  to  allow  for 

the  influence  of  flame  stretch.  Both  trans¬ 
port  equation  models  (Refs.  88,  89)  and 
algebraic  models  (Ref.  90)  have  been  pro¬ 
posed  for  the  prediction  of  S  (z).  For  ex¬ 
ample  Bray  (Ref.  91)  suggests  the  eddy 
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brecik-up  expression 

s  =  _L 

(1  +  rcf  tiL*(4.42) 

Descriptions  of  other  models  may  be 
found  in  Refs.  34,  37,  39  and  44. 

4.4  Comments  on  Experimental 
Validation 

Turbulent  reactive  flows  involve  com¬ 
plex  processes.  The  theoretical  models  de¬ 
scribe  above  necessarily  incorporate  many 
restrictive  assumptions  about  turbulent 
flow,  combustion  chemistry  and  the  inter¬ 
actions  between  them.  In  these  circum- 
stctnces  it  is  essential  that  model  predic¬ 
tions  must  be  tested  by  comparison  with 
experimental  data.  For  such  comparisons 
in  low  Mach  number  combustion  see  for 
example  Ref.  37. 

The  conclusions  to  be  drawn  from  a 
compeirison  between  model  predictions 
and  experiment  depend  on  the  purpose 
of  the  predictions.  If  only  global  proper¬ 
ties  such  as  flame  length  are  of  interest  a 
simple  experiment  allows  straightforward 
conclusions  to  be  drawn.  In  contrast  to 
industrially  orientated  experiments  which, 
for  example,  allow  predictions  of  the  per¬ 
formance  and  pollutant  emissions  of  en¬ 
gines  and  furnaces  to  be  tested,  fundamen¬ 
tal  model  development  needs  experiments 
in  simple  flow  configurations.  A  generic 
flow  geometry  such  as,  for  example,  the 
jet  flame  (Refs.  59,  92),  expanding  spher¬ 
ical  flame  (Refs.  93,  94)  or  stagnation 


point  flame  (Refs.  95-98)  combines  this 
simplicity  with  the  ability  to  control  par¬ 
ticular  features  of  the  flow,  ncunely:  tur¬ 
bulent  shear,  turbulence  intensity  and  res¬ 
idence  time,  respectively,  in  these  three 
examples.  An  ideal  experimental  config¬ 
uration  can  be  addressed,  with  different 
simplifying  assumptions,  by  theory,  by  av¬ 
eraged  flow  models,  by  LES  and  by  DNS. 
It  allows  imobstructed  access  for  optical 
measurements  and  eiU  initial  and  boimd- 
ary  conditions  are  accurately  determined. 
Important  parameters  such  as  Reynolds 
numbers  and  time  scale  ratios  should  be 
varied  over  a  wide  range.  This  idecd  spec¬ 
ification  is  of  course  difficult  to  meet  in 
every  respect. 

What  should  be  measured  in  an  ideal 
experiment?  The  most  important  re¬ 
quirement  is  that  the  data  should  be  suf¬ 
ficiently  complete  to  define  experimen¬ 
tal  conditions  so  that  quantitative  inter¬ 
pretation  and  numerical  simulation  can 
be  performed  without  ambiguity.  Tur¬ 
bulent  combustion  models  are  concerned 
with  correlations  so  simultaneous  mea¬ 
surements  are  particidarly  valuable,  e.g.; 
several  scalars  at  the  same  point  in  space 
and  time  (Ref.  84),  joint  velocity-scalar 
measurements  (Refs.  99,  100),  field  mea¬ 
surements  of  one  or  more  variables  (Refs. 
52,  101,  102).  Such  measurements  are 
possible  only  because  of  developments  in 
the  use  of  lasers  (Ref.  103).  Data  will 
be  useful  only  if  valid  average  values  can 
be  formed  from  it.  The  present  review 
emphasizes  the  importance  of  small-scale 
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turbulent  flame  structure.  Measurements 
of  small  scale  flame  structure  (Ref.  79), 
instantaneous  reaction  zone  thicknesses 
(Refs.  59,  60,  104)  and  flame  surface  den¬ 
sity  (Refs.  104,  105-107)  are  urgently  re¬ 
quired  but  pose  problems  in  terms  of  re¬ 
quirements  for  space-time  resolution  and 
the  three-dimensional  nature  of  the  phe¬ 
nomena. 

Sections  5  eind  6  review  experimental 
data  in  high  speed  turbulent  combustion 
where,  as  we  shaR  see,  such  detailed  infor¬ 
mation  is  very  scarce. 

5.  EXPERIMENTS  ON 
SUPERSONIC  JET  FLAMES 

These  experiments  can  be  separated 
into  two  categories.  The  first  is  concerned 
with  jet  flames  in  ducted  supersonic  flows 
which  aim  to  simulate  combustion  in  a 
particular  high  enthalpy  propulsion  sys¬ 
tem  such  as  the  scramjet.  Global  prop¬ 
erties  including  wall  static  pressure  dis¬ 
tribution  and  scramjet  nozzle  thrust  axe 
measured;  see,  for  example,  a  review  by 
Bilhg  (Ref.  108).  In  the  second  category 
may  be  foimd  more  generic  experiments 
on  high  speed  jet  flames  whose  primary 
aim  is  to  study  the  controlling  physical 
and  chemical  processes,  but  which  do  not 
simulate  the  high  enthalpies  of  hypersonic 
flight.  A  good  example  is  provided  by  the 
experiments  of  Cheng  et  al.  (Ref.  109) 
who  used  laser  techniques  to  explore  mix¬ 
ing  and  chemiccd  reaction  in  a  supersonic 
hydrogen  jet  flame.  We  shall  review  this 


experiment  in  detail  at  the  end  of  this  Sec¬ 
tion. 


air 

fuel 

Mach  number 

4.85 

1  -  2 

static  pressure,  atm. 

2.7 

2.7 

static  temperature,  K 

1250 

916-611 

stagnation 

pressure,  atm 

1200 

5.1  -  23.1 

stagnation 

temperature,  K 

7140 

1100  K 

Table  5.1  Estimated  air  and  fuel  com¬ 
bustor  entry  flow  conditions  for  a  Mach 
12  scramjet  at  an  altitude  of  30.5  km. 

A  fundamental  problem,  which  is  partic¬ 
ularly  serious  for  experiments  attempting 
to  represent  specific  propulsion  systems, 
but  is  also  relevant  to  more  generic  experi¬ 
ments,  is  that  hypersonic  flight  conditions 
are  very  difficult  to  simulate  in  the  labora¬ 
tory.  Taking  as  ein  example  the  represen¬ 
tative  scramjet  flow  (Ferri,  Ref.  1)  quoted 
in  §1,  with  a  flight  Mach  number  of  12 
at  an  altitude  of  30.5  km,  combustor  air 
and  hydrogen  entry  stagnation  pressures 
and  temperatures  may  be  estimated  from 
ideal  gas  equations,  as  shown  in  Table  5.1. 
It  is  clear  that  the  air  supply  stagnation 
conditions  are  very  difficult  to  achieve. 

Short  duration  shock  tunnel  or  expan¬ 
sion  tube  facilities  are  required  to  generate 
the  necessary  high  enthalpy  flow.  Free  pis¬ 
ton  driven,  reflected  shock  tunnels  exist  in 
the  U.S.A.  at  the  Graduate  Aeronautical 
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Laboratories,  California  Institute  of  Tech¬ 
nology  (GALCIT,  Ref.  110)  and  at  the 
Arnold  Engineering  Development  Center 
(AEDC,  Ref.  111). 


Figure  10 

Free  piston  shock  tunnel 

In  these  facilities  (Figure  10)  compressed 
air  drives  a  free  piston  which  compresses 
and  heats  the  hehum  driver  gas  of  the 
shock  tunnel,  breaking  the  main  di¬ 
aphragm.  A  normal  shock  wave  then  com¬ 
presses  the  air  which  forms  the  test  gas 
in  the  driven  tube.  On  reflection  from 
the  closed  end  of  the  driven  tube  the 
shock  wave  brings  the  test  gas  to  rest 
and  further  heats  it  while  causing  a  sec¬ 
ondary  diaphragm  to  burst.  The  test  gas 
then  expands  and  accelerates  through  a 
convergent -divergent  nozzle  into  the  test 
section.  Test  times  of  1-2  ms  are  obtained. 
The  T5  Tunnel  at  GALCIT  reaches  a  stag¬ 
nation  temperature  of  nearly  9000  K  and 
a  stagnation  pressure  of  700  atm.  (Ref. 
110).  Under  such  conditions  the  air  up¬ 
stream  of  the  expansion  nozzle  is  partly 
dissociated  and  the  expansion  process  is 
too  rapid  to  allow  atomic  recombination  to 
reach  equilibrium  in  the  test  section  (Ref. 


112)  so  the  test  gas  is  not  fully  represen¬ 
tative  of  flight  conditions. 

This  problem  is  less  serious  in  expEm- 
sion  tubes  such  as  the  NASA  HYPULSE 
facility  at  General  AppHed  Science  Labo¬ 
ratory  (GASL)  Inc.  (Ref.  113).  This  uses 
an  unsteady  expansion  in  a  constant-area 
tube  to  generate  high  enthalpy,  high  veloc¬ 
ity  flow  with  a  lower  level  of  dissociation 
than  in  a  shock  tunnel.  However,  the  test 
time  is  small  (  ~  0.5  ms:  Ref.  112),  so 
only  short  models  can  be  tested. 

It  appears  to  be  impossible  to  fully  sim¬ 
ulate  in  the  laboratory  the  scramjet  com¬ 
bustor  air  entry  properties  and  combus¬ 
tion  processes  which  will  occur  over  the 
full  range  of  a  plausible  flight  Mach  num¬ 
ber  and  altitude  corridor.  Reliance  must 
be  placed  on  theoretical  models  to  fill  in 
the  gaps  where  experiment  is  not  possi¬ 
ble.  Models  must  be  validated  by  compar¬ 
ison  with  experiment.  However,  if  used 
injudiciously,  experiments  conducted  tm- 
der  near-ambient  conditions  can  poten¬ 
tially  be  misleading,  because  they  may 
study  a  combustion  regime  which  is  not 
representative  of  conditions  in  flight. 

Krishnamurthy  et  al.  (Ref.  112)  report 
results  of  a  comparison  between  experi¬ 
ments  in  the  high  enthalpy  GALCIT  T5 
shock  tunnel  facility  and  predictions  from 
the  NASA  GASP  code  (Ref.  114).  Pre¬ 
dicted  (Ref.  112)  wall  static  pressure  dis¬ 
tributions  agree  well  with  the  experimen¬ 
tal  data. 
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In  the  experiments  air  at  a  Mach  num¬ 
ber  of  5.17,  stagnation  temperature  8100 
K,  stagnation  pressure  85  MPa,  flows  into 
a  combustion  chamber  of  constant  cross- 
section  with  a  velocity  of  4805  m/s.  Hy¬ 
drogen  fuel  is  injected  from  one  wail  into 
the  chamber  at  an  angle  of  15°  to  the 
chamber  axis.  Its  injection  velocity  is  3980 
m/s,  stagnation  temperature  1500  K.  The 
disturbance  caused  by  this  fuel  injection 
leads  to  the  formation  of  an  oblique  bow 
shock  wave  which  reflects  back  from  the 
opposite  wall  of  the  combustor.  In  com¬ 
parison  with  inert  flow  tests,  combustion 
causes  the  bow  shock  wave  to  move  fur¬ 
ther  upstream.  However,  the  wall  pressure 
distribution  is  generally  similar  for  cases 
with  and  without  combustion.  It  is  con¬ 
cluded  (Ref.  112)  that,  because  of  the  high 
static  temperature  (2340  K)  of  the  air  in 
these  tests,  dissociation  predominates  over 
formation  of  combustion  products.  Di¬ 
rect  heat  release  due  to  combustion  is  then 
small.  To  generate  thrust  dissociation  en¬ 
ergy  must  be  recovered  due  to  atomic  re¬ 
combination  as  the  hot  gases  are  acceler¬ 
ated  and  cooled  in  an  expansion  nozzle. 

Other  experiments  referenced  here  do 
not  achieve  the  high  enthalpies  which  axe 
reqtured  for  simulation  of  high  Mach  num¬ 
ber  propulsion  devices.  Early  scramjet  ex¬ 
periments  are  reviewed  in  Refs.  1,  3  and 
4  and  also  by  Libby  (Ref.  115).  Reviews 
of  more  recent  work  may  be  found  in  Ref. 
20. 

Evans  et  al.  (Ref.  116)  studied  com¬ 


bustion  of  a  supersonic  hydrogen  jet  dis¬ 
charged  co-axiaUy  with  a  supersonic  air 
flow  and  used  sampling  techniques  to  de¬ 
termine  mean  composition  profiles  of  sta¬ 
ble  species. 

Mixing  between  fuel  and  air  strongly 
influences  the  length  of  a  jet  flame  be¬ 
cause  combustion  cannot  begin  until  a 
nearly  stoichiometric  mixture  has  been 
produced.  DriscoU  et  al.  (Ref.  117) 
studied  the  visible  lengths  of  hydrogen  jet 
flames  in  co-flowing  subsonic  and  super¬ 
sonic  air  streams.  The  supersonic  flames 
were  found  to  be  significantly  shorter  than 
corresponding  subsonic  flames  (typically 
half  as  long),  providing  that  both  the  ve¬ 
locity  and  density  ratio  axe  matched  for 
the  two  cases.  The  authors  suggest  that 
the  difference  may  be  due  to  transverse 
velocities  caused  by  compression  and  ex¬ 
pansion  waves  in  the  supersonic  flow.  The 
supersonic  air  flow  Mach  number  was  2.2. 
Increasing  the  air  stagnation  temperature 
from  294  K  to  600  K  caused  a  substantial 
further  reduction  in  the  length  of  the  su¬ 
personic  flames. 

In  a  related  series  of  experiments  Huh 
and  DriscoU  (Ref.  118)  studied  the  influ¬ 
ence  of  shock  waves  on  jet  mixing  and  the 
length  of  supersonic  hydrogen  jet  flames. 
The  air  flow  Mach  number  was  2.5  and 
the  obhque  shock  waves  were  generated  by 
two  10°  wedges  which  were  placed  down¬ 
stream  of  the  fuel  injector.  The  shock 
waves  were  found  to  have  a  strong  effect 
on  the  flame  shape.  Under  optimum  con- 
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ditions  the  flame  length  was  reduced  by  30 
%  by  shock  wave  interactions. 

Sato  et  al.  (Ref.  119)  report  results  of 
experiments  to  establish  conditions  for  au¬ 
toignition  of  hydrogen  injected  into  high 
speed  air  flows.  Srikrishnan  et  al.  (Ref. 
120)  and  Anil  and  Deunodaxan  (Ref.  121) 
explore  the  use  of  lobed  nozzles  to  enhance 
the  rates  of  mixing  and  combustion  when 
a  high  speed  jet  discharges  axiedly  in  a  su¬ 
personic  air  flow.  Substantial  effects  are 
observed. 


Finally,  an  importeint  paper  by  Cheng 
et  al.  (Ref.  109)  gives  the  first  quanti¬ 
tative  indication  of  the  extent  of  incom¬ 
plete  mixing  in  a  supersonic  jet  flame. 
In  their  laser  spectroscopic  experiments 
a  sonic  jet  of  hydrogen  is  discharged  co¬ 
axially  with  an  annular  Mach  2  jet  of  viti¬ 
ated  air  and  an  unconfined,  lifted,  super¬ 
sonic  hydrogen-air  diffusion  flame  is  sta¬ 
bilised  above  the  jet  exit.  The  vitiated 
air  is  produced  by  burning  hydrogen  with 
oxygen- enriched  air  in  a  pre-chamber.  Its 
stagnation  pressure  and  temperature  at 
0.107  MPa  and  1250  K.  The  apparatus 
(Figure  11)  is  small:  air  nozzle  internal 
diameter  17.78  mm,  fuel  nozzle  internal 
dicimeter  2.36  mm.  The  flame  generates 
a  noise  level  in  excess  of  135  db.  A  lifted 
flame  sits  at  about  25  fuel  nozzle  diame¬ 
ters  downstream  of  the  nozzle  exit  and  the 
authors  speculate  that  it  may  be  stabilised 
on  a  weak  shock  wave. 


X 


Figure  11 

Supersonic  jet  flame  burner  of 
Cheng  et  al.  (Ref.  109). 

Point  measurements  are  made  (Ref. 
109)  using  ultraviolet  spontaneous  vibra¬ 
tional  Raman  scattering  and  laser-induced 
predissociative  fluorescence  from  a  pulsed 
excimer  laser.  Temperature  is  obtained  by 
vibrational  Raman  scattering  of  nitrogen 
assuming  nitrogen  molecules  to  be  vibra- 
tionally  equilibrated.  Simultaneous  con¬ 
centration  measurements  of  major  species 
-R2>  O2,  N2  and  H2O  are  also  obtained  from 
the  Raman  spectra.  The  OH  concentra- 
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tion  is  found  from  laser-induced  predisso- 
ciative  fluorescence  and  is  insensitive  to 
collisional  quenching. 

Questions  of  spatial  cmd  temporal  res¬ 
olution  are  discussed  in  detail  by  Cheng 
et  al,  (Ref.  109).  Typical  Kolmogorov 
time  and  length  scales  in  the  flame  are  es¬ 
timated  to  be  of  order  0.7  fjis  eind  0.02 
mm  respectively.  The  laser  pulse  dura¬ 
tion  is  very  short,  20  fis,  but  vibrational 
releocation  of  nitrogen  is  identifled  as  be¬ 
ing  important  for  the  temperature  mea¬ 
surements.  In  the  presence  of  ir20  a  re¬ 
laxation  time  of  1.7  fis  is  estimated  and 
is  judged  to  be  sufficiently  close  to  Kol¬ 
mogorov  time.  Spatial  resolution  is  less 
satisfactory.  The  laser  probe  volume  is 
0.75  imn  long  and  0.25  mm  in  diameter 
and  0.4  mm  of  this  volume  is  viewed  by  the 
spectrometer.  Although  these  dimensions 
are  larger  than  the  Kolmogorov  length  of 
0.02  mm  the  authors  conclude  that  their 
measurements  wiU  capture  at  least  90  % 
of  the  scalar  variance  in  this  flow. 

Figure  12  shows  typical  results  (Ref. 
109)  in  the  form  of  scatter  plots.  Lines 
representing  adiabatic  equilibrium  and 
nonreactive  mixing  are  also  shown.  The 
authors  conclude  that  this  supersonic 
flame  has  higher  levels  of  fluctuation  of 
temperature  and  species  concentrations  in 
comparison  with  subsonic  flames.  Note 
that,  if  incomplete  spatial  resolution  does 
influence  this  data,  the  true  level  of  fluc¬ 
tuations  will  be  even  higher. 
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Figure  12 

Scatter  plots  from  experiments  of 
Cheng  et  al.  (Ref.  109). 

The  following  conclusions  are  drawn 
from  this  review  of  experimental  data. 

1.  In  view  of  the  inomense  difficulty 
of  simulating  the  high  specific  en¬ 
thalpies  typical  of  combustion  in 
high  Mach  number  propulsion  sys¬ 
tems  we  should  not  be  surprised  at 
the  shortage  of  detailed  measure¬ 
ments  in  such  flames.  There  are 
no  detailed  measurements  at  suffi¬ 
ciently  high  combustor  Mach  num¬ 
bers  for  compressibility  effects  to  be¬ 
come  dominant. 

2.  Even  without  realistic  high  enthalpy 
simulation  small  spatial  scales  axe 
difficult  to  resolve  and  incom¬ 
plete  resolution  can  lead  to  under¬ 
estimation  of  scalar  fluctuation  lev¬ 
els. 

3.  K  the  high  scalar  fluctuation  levels 
measured  by  Cheng  et  al.  (Ref.  109) 
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are  t)rpical  of  real  systems  then  the 
neglect  of  these  fluctuations  in  cal¬ 
culations  of  mean  reaction  rates  will 
lead  to  gross  errors.  The  evaluation 
of  these  rates  in  terms  of  a  pdf  (see 
Equation  3.2)  must  be  recognised  as 
essenticd. 

4.  Shock  waves  play  a  major  role  in 
many  of  these  flames:  the  bow 
shock  and  its  reflection  in  the  GAL- 
CIT  shock  tunnel  experiments  (Ref. 
112),  the  observed  reduction  in  flame 
length  due  to  imposed  oblique  shock 
waves  (Ref.  118)  and  the  possi¬ 
ble  stabilisation  of  the  Cheng  et 
al.  lifted  flame  (Ref.  109)  by  a 
wecik  shock  wave.  The  incorpora¬ 
tion  of  shock  wave  processes  in  high 
speed  turbulent  combustion  models 
presents  an  additional  challenge. 

6.  EXPERIMENTS  ON 
DEFLAGRATION  AND 
TRANSITION  TO  DETONATION 

In  contrast  to  §5  the  experiments  re¬ 
viewed  here  concern  situations  where  the 
gaseous  fuel  and  oxidiser  are  fully  pre¬ 
mixed.  The  distinction  between  deflagra¬ 
tion  and  detonation  waves  may  be  under¬ 
stood  by  referring  to  Figure  13  (Williams, 
Ref.  31),  which  is  a  plot  of  final  pres¬ 
sures,  p,  and  specific  volumes,  v,  in  com¬ 
bustion  waves.  The  initial  state,  ahead  of 
the  wave,  is  represented  by  the  point  (1, 
1).  In  Figure  13,  the  locus  of  all  possi¬ 
ble  final  states  is  an  intersection  between 


the  Hugoniot  curve  (states  satisfying  con¬ 
servation  of  momentum  and  energy)  and  a 
Rayleigh  line  (a  straight  line,  of  negative 
slope,  on  which  conservation  of  mass  and 

p 


Figure  13 

Hugoniot  curve  in  terms  of  presure 
and  specific  volume  (Ref.  31). 


momentum  is  satisfied).  At  the  so-called 
Chapman- Jouget  (C  J)  points  the  burned 
gas  velocity  is  sonic.  Detonation  waves  in¬ 
volve  an  increase  in  pressure  which  is  usu¬ 
ally  large.  Propagation  speeds  are  mea¬ 
sured  in  km  /  s.  The  pressure  falls  in  a 
deflagration  wave.  Although  a  laminar  de¬ 
flagration  propagates  at  around  1  m/s  and 
is  almost  isobaric,  high  speed  deflagrations 
also  occur  and,  as  we  shall  see,  turbulence 
plays  an  essential  role. 

In  the  case  of  a  transient  phenomenon 
such  as  an  explosion,  the  averaged  tur¬ 
bulent  flow  equations  must  be  generated 
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from  an  ensemble  averaging  process  rather 
than  from  the  more  familiar  time  aver¬ 
age.  Apart  from  the  addition  of  a  time- 
derivative  term,  the  resulting  equations 
are  identical  in  form  to  those  obtained 
by  time  averaging.  However  their  mean¬ 
ing  is  not  necessarily  the  same.  Consider 
various  velocities  u{x,t),  all  observed  at 
a  fixed  location  x  and  elapsed  time  t, 
but  in  different  realisations  of  the  explo¬ 
sion.  Variations  within  this  set  of  instan¬ 
taneous  velocities  arise  partly  from  the  ex¬ 
istence  at  (r,  t),  of  the  vortical  motions, 
which  are  characteristic  of  turbulence,  but 
also  pzirtly  from  other  causes.  For  ex¬ 
ample  u{x,t),  may  be  influenced  by  the 
initial  rate  of  flame  spread  from  the  ig¬ 
nition  source  which  can  vary  from  one 
realisation  to  another.  Similar  processes 
cem  cause  the  ensemble-averaged  turbu¬ 
lent  flame  brush  thickness  to  be  greater 
than  the  spatially  averaged  brush  thick¬ 
ness  in  a  single  realisation.  It  is  unlikely 
that  the  non- turbulent  property  fluctu¬ 
ations  associated  with  these  phenomena 
will  be  well  described  by  conventional  tur¬ 
bulent  flow  models.  Similar  difficulties 
arise  in  describing  turbulence  and  com¬ 
bustion  in  reciprocating  engines,  where  up 
to  about  one  half  of  the  observed  velocity 
variation  may  be  attributable  (Refs.  122, 
123)  to  cycle-to-cycle  variability  rather 
than  to  turbulence.  Also  the  ensemble- 
averaged  flame  brush  thickness  is  observed 
(Ref.  124)  to  be  several  times  greater  than 
its  thickness  ui  a  single  cycle.  It  is  rare  for 
sufficient  data  to  be  available  to  allow  ac¬ 
curate  ensemble  averages  to  be  formed. 


In  the  absence  of  strong  confinement 
spark-ignited,  turbulent  hydrocarbon-air 
mixtures  bum  in  relatively  low  speed  de¬ 
flagrations.  The  turbulent  burning  veloc¬ 
ity,  UT,  defined  as  the  mean  speed  of  prop¬ 
agation  into  a  stationary  unburaed  mix¬ 
ture,  is  usually  of  the  Scime  order  of  magni¬ 
tude  as  the  rms  turbulence  velocity  u'.  If 
the  burned  gas  is  brought  to  rest  then  vol¬ 
ume  expansion  due  to  heat  release  ensures 
that  the  unbumed  gas  is  driven  aRead  of 
the  flame  which  then  travels,  typically, 
about  six  times  faster.  In  both  cases  these 
velocities  are  usually  very  smaR  in  com¬ 
parison  with  the  speed  of  sound.  Figure 
14  shows  a  correlation  of  turbulent  burn¬ 
ing  velocity  data  of  Bradley  et  al.  (Refs. 
85,  93,  125). 

As  explained  in  §1,  a  deflagration  wave 
travelling  past  obstacles  tends  to  accel¬ 
erate  as  a  result  of  a  positive  feedback 
mechanism.  Unbumed  gas,  ahead  of  the 
flame,  is  forced  to  flow  past  these  obsta¬ 
cles  and  becomes  turbulent.  When  the 
flame  catches  up  with  and  bums  this  tur¬ 
bulent  mixture,  it  accelerates,  and  causes 
the  remaining  unbumed  mixture  to  flow 
more  rapidly  past  further  obstacles,  gener¬ 
ating  more  intense  turbulence.  This  pro¬ 
cess  has  been  studied  in  a  spherical  geom¬ 
etry  (Ref.  126)  but  most  laboratory  ex¬ 
periments  involve  straight  tubes  or  chan¬ 
nels  with  repeated  baffles  or  other  obsta¬ 
cles  (Refs.  16,  17,  22,  127-130).  Measure¬ 
ments  include  static  pressure,  as  a  func¬ 
tion  of  position  and  time,  flame  position 
as  a  function  of  time  and,  in  some  cases, 
flame  photographs. 
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Figure  14 

Correlation  of  turbulent  burning  velocities  (Ref.  125). 
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Figure  15 

Flame  acceleration  by  obstacles:  experiment  of  Chan  et  al. 

(Ref.  129). 
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Figure  16 

Effect  of  confinement  on  flame  speed  (Chan  et  al.,  Ref.  129). 
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Figure  17  Steady  state  propagation  velocity  as  a  function  of  mixture 
sensitivity  (Teodorczyk  et  al.  Ref.  131). 
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Figure  15  is  a  sketch  of  the  rectangtilar 
explosion  channel  used  in  one  such  series 
of  tests  by  Chan  et  al.  (Ref.  129).  It  is 
1.22  m  in  length  and  127  mm  by  203  mm 
in  cross  section  with  glass  sides  and  a  set  of 
removable  top  plates  of  different  opening 
areas  to  confine  the  explosion.  A  solid  top 
plate  provides  complete  confinement  and 
tests  without  any  top  plate  are  regarded  as 
unconfined.  A  set  of  vertical  baffle  plates 
act  as  obstacles  within  the  explosion  chan¬ 
nel.  The  stoichiometric  methane- air  mix¬ 
ture  is  spark-ignited  at  the  closed  left  hand 
end  of  the  channel.  The  right  hand  end  is 
then  open.  High  speed  Schlieren  movies 
show  that  pockets  of  unbumed  gas,  in  the 
cavities  between  pairs  of  obstacles,  bum 
rapidly  in  the  turbulent  flame  and  cause 
the  process  to  accelerate. 

An  important  conclusion  from  this  ex¬ 
periment  (Ref.  129)  is  that  the  flame  ac¬ 
celeration  is  very  sensitive  to  the  degree 
of  confinement  from  the  top  plate  of  the 
explosion  channel  as  illustrated  in  Figure 
16.  The  highest  flame  speeds  (up  to  110 
m/s  in  this  case)  occur  in  the  fully  con¬ 
fined  channel  with  a  solid  roof.  But  if  the 
confinement  is  reduced  to  77  %  (top  plate 
with  23  %  open  area)  the  flame  barely  ac¬ 
celerates  at  aU. 

Higher  flame  speeds,  and  hence  stronger 
explosions,  axe  favoured  by  a  more 
strongly  reactive  mixture  (e.g.  by  raising 
the  initial  pressure  and/or  by  use  of  oxy¬ 
gen  in  place  of  air)  and  by  stronger  tur¬ 
bulence  generation  through  a  higher  de¬ 


gree  of  confinement,  through  more  rows 
of  obstacles  or  with  obstacles  presenting 
a  higher  percentage  blockage  of  the  chan¬ 
nel.  Turbulent  flame  speeds  of  the  order 
of  1000  m/ s  are  obtainable  (Teodorczyk  et 
al..  Refs.  22,  131),  before  a  sudden  tran¬ 
sition  occurs  to  a  quasi- detonation,  whose 
velocity  is  significantly  less  than  the  CJ 
velocity,  as  illustrated  in  Figure  17.  Both 
modes  of  propagation  are  accompanied  by 
shock  waves  travelling  laterally  as  well  as 
axially,  see  Figure  18.  In  the  case  of 
the  high  speed  turbulent  flame  the  leading 
shock  wave  is  well  separated  from  the  reac¬ 
tion  zone  whereas  in  the  quasi- detonation 
it  is  not. 

The  phenomenon  of  transition  to  deto¬ 
nation  is  often  seen  to  be  triggered  by  a 
so-called  explosion  within  an  explosion:  a 
sudden,  highly  localised  release  of  energy 
which  generates  a  strong  shock  wave  out 
of  which  the  detonation  quickly  develops. 
In  sufficiently  reactive  mixtures  the  tran¬ 
sition  will  occur  in  a  smooth  tube  with¬ 
out  obstacles  and  the  explosion  within  an 
explosion  can  then  be  identified  as  shown 
by  Meyer  et  al.  (Ref.  132)  whose  pho¬ 
tographs  are  reproduced  in  Figure  19.  The 
process  involves  a  localised  spatial  gradi¬ 
ent  of  induction  time  in  the  unburned  mix¬ 
ture  (Ref.  25).  Under  these  conditions  the 
flow  structure  appears  to  be  dominated 
by  gas  dynamic  waves  and  their  interac¬ 
tions  with  combustion.  Molecular  diffu¬ 
sion  processes  cannot  make  a  large  contri¬ 
bution  and  inviscid  reactive  flow  calcida- 
tions  (Ref.  133)  provide  a  good  descrip- 
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Figure  19  Stroboscopic  laser- schlieren  images  of  transition  to  detonation 

(Meyer  et  al.  Ref.  132). 
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tion.  A  recent  theory  for  the  transition 
to  detonation  in  unconiined  dames  is  pre¬ 
sented  in  Ref.  134. 

Very  recent  experiments  by  Thomas  et 
al.  (Ref.  135)  illustrate  the  important  role 
of  shock  waves.  A  sphericed  laminar  flame 
is  created  by  spark  ignition  in  a  shock 
tube.  The  flame  bubble  is  toroidaUy  dis¬ 
torted  and  convected  by  a  weak  incident 
shock  wave  which  then  reflects  from  the 
end  wall  and  meets  the  flame  bubble  for 
a  second  time.  The  flame  now  becomes 
intensely  turbulent  and  couples  with  the 
initially  weak  reflected  shock  which  accel¬ 
erates  rapidly.  It  achieves  detonation  just 
beyond  the  viewing  window,  having  tre¬ 
bled  its  velocity  in  a  distance  of  only  150 
mm.  No  explanation  for  this  rapid  accel¬ 
eration  has  yet  been  confirmed. 

The  following  conclusions  are  drawn: 

1.  Many  of  these  transient  flows  are  ge¬ 
ometrically  complex  with  regions  of 
separated  flow  and  trapped  pockets 
of  tmburned  reactants. 

2.  Pressure  waves  play  an  increasingly 
important  role  as  flame  speeds  in¬ 
crease. 

3.  Available  experimental  data  either 
give  global  quantities  such  as  flame 
speed  and  Wedl  pressure  or  are  in 
the  form  of  photographs  describing 
shock  wave  and  flame  geometries. 

4.  No  experimental  information  has 
been  foimd  concerning  regimes  of 


turbulent  combustion.  Is  the  vari¬ 
ance  of,  say,  temperature  fluctua¬ 
tions  negligibly  small  so  that  turbu¬ 
lent  fluctuations  can  be  neglected  in 
calculations  of  mean  reaction  rates? 
Or  is  this  variance  large  as  in,  for  ex¬ 
ample,  laminar  flamelet  models  for 
Da  >>  1?  Are  molecular  diffusion 
processes  important  in  a  given  flow? 

7.  MODELS  FOR  HIGH  SPEED 
TURBULENT  REACTIVE  FLOWS 

We  begin  this  Section  by  identifying 
some  features  of  high  speed  reactive  flows 
which  make  them  particularly  difficult  to 
describe  in  terms  of  averaged  flow  equa¬ 
tions.  In  contrast  to  the  low  speed  flows 
described  in  §4  their  kinetic  energy  per 
unit  mass  is  no  longer  neghgible  in  com¬ 
parison  with  their  specific  enthalpy.  Fluc¬ 
tuations  in  velocity  now  lead  directly  to 
fluctuations  in  specific  enthalpy  because 
of  coupling  between  the  equations  of  mo¬ 
tion  and  energy.  Consequently,  localised 
changes  in  thermodynamic  state  due,  for 
example,  to  intense  viscous  dissipation  or 
the  presence  of  an  eddy  shocklet,  must  be 
taken  into  account  when  evaluating  the 
local  rates  of  reaction.  The  number  of 
stochastic  variables  in  a  pdf  description 
of  the  mean  reaction  rate.  Equation  (3.2), 
should  be  increased  to  allow  for  these  pro¬ 
cesses. 

Numerical  simtdations  of  autoignition 
in  supersonic  laminar  mixing  layers  (De- 
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shaies  et  al.,  Ref.  136,  Nishioka  and  Law, 
Ref,  137)  show  that  accurate  predictions 
must  take  into  account  the  influence  of 
temperature- dependent  transport  proper¬ 
ties  on  viscous  heating.  Detailed  chemical 
kinetic  information  is  also  required  and, 
in  many  cases,  the  distance  to  autoigni¬ 
tion  becomes  impracticably  large.  It  is 
likely  that  many  industrially  relevant  high 
Mach  number  turbulent  combustion  flows 
will  cdso  be  sensitive  to  details  of  combus¬ 
tion  chemistry. 

Under  conditions  of  locally  supersonic 
flow  the  pressure  fluctuations  at  a  given 
spatial  location  depend  on  the  velocity 
field  in  the  forward  Mach  cone  from  that 
point,  i.e.,  on  a  limited  portion  of  the 
flow,  while  in  low  speed  cases  that  de¬ 
pendence  results  from  the  velocity  field 
over  the  entire  fluid  space.  As  a  conse¬ 
quence  of  these  fundamental  differences 
the  modelling  of  the  important  pressure- 
velocity  cind  pressure-rate-of-strain  terms 
in  the  second  moment  equations  of  turbu¬ 
lence  must  be  expected  to  require  alter¬ 
ation  in  high  speed  flows  without  and  with 
combustion.  Density  inhomogeneities  due 
to  heat  release  exist  in  both  high  and  low 
speed  combustion  while  those  due  to  com¬ 
pressibility  arise  only  in  high  speed  flows. 
However,  it  is  worth  noting  that  as  the 
speed  of  the  flow  increases  the  mean  ki¬ 
netic  energy  per  unit  mass  u^/2  dominates 
the  static  enthalpy  per  unit  mass  h  so  that 
heat  release  due  to  combustion  adds  rel¬ 
atively  smaller  amounts  of  energy  as  the 
mean  Mach  number  increases.  Therefore 


the  influence  of  combustion  on  the  flow  be¬ 
comes  less  important  as  that  Mach  num¬ 
ber  increases. 

The  experiments  reviewed  in  §5  and  §6 
led  us  to  conclude  that  shock  waves  of¬ 
ten  occur  in  high  speed  reactive  flows  of 
practical  interest  and  that  their  presence 
can  have  a  strong  influence  on  the  develop¬ 
ment  of  the  flame.  Numerical  codes  based 
on  combustion  and  flow  models  for  such 
applications  must  therefore  be  capable  of 
“capturing”  shock  waves  and  of  predict¬ 
ing  their  location  and  strength.  Numerical 
simulations  of  interactions  between  shock 
waves  and  isolated  vortices  (Guichaxd  et 
al..  Ref.  138),  shock  waves  and  homo¬ 
geneous  turbulent  mixing  (ReveiUon  and 
Vervisch,  Ref.  139)  and  shock  waves  with 
two-dimensional  turbulent  mixing  layers 
(Stoukov,  Ref.  140)  all  illustrate  the  com¬ 
plex  nature  of  these  interactions.  Tur¬ 
bulence  and  mixing  rates  are  modified 
by  the  presence  of  the  shock  wave.  Lo- 
cahsed,  transient  hot  spots  are  formed  due 
to  shock  wave  curvature.  Models  are  re¬ 
quired  to  incorporate  these  processes  in 
averaged  turbulent  flow  equations. 

7.1  Parameters  and  Regimes  of 
High  Speed  Turbulent  Combustion 
(Ref.  19) 

Our  exposition  is  facilitated  if  we  con¬ 
sider  a  premixed  system  although  the  con¬ 
cepts  apply  without  significant  modifica¬ 
tion  for  aU  other  systems.  As  noted  above, 
the  essential  difference  between  low  and 
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high  speed  combustion  relates  to  the  rela¬ 
tive  magnitudes  of  the  kinetic  energy  per 
unit  mass  and  the  chemical  energy  associ¬ 
ated  with  the  adiabatic  temperature  rise 
in  the  chemical  conversion  from  reactants 
to  products.  In  low  speed  flows  the  ki¬ 
netic  energy  is  negligible  so  that  fluctua¬ 
tions  in  velocity  do  not  alter  chemiczd  ki¬ 
netic  behaviour.  As  the  velocity  of  reac- 
ctants  increases  their  kinetic  energy  be¬ 
comes  increasingly  significant  relative  to 
their  chemical  energy  such  that  in  due 
course  the  latter  becomes  neghgible.  In 
this  limit  fluctuations  in  velocity  result  in 
large  changes  in  static  temperature  and 
thus  in  chemical  kinetic  rates  although 
the  absence  or  presence  of  chemical  re¬ 
action  has  a  small  influence  on  the  state 
of  the  gas.  We  know  from  compressible 
flow  theory  that  it  is  the  Mach  number 
which  characterizes  the  relative  magnitude 
of  the  kinetic  energy  and  the  internal  en¬ 
ergy  of  a  gas.  Therefore,  it  is  to  be  ex¬ 
pected  that  our  discussion  of  compressibil¬ 
ity  effects  centres  on  a  mecin  Mach  number 
M  considered  to  be  representative  in  the 
sense  that  it  can  be  explicitly  related  to 
all  other  Mach  numbers. 

The  nondimensional  parameters,  e.g., 
of  turbrdent  Reynolds  and  Damkohler 
numbers,  discussed  in  §4.2  delineate  the 
regimes  of  low  speed  turbulent  combus¬ 
tion,  remain  relevant  for  high  speed  flows 
but  must  now  be  augmented  by  M.  To 
define  M  it  is  necessary  to  select  a  repre¬ 
sentative  velocity  U  and  a  reference  static 
temperature  T^ef  which  defines  a  represen¬ 


tative  speed  of  sound  Oj-ef.  The  obvious 
definition 


aref  (7.1) 

becomes  useful  only  when  the  two  quan¬ 
tities  appearing  therein  are  known.  For 
example,  in  low  speed  flows  sometimes  a 
mean  velocity  is  relevant  for  U  while  in 
other  situations  the  square  root  of  the 
turbulent  kinetic  energy  is  most  impor¬ 
tant.  Similarly,  in  examining  ignition  phe¬ 
nomena  a  relatively  low  initial  tempera¬ 
ture  may  provide  the  most  relevant 
while  in  examining  other  phenomena  the 
much  higher  adiabatic  flame  temperature 
is  more  appropriate. 

To  advance  our  discussion  in  the  Hght 
of  our  earlier  observations  about  the  im¬ 
portance  of  the  relative  magnitudes  of  ki¬ 
netic  and  chemical  energies  to  define  M  we 
select  a  mean  velocity  and  a  mean  static 
temperature,  both  measured  in  a  labora¬ 
tory  frame  of  reference,  i.e.,  with  respect 
to  coordinates  fixed,  e.g.,  on  the  walls  of 
the  combustor.  As  a  result  M  is  typically 
about  ten  times  the  turbulent  Mach  num¬ 
ber  Mt  =  (2fc)2  ja  i£  /U  is  10“^ ,  a  rea¬ 
sonable  value  for  purposes  of  estimation. 


In  a  one-step  approximation  to  the  ki¬ 
netics  of  the  chemical  system  under  con¬ 
sideration  the  sensitivity  of  the  reaction 
rate  to  temperature  is  measured  by  the 
Zel’dovich  number 


/3  = 


AT, 

Tref 


(7.2) 
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where  is  the  activation  temperature 
and  ATc  the  temperature  rise  in  the  adia¬ 
batic  combustion  of  the  reactants  at  con¬ 
stant  pressure,  a  rise  as  noted  earlier  asso¬ 
ciated  with  the  chemical  energy.  The  typ- 
iced  Vedues  of  /3  >>  1  lead  to  the  special 
features  of  low  speed  turbulent  combus¬ 
tion  in  the  reaction  sheet  regime,  features 
which  are  expected  to  persist  in  high  speed 
flows,  until  the  kinetic  energy  is  compara¬ 
ble  with  ATc.  It  is  therefore  relevant  (Ref. 
19)  to  introduce  the  parameter 

AT. 

^Tc  (7.3) 

where  AT^  is  a  measure  of  the  tempera¬ 
ture  rise  associated  with  kinetic  energy,  a 
rise  we  take  equal  to  the  stagnation  tem¬ 
perature  of  a  chemically  frozen  stream,  i.e. 


chemical  kinetic  behaviour  t^xxis  become  an 
important  feature  of  turbulent  combustion 
when  M  exceeds  a  critical  value  dependent 
on  this  temperature  ratio. 

These  observations  suggest  that  the 
plane  of  the  Dcimkohler  number  Da  and 
Reynolds  number  R^t  of  Figure  5  be  ex¬ 
tended  in  a  third  dimension  having  S  as 
its  coordinate.  For  5  <<  1  the  regimes 
of  turbulent  combustion  are  as  described 
in  §4.2  but  for  S  >>  1  chemical  be¬ 
haviour  becomes  dominated  by  compress¬ 
ibility  effects  and  the  previous  identifica¬ 
tion  of  reaction- sheet  and  distributed  re¬ 
action  limits,  although  perhaps  applicable, 
become  less  well  founded.  Both  flamelets 
and  shocklets  may  occur  at  sufficiently 
large  values  of  Da  and  S. 


(7.4) 


We  thus  have 


2^'  ’  ATc 


(7.5) 


It  may  be  seen  that  in  low  Mach  number 
flows  5  <<  1  and  the  kinetic  energy  is 
negligible  compared  withthe  chemical  en¬ 
ergy.  When  S  ^  1  the  two  energies  are 
about  equal  but  when  5  >>  1,  the  kinetic 
energy  in  the  reactants  dominates.  Since 
ATciTref  lies  typically  between  one  and 
ten  in  applications.  Equation  (7.5)  indi¬ 
cates  that  S  exceeds  unity  when  M  ex¬ 
ceeds  a  value  ranging  from  two  to  ten. 
The  coupling  between  compressibility  and 


The  mcumer  in  which  velocity  fluctua¬ 
tions  influence  chemical  kinetic  behaviour 
at  high  enough  values  of  M  may  be  de¬ 
duced  from  Equation  (2.14).  Since  Ta/Tc 
is  large  in  combustion  applications,  small 
changes  in  T  -  Tc  influence  greatly  the 
rates  of  chemical  reaction.  Thus  the  ar¬ 
gument  of  the  exponential  function  in 
Equation  (2.14)  indicating  the  tempera¬ 
ture  changes  produced  by  velocity  changes 
produced  by  velocity  changes  becomes  /35. 
This  result  shows  that  if  ^5  <<  1,  veloc¬ 
ity  changes  have  only  a  small  influence  on 
chemical  reaction  rates  but  that  if  this  in¬ 
equality  is  not  satisfied,  there  is  coupling 
between  velocity  fluctuations  and  those 
rates.  Compressiblity  may  thus  begin  to 
influence  such  rates  well  before  the  regime 
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5  «  1  is  reached.  Rather  it  is  necessary 
only  that  S  >  for  that  influence  to  be¬ 
come  signiflcant.  Compressibility  effects 
may  thus  dominate  ignition  and  extinction 
in  high  speed  turbulent  flows. 

Prom  these  results  it  is  possible  to  sum¬ 
marize  the  effects  of  compressibility  on 
turbulent  reacting  flows  by  considering 
different  Mach  number  ranges: 

1.  M  «  [2/(7-l)(r„y/T<.)]5  : 

Temperature  changes  from  com¬ 
pressibility  have  negligible  effect  on 
chemical  kinetic  behaviour  because 
«  1. 

2.  [2/(7-i)(r„,/r„)]5  <  jif  <  1 

Temperature  changes  from  com¬ 
pressibility  may  influence  chemical 
kinetic  behaviour  but  shocklets  do 
not  occur. 

3.  1  <  M  <  [2/(7-l)(Arer„y)]5 
:  Shocklets  and  expcuision  waves 
form  when  flow  deflections  occur  but 
the  temperature  changes  and  there¬ 
fore  reaction  rate  changes  produced 
by  compressibility  remain  less  than 
those  resulting  from  heat  release. 

4.  [2/(_7-l)(Arjr„/)]5  <  M  < 
0.6M/Mt  :  Temperature  changes 
associated  with  compressibihty  are 
larger  than  those  stemming  from 
heat  release  and  eddy  shocklets 
are  relatively  unimportant  because 
Mt  <  0.6. 

5.  M  >  O.GMiMt  :  Eddy  shock- 
lets  become  increasingly  important 


in  influencing  mean  viscous  dissipa¬ 
tion  while  compressibility  remains 
the  largest  contributor  to  tempera¬ 
ture  changes. 

Although  involving  restrictions  on 
j,TalT^ef  and  ^TdTf^f  and  thus  quanti¬ 
tative  uncertainties  the  sequence  of  Mach 
number  regimes  described  here  appears  to 
be  representative  of  the  most  realistic  situ¬ 
ations  and  suggests  the  Vciriety  of  phenom¬ 
ena  arising  in  turbulent  combustion  as  the 
Mach  number  increases. 

7.2  Direct  Numerical  Simulations 

In  contrast  to  subsonic  flows,  turbulence 
can  readily  be  convected  into  the  compu¬ 
tational  domain  of  a  numerical  simulation 
for  supersonic  flow  (van  Kalmthout  et  al., 
Refs.  141,  142),  paving  the  way  for  quasi¬ 
steady  high  speed  reactive  DNS.  The  two 
simtdations  reviewed  here  are  both  two- 
dimensional. 

In  the  work  of  van  Kalmthout  et  al. 
(Refs.  141,  142)  the  injected  turbulence 
is  homogeneous  and  isotropic,  the  Mach 
nmnber  is  1.3  and  the  two-dimensional 
fuel- air  mixing  layer  is  set  up  without 
shear.  Acoustic  waves  and  flow  compress¬ 
ibility  are  fully  accoimted  for  but  heat  re¬ 
lease  due  to  combustion  is  set  to  zero.  The 
aim  of  the  calculations  is  to  derive  statis¬ 
tical  data  in  order  to  develop  a  theoretical 
model  of  nonpremixed  turbulent  combus¬ 
tion:  in  this  case,  a  flame  surface  density 
model.  The  benefit  of  combustion  DNS  for 
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this  purpose  is  clearly  demonstrated,  (Ref. 
141). 

Stoukov  (Ref.  140)  also  considers  a  two- 
dimensional  supersonic  mixing  layer.  En¬ 
try  conditions  are  shown  in  Table  7.1. 


Flow 

Velocity 

Mach  No. 

Reynolds 

m/s 

No. 

Ha 

3000 

1.29 

1.6  X  10^ 

Air 

1780 

2.94 

1.05  X  10® 

Table  7.1  Entry  conditions  (Ref.  140) 


These  entry  conditions  are  perturbed  in 
such  a  way  that  transition  to  turbulent 
flow  is  predicted.  A  detailed  hydrogen-air 
reaction  scheme  is  used  including  37  ele¬ 
mentary  reactions  and  9  chemical  species. 
Four  types  of  flow  are  calculated:  inert 
and  reactive  mixing  layers,  with  and  with¬ 
out  oblique  shock  waves.  A  shock  wave  is 
generated  by  placing  a  wedge  at  the  bot¬ 
tom  of  the  computational  domain. 

Figure  20  illustrates  the  regular  vortical 
structure  of  the  inert  mixing  layer  with¬ 
out  a  shock  wave  (Ref.  140).  Regions 
of  high  pressure  occur  in  the  braids  be¬ 
tween  these  vortices  and  are  associated 
with  a  local  temperature  rise  of  20K.  The 
convective  Mach  number  is  0.416.  The 
corresponding  inert  mixing  layer,  with  a 
shock  wave  generated  by  a  5°  wedge,  is 
shown  in  Figure  21.  The  shock  is  wrin¬ 
kled  and  large  fluctuations  in  pressure  and 
temperature  occur  behind  it.  In  a  reactive 
flow,  Figure  22,  the  location  of  autoigni¬ 
tion  fluctuates  in  response  to  the  varying 


upstream  conditions.  Figure  23  presents 
scatter  plots  illustrating  the  wide  range 
of  instantaneous  conditions  occurring  in 
the  estabhshed  flame.  Recall  that,  in  a 
steady  laminar  flame,  each  of  these  plots 
would  reduce  to  a  single  data  point.  The 
computed  fluctuation  level  is  clearly  very 
high.  Finally  the  interaction  between  a  re¬ 
active  shear  layer  and  the  shock  wave  gen¬ 
erated  by  a  5°  wedge  is  illustrated  in  Fig¬ 
ure  24.  Very  strong  reaction  behind  the 
shock  wave  causes  the  shock  wave  to  move 
upstream  during  the  time  interval  between 
these  two  sets  of  images. 

These  simulations  illustrate  the  com¬ 
plexity  of  the  interaction  between  turbu¬ 
lent  mixing,  chemical  reaction,  supersonic 
flow  and  shock  waves.  Although  it  is  not 
yet  possible  to  carry  out  three  dimensional 
DNS  with  detailed  chemistry  the  results 
provide  valuable  insight  as  well  as  unique 
statistical  information  for  model  develop¬ 
ment. 

7.3  Selection  of  a  Model 

It  is  first  necessary  to  identify  the  pur¬ 
pose  of  a  model  calcidation.  Is  the  aim  to 
estimate  global  trends  or  are  detailed  and 
accTirate  flow  field  and  combustion  predic¬ 
tions  required?  The  purpose  of  the  work 
often  dictates  features  of  the  model  which 
is  selected.  For  example,  if  distances  to  au¬ 
toignition  are  to  be  predicted,  the  model 
must  be  capable  of  including  sufficient  de¬ 
tail  of  the  ignition  chemistry. 
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Figure  22 

Autoignition  in  a  mixing  layer,  Stoukov  (Ref.  140). 


Figure  23 

Reactive  mixing  layer,  scatter  plots  (Ref.  140) 
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Figure  24 

Effect  of  shock  wave  on  reactive  mixing  layer.  Grey  scales  represent 
temperature  (upper  figure)  and  Mach  number  (lower  figure).  Stoukov 

(Ref.  140). 
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Important  decisions  must  then  be  made 
about  the  expected  combustion  and  flow 
regimes.  Are  large  fluctuations  of  thermo- 
chemical  state  to  be  expected?  Can  it  be 
assumed  that  burning  takes  place  in  the 
lamiTiaT  flamelet  regime?  Will  Mach  num¬ 
bers  be  so  high  that  fluctuations  in  pres¬ 
sure  and  enthalpy  due  to  compressibility 
cannot  be  neglected?  Will  shock  waves  oc¬ 
cur? 

In  the  light  of  these  decisions,  three 
types  of  model  must  be  selected: 

Turbulence  :  The  choice  is  likely  to  be 
between  a.  k  —  e  model  and  a  second 
moment  (Reynolds  stress,  Reynolds 
flux)  model.  In  either  case  closure  of 
each  term  must  be  reviewed  to  allow 
for  effects  due  to  both  compressibil¬ 
ity  and  combustion  (Refs.  38,  39, 
44). 

Chemistry  :  Is  a  detailed  reaction 
scheme  essential  or  will  either  a  re¬ 
duced  scheme  (Refs.  40,  41)  or  a 
global  scheme  be  adequate? 

Mean  reaction  rates  :  Assuming  that 
scalar  fluctuations  are  not  negligi¬ 
bly  smcJl  the  choice  here  is  between 
transported  pdf  (Refs.  35,  36),  pre¬ 
sumed  pdf  (Refs.  43-45)  and  lami¬ 
nar  flamelet  models  (Refs.  33,  34, 
69).  Apphcation  of  these  models 
to  high  Mach  number  of  flows,  even 
with  simple  chemistry,  presents  se¬ 
vere  problems. 


If  Mach  numbers  are  not  too  high, 
so  that  thermochemical  state  fluctuations 
can  be  neglected,  and  shock  waves  do  not 
occur,  these  choices  can  be  made  in  terms 
of  conventional  models.  We  now  iden¬ 
tify  a  few  exeunples  of  cases  where  such 
assumptions  are  made.  Bzursanti  et  al. 
(Refs.  18,  143)  use  a  second  moment,  lam¬ 
inar  flamelet  model  to  calculate  the  devel¬ 
opment  of  confined  explosions  and  com¬ 
pare  their  predictions  with  available  ex¬ 
perimental  data,  see  Figures  25  and  26. 
A  feature  of  this  work  is  that  the 


Simulation  (Ref.  143)  and 
experiment  (Ref.  129), 

validity  of  the  laminar  flamelet  combus¬ 
tion  model  in  which  high  Mach  number 
effects  are  neglected  is  checked  a  poste¬ 
riori  by  calculating  characteristic  values 
of  the  Karlovitz  number.  Equation  4.11, 
and  the  Mach  number.  It  is  noteworthy 
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that  agreement  with  experiment  is  not  ob¬ 
tained  (Ref.  143)  in  cases  where  this  test 
is  failed. 

Model  calculations  by  Baurle  et  al. 
(Ref.  144)  predict  the  high  speed  jet 
flame  experiments  of  Cheng  et  al.  (Ref. 
109).  They  employ  a  one-equation  turbu¬ 
lence  model,  solve  Favre  averaged  mean 
flow  equations  and  represent  hydrogen- 
oxygen  chemistry  through  seven  reactions 
between  six  reactive  species  plus  inert  ni¬ 
trogen.  A  presumed  joint  pdf  of  temper¬ 
ature  and  mass  fractions  is  modelled  by 
assuming  that  temperature  and  composi¬ 
tion  fluctuations  are  uncorrelated.  The 
temperature  pdf  is  a  Gaussian  and  the 
mass  fractions  axe  represented  as  a  mul¬ 
tivariate  beta  function.  Compeirison  with 
the  experiments  is  only  qualitative  be¬ 
cause  Favre  means  are  predicted  while 
Reynolds  means  are  obtained  from  the  ex¬ 
periments.  However  it  is  clear  that  the 
predicted  scalar  variances  become  far  too 
small  because  of  the  laxge  negative  value 
of  the  chemical  source  term  in  the  vari¬ 
ance  transport  equation.  This  may  either 
be  because  the  shape  of  the  presumed  pdf 
is  inappropriate  -  for  example,  the  lack  of 
correlation  between  temperature  and  com¬ 
position  fluctuations  seems  coimter  intu¬ 
itive  -  or  for  some  other  reason. 

7.4  Methods  Based  on  the 
Probability  Density  Function 
(Ref.  19). 

As  described  in  §4  methods  based  on  so¬ 


lution  of  a  transport  equation  for  a  suit¬ 
ably  chosen  single  point,  joint  probabil¬ 
ity  density  function  {jpdf)  possess  the  im¬ 
portant  property  that  the  chemical  source 
term  which  in  moment  methods  leads  to 
grave  difficulties  appears  in  closed  form. 
This  section  explores  the  extension  of  pdf 
methods  to  nonpremixed  turbulent  com¬ 
bustion  in  high  speed  flows.  As  elsewhere 
in  this  chapter  uncertainties  and  unre¬ 
solved  difficulties  are  identified. 

The  first  step  in  the  derivation  of  a  pdf 
model  is  to  choose  the  set  of  stochastic 
variables  which  together  with  the  spatial 
location  form  the  independent  variables 
in  the  {jpdf)  transport  equation.  Estab¬ 
lished  methods  (Pope  Ref.  35),  KoU- 
mann  Ref.  75)  allow  this  equation  to 
be  derived  from  the  time  dependent  con¬ 
servation  equations  for  the  selected  vari¬ 
ables.  Some  of  the  terms  in  the  result¬ 
ing  transport  equation  are  unclosed  and 
the  next  step  is  to  devise  suitable  closure 
expressions.  There  are  strong  incentives 
to  keep  the  number  of  independent  vari¬ 
ables  as  small  as  possible  within  the  con¬ 
straint  of  respecting  physical  reality  both 
to  limit  the  extent  of  this  modelling  and 
also  to  minimize  the  complexity  and  com¬ 
putational  cost  of  the  niimerical  solutions. 
Finally,  the  resulting  equation  must  be 
solved  by  appropriate  numerical  means. 

In  flows  involving  high  speed  turbu¬ 
lent  combustion  inhomogeneities  of  den¬ 
sity  arise  from  the  heat  release  due  to  com¬ 
bustion  and  from  both  viscous  heating  and 
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local  compressions  and  expansions  associ¬ 
ated  with  the  high  speeds.  The  quantity 
which  distinguishes  these  flows  from  the 
constant  density  turbulence  treated  exten¬ 
sively  for  a  century  is  the  dilatation 


V  = 


duk 

dxk 


(7.6) 


which  from  conservation  of  mass  can  be 
seen  to  be  directly  related  to  the  change  in 
density.  Although  not  explicitly  incorpo¬ 
rated  in  the  current  phenomenology  of  low 
speed  turbulent  combustion,  it  has  been 
proposed  by  Eifler  and  Kollman  (Ref.  145) 
as  a  primary  variable  describing  the  me¬ 
chanical  and  thermo  chemical  state  of  the 
gas  in  high  speed  turbulent  combustion. 
Clearly  such  a  proposal  is  physically  ap¬ 
pealing.  The  time  resolved  equation  for 
the  dilatation  is  obtained  by  appropriate 
differentiation  and  addition  of  the  momen¬ 
tum  equation.  There  results 
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If  the  dilatation  is  identically  zero  and 
hence  the  density  is  constant,  this  becomes 
the  Poisson  equation  for  the  calculation  of 
the  pressure  given  the  velocity  field  at  a 
particular  time.  In  low  speed  turbulent 
combustion  the  influence  of  the  pressure 
and  the  velocity  held  on  the  dilatation  can 


be  neglected;  under  these  circumstances 
the  dilatation  is  due  only  to  heat  release. 
However,  in  high  speed  combustion  all  of 
these  influences  play  a  role. 

Following  KoUman  (Ref.  146),  we  first 
discuss  the  high  speed  turbulent  flow  of 
a  single  component  nonreactive  gas.  Two 
variables  are  required  to  specify  the  ther- 
modyncimic  state  of  such  a  gas  but  as  in¬ 
dicated  at  several  points  in  our  discussion 
in  high  speed  flows  it  is  no  longer  possi¬ 
ble  to  neglect  changes  in  static  pressure 
and  enthalpy  with  the  consequence  that 
an  extended  definition  of  state  is  required. 
The  mechanical  and  thermodynamic  state 
of  the  gas  is  completely  specified,  for  ex¬ 
ample,  by  the  instantaneous  values  of  the 
velocity  v,  the  density  p  and  the  internal 
energy  e.  However,  there  are  considerable 
advantages  of  adding  to  this  list  the  di¬ 
latation  V  as  discussed  in  connection  with 
Equation  (7.7)  (KoUmann  Ref.  146  and 
Eifler  and  KoUman  Ref.  145).  In  particu¬ 
lar  the  pressure- work  term  which  appears 
in  the  energy  equation  written  in  terms 
of  the  internal  energy  is  closed.  Closure 
of  the  dilatation  equation  and  the  dilata¬ 
tion  terms  in  the  transport  equation  for 
the  solenoidal  dissipation,  e*  is  straight¬ 
forward.  Finally  and  perhaps  most  impor¬ 
tantly,  inclusion  of  the  inverse  time  scale 
associated  with  V  in  the  list  of  stochas¬ 
tic  variables  results  in  a  conventional  evo¬ 
lution  equation  for  the  jpdf  in  place  of 
the  hyperbolic  equation  which  would  oth¬ 
erwise  results  (KoUman  Ref.  146). 
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Similar  arguments  apply  to  high  speed 
reactive  flows  but  it  is  now  necessary  to 
augment  the  list  of  independent  stochas¬ 
tic  variables  to  account  for  the  more  com¬ 
plex  thermochemical  state  of  the  gas.  The 
simplest  case  is  one  with  fast  chemical  ki¬ 
netics  so  that  chemical  equilibrium  pre¬ 
vails  everywhere.  If  in  addition  all  chemi¬ 
cal  species  are  assumed  to  have  a  common 
molecular  diffusivity,  as  assumption  fre¬ 
quently  used  in  studies  of  turbulent  com¬ 
bustion,  then  the  conserved  scalar  Z  {x,t) 
again  provides  all  the  necessary  thermo¬ 
chemical  information.  Thus  Z  is  added  to 
our  earlier  set  of  defining  variables. 

With  the  set  of  variables  identified  ear¬ 
lier  application  of  the  jpdf  equation  to  a 
three  dimensional,  unsteady  flow  involves 
11  independent  variables:  three  from  the 
space  coordinates,  three  from  the  velocity 
components,  one  each  from  time,  density, 
intemal  energy,  dilatation  and  conserved 
scalar. 

Phenomena  which  are  described  by  such 
an  equation  without  further  assumptions 
or  modelling  include  turbulent  transport 
in  physical  space  (Pope  Ref.  35)  and  in 
velocity  space  by  body  forces  such  as  grav¬ 
ity  and  by  mean  pressure  gradients.  The 
coupling  between  the  velocity  field  and 
the  thermochemical  state  of  the  mixture  is 
fully  taken  into  accoimt  in  this  approach. 
However,  the  equation  contains  unknown 
terms  which  must  be  modelled  and  which 
present  severe  challenges.  As  a  result  of 
molecular  diffusion  the  rate  at  which  reac¬ 


tion  proceeds  in  a  fiow  in  chemical  equi¬ 
librium  is  determined  by  transport  in  the 
space  of  the  conserved  scalar.  This  term 
appears  in  the  application  of  pdf  meth¬ 
ods  to  simple  low  speed,  nonreactive  flows 
and  as  a  consequence  has  been  studied  for 
many  yeeu*s.  Various  models  therefore  cire 
available  (see  §4,  Pope  Ref.  35  and  KoU- 
man  Ref.  146)  but  unfortimately  these  fail 
in  the  leiminar  flamelet  limit,  i.e.,  as  reac¬ 
tion  is  confined  to  thin  sheets  (Pope  Ref. 
147).  Models  are  also  available  to  describe 
transport  in  velocity  space  due  to  viscous 
stresses  and  pressure  gradient  fluctuations 
(Pope  Ref.  35).  However,  the  need  to  de¬ 
scribe  transport  in  the  spaces  of  the  inter¬ 
nal  energy  and  dilatation  raises  new  prob¬ 
lems. 

The  work  of  KoUman  (Ref.  146)  and 
Eifler  and  KoUmann  (Ref.  145)  represents 
the  most  comprehensive  treatment  of  high 
speed  flows  involving  chemical  reaction  to 
date.  Their  formulation  encompasses  im¬ 
portant  features  of  the  interaction  annong 
turbulence,  compressibihty  and  combus¬ 
tion.  The  present  restrictive  assumption 
of  chemical  equilibrium  can  be  removed 
by  the  addition  of  one  or  more  additional 
scalar  variables  contributing  to  the  deter¬ 
mination  of  the  thermochemical  state  of 
the  gas.  It  is  here  that  reduced  chem¬ 
ical  kinetic  mechanisms  (Ref.  41)  may 
beneficially  impact  on  these  pdf  meth¬ 
ods.  Relative  diffusion,  e.g.  of  highly  mo¬ 
bile  molecules  such  as  hydrogen,  cannot 
presently  be  taken  into  account  without 
significant  increases  in  the  dimensions  of 
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the  set  of  stochastic  Vciriables. 

Formidable  problems  remain  to  be 
solved  and  niimerical  predictions  have  yet 
to  be  reported  using  this  analysis  for  either 
nonreactive  or  reactive  high  speed  flows. 
However,  Eifler  and  Kollmann  (Ref.  145) 
present  numerical  solutions  to  a  simpler 
problem  in  which  the  jpdf  transport  equa¬ 
tion  sketched  eMlier  is  integrated  over  the 
three  velocity  components  so  as  to  yield 
a  transport  equation  for  four  scalar  vari¬ 
ables:  the  density  p,  the  internal  energy  e, 
the  dilatation  V  and  the  conserved  scalar 
Z.  This  procedure  requires  that  the  sta¬ 
tistical  properties  of  the  velocity  field  be 
determined  separately,  e.g.  by  a  second 
moment  theory.  The  mean  density  is  the 
variable  coupling  the  two  calculations  to¬ 
gether.  With  the  velocity  component  ex¬ 
cluded  from  the  list  of  stochastic  variables 
additional  empiricism  must  be  incorpo¬ 
rated  to  achieve  closure  in  the  pdf  trans¬ 
port  equation. 

As  shown  by  Pope  (Ref.  35)  single  point 
pdf  equations  can  be  simulated  under  cer¬ 
tain  conditions  by  an  ensemble  of  notional 
particles  whose  behaviour  is  described  by 
stochastic  differential  equations.  Eifler 
and  KoLLman  (Ref.  145)  adopt  this  ap¬ 
proach  in  which  the  jpdf  transport  equa¬ 
tion  is  replaced  by  a  suitably  large  num¬ 
ber  of  mixed  Eulerian-Lagreingian  equa¬ 
tions  obtained  from  the  basic  conservation 
equations.  To  these  deterministic  equa¬ 
tions  are  added  terms  characterizing  the 
random  processes,  both  continuous  and 


discrete,  which  the  particles  can  experi¬ 
ence  in  turbulent  flow.  There  results  an 
approximate  treatment  of  the  behaviour 
of  notional  particles  in  the  turbulent  field. 
This  behaviour  in  a  collective  sense  is 
equivalent  to  solving  the  jpdf  transport 
equation.  Details  of  this  procedure  are 
beyond  the  scope  of  our  discussion.  The 
contributions  of  Pope  (Ref.  35)  zind  Eifler 
and  KoUman  (Ref.  145)  should  be  con¬ 
sulted  for  details.  Several  of  the  models 
introduced  in  the  implementation  of  these 
ideas,  including  those  describing  the  ran¬ 
dom  processes,  must  be  regarded  as  tenta¬ 
tive. 

Eifler  and  KoUmann  (Ref.  145)  use  their 
model  to  predict  the  development  of  a  su¬ 
personic  nonpremied  flame  burning  hydro¬ 
gen  and  air.  They  compare  their  results 
with  the  experimental  data  of  Evans  et  al. 
(Ref.  116),  the  same  data  used  by  Zheng 
and  Bray  (Refs.  70,  148,  149)  for  the  pur¬ 
pose  of  evaluating  their  presumed  pdf  the¬ 
ory.  Both  sets  of  authors  conclude  that  the 
experimental  data  is  too  limited  for  firm 
conclusions  to  be  drawn.  However,  despite 
the  inconclusiveness  of  the  existing  evalu¬ 
ation  the  generality  of  the  jpdf  transport 
approach  and  its  potential  to  encompass 
a  variety  of  the  processes  arising  in  high 
speed  combustion  argue  for  continued  de¬ 
velopment  . 

7.5  Presumed  pdf  Methods 
(Ref.  19,  70,  148,  149). 

Because,  as  suggested  earlier,  there  is 
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coupling  between  tbe  temperature  and  ve¬ 
locity  in  high  speed  flows,  the  presumed 
pdf  analysis  of  §4  can  no  longer  be  used 
to  relate  the  enthalpy  and  thus  the  tem¬ 
perature  to  Z,  so  that  the  calculation  of 
the  important  variable  p(®),  which  is  re¬ 
sponsible  for  the  interaction  between  the 
fluid  mechanical  and  chemical  features  of 
the  flow,  calls  for  a  further  set  of  sweeping 
assmnptions.  An  important  difference  be¬ 
tween  the  treatment  of  low  and  high  speed 
flows  relates  to  the  desirabihty  of  express¬ 
ing  the  conservation  of  energy  in  terms  of 
the  stagnation  enthalpy 

..  1 

K  =  h-\-  -VkVk 


rather  than  the  static  enthalpy  h  or  inter¬ 
nal  energy  e.  For  high  speed  reactive  flows 
hg  obeys  the  following  equation 


where  Pr  =  is  the  Prandtl  number. 

The  question  arises  as  to  the  availabil¬ 
ity  of  an  cdgebraic  relationship  between 
the  stagnation  enthalpy  and  the  conserved 
scEilar,  Z,  i.e.,  a  relation  analogous  to  that 
of  Equation  (4.27).  We  now  show  that 
with  some  serious  assumptions  such  a  con¬ 
nection  does  exist.  To  proceed  we  first 


note  that  an  approximate  form  of  Equa¬ 
tion  (7.8)  is 

9  ^  d  ^  d  Bhg 
^phg  -1-  —pukhg  =  —pV  — 
at  dxk  oxk  axk  (7  9) 

Comparison  of  this  form  with  that  for  the 
time  resolved  equation  for  Z{x,t),  Equa¬ 
tion  (2.10),  indicates  that  there  does  in¬ 
deed  exist  a  connection  hg  =  hg[Z).  The 
assumptions  necessary  to  achieve  Equa¬ 
tion  (7.9)  are  as  follows.  Firstly,  the  Lewis 
number  based  on  the  single  diffusion  coef¬ 
ficient  V  and  the  mixture  Prandtl  num¬ 
ber  are  both  set  to  unity.  In  coimection 
with  the  combustion  of  hydrogen  the  mo¬ 
bility  of  the  atoms  and  molecules  of  this 
fuel  makes  the  validity  of  this  assump¬ 
tion  suspect.  Secondly,  the  pressure  term 
dpjdt  is  neglected,  an  assumption  which 
as  discussed  earHer  is  inappropriate  in  high 
speed  flows. 

With  these  serious  assumptions  adopted 
and  with  various  restrictions  concerning 
the  initial  and  boundary  conditions  we  are 
led  to  the  linear  relation 

ha  (^}  t)  =  hg2  Z  (^,  t)  (hgi  —  /I52) 

where  hgi  and  hg2  are  the  stagnation  en¬ 
thalpies  of  the  fuel  and  oxidizer  streams 
respectively.  Because  Equation  (7.10)  is 
linear  it  provides  a  simple  connection  be¬ 
tween  the  mean  stagnation  enthalpy  ha{x) 
and  the  mean  Z  [x)  and  between  the  inten¬ 
sities  ph'p  and  pZ"^ .  Thus  the  restrictions 
in  this  approach  result  in  the  simplifica¬ 
tion  permitting  the  energy  equation  to  be 
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replaced  by  the  algebraic  equation  Equa¬ 
tion  (7.10).  Accordingly,  provided  we  can 
calculate  the  mean  density  p  (x)  standard 
second  moment  methods  can  be  applied 
to  calculate  the  mean  velocities,  the  mean 
and  the  intensity  of  the  conserved  scalar, 
the  various  Re5molds  stresses  and  fluxes 
which  axise  in  these  equations  and  finally 
the  mean  viscous  dissipation.  The  equa¬ 
tion  for  the  latter  variable  should  include 
the  effects  associated  with  high  speed,  e.g., 
the  contribution  of  dilatation,  (Ref.  70). 

We  now  turn  our  attention  to  the  eval¬ 
uation  of  the  mean  density.  Our  anal¬ 
ysis  (Bray  et  al..  Ref.  19)  is  based  on 
the  presumed  pdf  method  discussed  in  §4. 
The  most  convenient  form  for  P(Z;2)  is 
the  beta  function  with  its  exponents  de¬ 
termined  by  ^  (z)  and  (^pZ"^l^  (®)  but 
other  forms  dependent  on  these  two  vari¬ 
ables  can  be  adopted.  The  precise  form 
of  the  pdf  need  not  be  prescribed  within 
the  context  of  our  discussion.  For  low 
speed  flows  in  chemical  equilibrium  a  cru¬ 
cial  function  needed  in  the  pdf  analysis  is 
p  (Z),  i.e.,  the  density  as  a  function  of  the 
conserved  scalax  independent  of  the  spa¬ 
tial  location.  However,  in  high  speed  flows 
the  coupling  between  the  velocity  and  en¬ 
ergy  implies  the  corresponding  function 
must  be  thought  of  as  /9(Z;z)  i.e.,  the  in¬ 
stantaneous  density  depends  on  the  con¬ 
served  scalax  and  on  space.  Given  this 
situation  we  must  think  in  terms  of  ap¬ 
proximation  methods  such  that  an  initial 
estimate  for  p  (Z;  x)  can  be  improved  sys¬ 
tematically,  an  estimate  which  permits  the 


mean  density  p(x)  and  thus  all  of  the 
other  dependent  variables  Vx  (x) ,  Z  (x)  et 
ell.  to  be  calculated  from  appropriate  con¬ 
servation  equations. 

The  starting  point  is  provided  by  the 
equations  of  state 

^  y. 

p  =  pR.T'r—  ft  =  <vI’  +  EfaiY;Ai 

.  W: 

i=l  * 

(7.11) 

Here  N  =  4  corresponding  to  fuel,  oxi¬ 
dizer,  product  and  a  diluent,  generally  ni¬ 
trogen.  These  two  equations  plus  the  con¬ 
nection  between  the  two  enthalpies  can  be 
rearranged  into 

/>'•.  -  -  /(S-IiYiAi  =  ip 

(7.12) 

where  Cp  and  R  are  the  mixture  coeffi¬ 
cient  of  specific  heat  at  constant  pressure 
and  the  mixture  gas  constant  respectively. 
In  Equation  (7.12)  the  quantities  /i^,  Yi,  Cp 
and  R  axe  known  functions  of  the  con¬ 
served  scalax  Z  but  Vk  and  p  axe  func¬ 
tions  of  space  and  time.  If  they  were 
known,  then  Equation  (7.12)  would  yield 
p{Z’,x,t).  In  a  statistically  stationary 
flow  this  would  lead  to  the  desired  quan¬ 
tity  p{Z;x).  This  equation  exposes  the 
connection  between  the  velocity  and  state 
fields  emphasized  in  this  review. 

In  order  to  progress  it  is  cleaxly  now 
necessary  to  make  further  assumptions, 
in  particular  that  pressure  fluctuations 
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axe  thermochemically  mump ort ant,  an  as¬ 
sumption  consistent  with  our  earlier  ne¬ 
glect  of  the  5p/9t-term  in  Equation  (7.9) 
and  as  in  the  eaxlier  instance  progressively 
less  defensible  as  the  Mach  number  of  the 
flow  increases.  With  that  assumption  p  (x) 
m  Equation  (7.12)  is  replaced  by  p  (z)  and 
we  obtain  (Ref.  )  by  averaging 


^5  ^ 


=  P(®)  / 


"-^P{Z;x)dZ 

(7.13) 


where  k  is  the  Favre  averaged  turbulent 
kinetic  energy  and  where  P(^;z)  is  the 
probability  distribution  function  for  the 
conserved  scalar. 


In  this  simulation,  with  maximum  mesh 


Now  suppose,  as  suggested  eaxHer,  an 
estimate  for 

p{x)  is  available.  Then  the  Favre  aver¬ 
aged  continuity  equation  and  equations  of 
motion  with  Equation  (7.10)  and  supple¬ 
mented  appropriately  are  solved  inter  alia 
for  Vk  (* )  ,p{x),k  (z) ,  hg  (z) ,  Z  (z)  and 
pZ"^ f p{x).  The  final  two  variables  per¬ 
mit  the  parameters  for  the  pdf  P  {Z\x)  to 
be  determined.  These  results  when  substi¬ 
tuted  into  Equation  (7.13)  enable  an  im¬ 
proved  estimate  of  p{^  to  be  made. 

The  proposed  linear  relationship  be¬ 
tween  mixture  fraction  Z  (z,  t)  and  stagna¬ 
tion  enthalpy  hg{x,t),  namely.  Equation 
(7.10),  has  been  tested  in  a  nonreactive, 
supersonic  DNS  by  Luo  et  al.  (Ref.  150). 


Figure  27 

(a)  Joint  pdf  of  stagnation  enthalpy 
and  mixture  fraction  (b)  mean 
stagnation  enthalpy  vs.  mixture 
fraction  (Ref.  150). 

size  96  X  301  x  96,  the  initial  condition 
is  a  laminar  mixing  layer  of  two  streams, 
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each  of  Mach  number  1.2,  moving  in  op¬ 
posite  directions  (convective  Mach  mun- 
ber  1.2).  The  initial  flow  fleld  is  seeded 
with  disturbances  deduced  from  linear  sta¬ 
bility  analysis.  The  Lewis  eind  Prcuidtl 
numbers  are  both  unity  and  the  Reynolds 
number  based  on  vorticity  thickness  and 
fuel  stream  velocity  reaches  1000  at  the 
end  of  the  simulation.  Figure  27,  which 
shows  the  joint  pdf  of  h,  and  Z  and  the 
conditional  mesh  of  h,  versus  Z,  is  consis¬ 
tent  with  the  proposed  linear  relationship. 
This  implies  that  the  dpjdt  term  in  Equa¬ 
tion  (7.8)  has  a  negligible  effect  under  the 
conditions  of  this  simulation. 

Zheng  and  Bray  (Refs.  70,  148, 149)  re¬ 
port  results  of  presumed  pdf  calculations 
of  supersonic  jet  flames  in  which  they  as¬ 
sume  the  validity  of  this  linear  relationship 
between  Z  and  hg.  A  laminar  flamelet  ap¬ 
proach  is  adopted,  analogous  to  that  de¬ 
scribed  in  §4,  and  use  is  made  of  a  “libary” 
of  strained  laminar  hydrogen-air  diffusion 
flame  solutions  compiled  by  Balakrishnan 
(Ref.  151).  Research  by  Balakrishnan  and 
Williams  (Ref.  152)  indicates  that  laminar 
flamelet  models  axe  applicable  to  a  signif¬ 
icant  portion  of  the  anticipated  flight  tra¬ 
jectory  of  proposed  scramjet  engines. 

The  fluid  flow  model  used  by  Zheng  and 
Bray  (Refs.  70,  148,  149)  involves  Favre 
averaged  equations  of  continuity,  fluid  mo¬ 
tion  and  chemical  species  together  with 
an  algebraic  stress  turbulence  model  for 
Reynolds  stress  and  Reynolds  flux  compo¬ 
nents. 


The  Balakrishnan  laminar  flame  solu¬ 
tions  (Ref.  151),  which  are  based  on  de¬ 
tailed  chemical  kinetics,  specify  fuel  and 
oxidiser  mass  fractions  and  static  temper¬ 
ature  as  functions  of  mixture  fraction  Z 
and  strain  rate  a,  as  shown  in  Figure  28. 
Zheng  and  Bray  (Refs.  70,  148,  149)  as¬ 
sume  that  Z  and  a  are  statistically  inde¬ 
pendent.  They  represent  the  pdf  P{Z) 
as  a  beta  function.  Equation  (4.29),  md 
P(o)  as  a  Gaussian.  In  order  to  calcu¬ 
late  the  mean  density  p  (®)  they  apply  an 
adjustment  to  the  temperature  {Z,a) 
in  this  data  set  from  Ref.  (151)  which  is 
referred  to  as  Library  I.  The  adjusted  tem¬ 
perature  is 


T(Z,a,u)  =  r(^)(Z,a) 


2c, 


Yj^>(Z,a)  + 


s  +  1 


U„ 


+— 

2^ 


(7.U) 


where  u  is  the  local  axial  mean  velocity, 
subscripts  /,  o  and  p  correspond  to  fuel, 
oxidiser  and  product,  respectively,  the  sto¬ 
ichiometric  mass  ratio  of  the  reaction  is  s 
and  superscript  (1)  denotes  Library  I. 


MaM  fractioa  vi  Yf  and  Yo 
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(a) 


(b) 

Figure  28 

Flamelet  Library  I:  laminar 

diffusion  flames  at  strain  rates  of  60 
to  210815  5-1 
(Ref.  149  from  Ref.  151). 

Sabel’nikov  et  al.  (Ref.  153)  propose 
a  more  detailed  description  of  the  inter¬ 
action  between  scalar  and  velocity  fields. 
They  compare  their  predicted  static  tem¬ 
peratures  with  Equation  (7.14)  and  find 
similar  results. 


Zheng  and  Bray  (Refs.  70,  148, 
149)  compare  their  predictions  with  the 
hydrogen- air  jet  flame  experiments  of 
Evans  et  al.  (Ref.  116)  in  which  the  initial 
velocities  of  the  fuel  and  oxidiser  streams, 
which  appear  in  Equation  (7.14)  are 

Uf  =  2432m/5  and  Uo  =  1510m/s  , 


respectively.  Figure  29  (Ref.  148) 


Figiu-e  29 

Composition  profiles  from 
experiment  (Ref.  116)  and  from 
model  predictions  (Ref.  148).  The 
long  dashed  curves  are  predictions 
from  model  based  on  strained 
laminar  flamelet  s. 

compares  radial  composition  profiles  from 
these  experiments  (symbol  X  )  with 
four  different  predictions  from  the  model. 
Cases  1,  2  and  3  axe  for  Da  oo  when 
the  laminar  flamelet  reduces  to  a  flame 
sheet.  Case  1  uses  the  basic  model.  Case 
2  includes  a  model  for  dilatation  dissi¬ 
pation  due  to  both  compressibility  and 
heat  release  (Ref.  70).  Case  3  uses  this 
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model  plus  a  representation  of  the  cor¬ 
relation  between  fluctuations  in  pressure 
and  dilatation  (Ref.  70).  It  will  be  seen 
from  Figure  29  that  these  three  versions 
all  give  similar  predictions.  Case  4,  the 
long  dashed  lines  in  Figure  29,  uses  the 
adjusted  flamelet  library  from  Equation 
(7.14)  as  well  as  the  models  for  dilatation 
dissipation  and  pressure-dilatation  corre¬ 
lation.  Agreement  with  experiment  is  im¬ 
proved.  It  is  concluded  that  finite  reaction 
rate  effects,  as  contained  in  the  flamelet 
Hbraxy,  play  a  significant  role  tmder  the 
conditions  of  this  experiment.  However 
the  Mach  number  of  this  flow  is  too  low 
to  provide  a  challenging  test  of  high  Mach 
number  combustion  models. 

8.  CONCLUSIONS 

1.  The  most  serious  hindrance  to  a 
fuller  understanding  of  turbulent 
combustion  in  supersonic  flows  is  the 
lack  of  suitable  experimental  data. 
Detailed,  well  characterised  exper¬ 
iments  are  needed,  particularly  at 
sufficiently  high  Mach  numbers  for 
compressibility  effects  to  be  signifi¬ 
cant  and  with  good  space  and  time 
resolution  so  that  small  scale  mixing 
can  be  studied. 

2.  Direct  numerical  simulation  (DNS) 
is  beginning  to  contribute  both  to 
understanding  of  supersonic  reactive 
flows  and  to  the  development  of  av¬ 
eraged  flow  models.  This  trend  can 
be  expected  to  continue  and  DNS 


must  be  used  to  flU  the  gaps  in 
knowledge  where  experiment  is  im¬ 
practicable  or  where  models  are  not 
available.  Examples  include  small 
scale  mixing  m  high  Mach  number 
reactive  turbulent  flows  and  reac¬ 
tive  turbulent  flows  containing  shock 
waves. 

3.  There  is  scope  for  large  eddy  simu¬ 
lation  (LES)  of  supersonic  reactive 
turbulent  flows. 

4.  A  need  will  remain  for  averaged 
models  of  high  speed  turbulent  flow 
with  combustion.  The  present  re¬ 
view  leads  to  the  conclusion  that 
convincing  theoretical  models  are 
currently  not  available.  The  specifi¬ 
cation  for  such  a  model  includes  the 
ability  to  incorporate  effects  of 

•  a  detailed  description  of  the 
chemical  kinetic  mechanism 
and  rates, 

•  molecular  transport  processes 
characterised  by  Lewis  and 
Prandtl  numbers  different  from 
unity, 

•  incomplete  small  scale  mixing 

•  coupling  between  the  local 
thermo  chemical  state  and  the 
mean  and  fluctuating  kinetic 
energy  of  the  flow, 

•  the  presence  of  shock  waves  in 
the  reactive  turbident  flow. 
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Large-Eddy  Simulations  of  Compressible  Turbulent  Flows 
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ABSTRACT  the  structure  of  turbulence  in  the  neighbourhood  of 

HERMES  space  shuttle’s  rear  flap  at  Mach  2.5  will 
be  examined. 

In  the  first  lecture,  we  describe  the  general  framework 
of  large-eddy  simulations  (LES)  applied  to  incom¬ 
pressible  flows,  with  Smagorinsky’s  model  [1].  Af¬ 
terwards  we  concentrate  on  LES  from  a  spectral- 
space  point  of  view.  We  introduce  Kraichnan’s  spec¬ 
tral  eddy-viscosity[2],  and  how  it  can  be  handled 
for  LES  purposes  in  isotropic  turbulence,  in  terms 
of  the  plateau-cusp  model.  We  generalize  the  spec¬ 
tral  eddy  viscosity  to  a  spectral  eddy  diffusivity. 

Using  the  nonlocal  interaction  theory,  we  discuss 
the  backscatter  issue,  and  present  a  generalization 
of  spectral  eddy  coefficients  allowing  to  account  for 
non-developed  turbulence  in  the  subgridscales,  the 
spectral-dynamic  model.  Applications  of  this  model 
to  a  channel  flow  will  be  given,  with  comparisons  with 
DNS,  experiments,  and  the  classical  dynamic  model. 

The  latter  will  be  presented  and  discussed. 

The  second  lecture  will  be  devoted  to  the  action  of 
compressibility  upon  free-shear  and  separated  flows. 

We  will  work  in  physical  space.  We  will  first  present 
the  structure-function  model  (SSF),  the  filtered  SSF, 
and  the  selective  SSF,  as  well  as  a  version  of  the 
spectral-dynamic  model  in  physical  space,  in  terms 
of  a  combination  of  the  structure-function  model  and 
a  hyperviscosity.  Afterwards,  we  will  justify  the  use 
of  an  essentially  incompressible  subgrid-modelling  for 
LES  of  compressible  turbulence.  Then,  we  will  look 
at  the  effects  of  compressibility  upon  coherent  vor¬ 
tices  in  mixing  layers,  and  see  in  particular  how  heli¬ 
cal  pairing  is  inhibited  above  a  convective  Mach  num¬ 
ber  of  0.7.  We  will  consider  also  a  round  jet,  and 
finally  a  separated  flow  in  a  configuration  related  to 
ARIANE  V  solid-propergol  boosters. 

In  the  third  lecture,  we  will  concentrate  on  LES  of 
compressible  boundary  layers.  First,  we  will  look  at  a 
weakly  compressible  boundary  layer  (Moo  =  0.5)  spa¬ 
tially  developing  upon  an  adiabatic  flat  plate.  After¬ 
wards,  we  will  consider  a  temporal  boundary  layer  at 
Mach  4.5,  and  show  how  LES  allow  to  describe  the 
whole  process  of  transition  to  turbulence.  Finally, 
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Chapter  I: 

LES  formalism  in  physical 
and  spectral  space 


2  THE  FORMALISM  OF  LES 
IN  PHYSICAL  SPACE 

2.1  Filtering 


1  MODELS,  DNS  AND  LES 


A  direct-numerical  simulation  (DNS)  of  a  turbulent 
flow  has  to  take  into  account  explicitly  all  scales  of 
motion,  from  the  largest,  imposed  by  the  existence  of 
boundaries  or  the  periodicities,  to  the  smallest.  The 
latter  may  be  for  instance  the  Kolmogorov  dissipa¬ 
tive  scale  in  three-dimensional  isotropic 

turbulence,  or  the  viscous  thickness  in  a 

turbulent  boundary  layer.  Around  a  wing  or  a  fuse¬ 
lage  for  instance,  and  if  one  wants  to  simulate  three- 
dimensionally  all  motions  ranging  from  by  10"®  m 
to  to  10  m,  it  would  be  necessary  to  put  10^^  modes 
on  the  computer.  Right  now,  the  calculations  done  to 
the  expense  of  not  excessive  computing  times  on  the 
biggest  machines  take  about  2.  10^  grid  points,  which 
is  very  far  from  the  above  estimation.  Even  with  the 
unprecedented  improvement  of  scientific  computers, 
it  may  take  several  tenths  of  years  (if  it  becomes  ever 
possible)  before  DNS  permit  to  simulate  situations  at 
Reynolds  numbers  comparable  to  those  encountered 
in  natural  conditions. 

In  front  of  such  a  situation,  there  are  several  atti¬ 
tudes.  The  first  one  consists  in  trying  to  develop  sta¬ 
tistical  models.  This  is  compulsory  from  an  industrial 
point  of  view,  but  it  is  well  known  that  models  which 
have  been  validated  for  a  given  situation  fail  when  ex¬ 
ternal  conditions  change,  under  the  effect  for  instance 
of  pressure  gradients,  separation,  compressibility  or 
rotation.  The  second  one  is  to  work  in  very  sim¬ 
ple  geometries  at  low  Reynolds  number  and  develop 
DNS  which,  as  already  stressed,  are  costly  but  may 
be  very  useful  to  study  transition  for  instance.  The 
third  attitude  consists  in  trying  to  simulate  determin¬ 
istically  only  the  large  scales  of  the  flow,  which,  from 
an  engineering  point  of  view,  are  responsible  for  an 
important  part  of  turbulent  transfers  of  momentum 
or  heat  for  example.  This  is  the  large-eddy  simula¬ 
tion  (LES)  point  of  view,  where  the  small  scales  are 
filtered  out,  but  influence  statistically  the  large-scale 
motions. 

The  problem  of  LES  is  a  very  difficult  one,  which 
poses  a  lot  of  unsolved  problems  and  has  several  in¬ 
consistencies.  But  it  is  the  only  way  to  obtain  spatio- 
temporal  informations  upon  flows  at  high  Reynolds. 
As  will  be  seen,  LES  are  extremely  useful  in  particu¬ 
lar  to  understand  the  dynamics  of  coherent  vortices 
and  structures  in  turbulence. 


In  the  first  of  these  three  lectures,  we  present  the 
LES  formalism  for  incompressible  turbulence.  This  is 
valid  for  constant-density  flows,  and  also  for  variable- 
density  flows  in  the  framework  of  Boussinesq  approx¬ 
imation.  In  the  second  lecture,  we  will  defend  the 
point  of  view  that,  in  compressible  turbulence  and 
away  from  the  shocks,  compressibility  effects  decrease 
with  the  scale,  so  that  a  compressible  large-eddy  sim¬ 
ulation  using  incompressible  subgrid  models  may  be 
justified  if  the  filtering  scale  is  chosen  small  enough. 

We  mention  that  parts  of  this  text  will  follow  closely 
the  lines  of  [3]  [4] . 


To  begin  with,  let  us  consider  a  simulation  of  Navier- 
Stokes  equations  carried  out  in  physical  space,  us¬ 
ing  finite-difference  or  finite-volume  methods.  We 
assume  first  for  sake  of  simplification  that  the  spa¬ 
tial  discretization  is  orthogonal  and  cubic,  Ax  being 
the  grid  mesh.  To  the  fields  defined  in  the  continu¬ 
ous  space  X,  one  will  associate  filtered  fields  obtained 
through  the  convolution  with  a  filter  Ga^,  chosen  so 
as  to  eliminate  fluctuations  in  the  motions  of  wave¬ 
length  smaller  than  Ax.  The  filtered  velocity  and 
temperature  fields  are: 

u{x,t)  =  J  u(y,t)GAr{x  -  ^dy  (1) 

f{x,i)^  j  T{y,i)G^,{x-^dy  ,  (2) 

and  more  generally  for  any  quantity  /  (scalar  or  vec¬ 
torial) 

f{x,t)=  f  f{i),t)GAx(x-y}dy  = 

[  ^  .  (3) 

J  -  y,i)GAxiy)dy  . 

One  can  easily  check  that  such  a  filter  commutes 
with  temporal  and  spatial  derivatives,  so  that  the 
continuity  equation  for  the  filtered  field  holds.  Let  u' 
and  T'  be  the  fluctuations  of  the  actual  fields  with 
respect  to  the  filtered  fields 

u  =  u  +  u'  ■,  T  =  f  +  T’  (4) 

and  more  generally  /  =  f  +  f  ■  The  fields  “prime” 
concern  fluctuations  at  scales  smaller  than  Ax  (the 
“grid  scale”),  and  will  then  be  referred  to  as  subgrid- 
scale  fields. 


Let  us  write  Navier-Stokes  equations  as 


Po 


dui  d 
dt  dxj 


_^  df  f  duj  duj  \  \ 

dxi  dxj  \  \  dxj  dxi  J  j 


(5) 
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After  applying  the  filter,  one  gets 


1 

Po 


duj 

dt 

dp  ^  d 

dxi  dxj 

T- 

1 1 


_d_ 

dx 


-(uiUj)  = 

i 

dui  duj  \ 

(6) 

i  Uj  Ui  Uj 

(7) 

is  the  subgridscale  tensor.  The  filtered  fields  do  not 
need  to  be  resolved  at  scales  smaller  than  Ax,  since 
they  do  not  contain  fluctuations  under  this  scale. 
Therefore,  they  can  be  properly  represented  by  the 
computer,  provided  proper  numerical  schemes  are 
used.  The  main  problem  lies  in  the  subgridscale  ten¬ 
sor:  let  us  first  express  it  in  terms  of  fluctuations  with 
respect  to  the  filtered  field,  as 


Tij  =  UiUj  —  UiUj  —  (Uiu'j  -f  Uju'-)  —  u[u'j  . 

Here,  UiUj  —  UiUj  is  called  “Leonard  term”.  It  is 
explicit  since  it  is  expressed  in  terms  of  the  filtered 
field,  and  may  give  some  indications  as  to  model  the 
action  of  the  subgridscales  (see  the  section  on  the  dy¬ 
namic  model  below).  The  term  —{uiu'-  +UjU^)  is  the 
“cross  term”,  and  — is  the  “Reynolds-stress  like 
term”,  following  the  terminology  given  in  [5].  These 
two  terms  are  unknown.  The  equations  of  motion 
for  the  filtered  field  have  analogies  with  Reynolds 
equations  for  the  mean  flow  in  non-homogeneous  tur¬ 
bulence,  but  other  terms  than  —u'-u'-  arise  in  the 
LES.  Another  difference  is  that  LES  deal  with  fields 
which  are  rapidly  varying  in  space  and  time,  whereas 
Reynolds  equations  are  generally  time-independant, 
and  the  fields  vary  slowly  in  space.  In  the  LES,  we 
have  to  solve  Navier-Stokes  equations  for  the  filtered 
field  (large  scales)  modified  by  supplementary  sub¬ 
gridscale  terms  which  we  do  not  know. 


The  same  analysis  may  be  held  for  a  scalar  T  (not 
necessarily  passive)  of  molecular  diffusivity  k  con- 
vected  and  diffused  by  the  flow.  It  satisfies 


If  the  low-pass  filter  C^x  is  applied  to  this  equation, 
one  finds 


^  A. 

dt  dx.; 


(Tuj) 


_d_ 

dxi 


dT  ^ 


Tui 


(9) 

Here  again,  the  question  of  modelling  the  subgrid 
scalar  fluxes  is  posed. 


2.2  Prom  micro  to  macro... 


a  certain  microscopic  level,  and  one  seeks  evolution 
laws  at  a  macroscopic  level.  Navier-Stokes  is  already 
the  result  of  such  a  passage:  the  micro  corresponds 
here  to  Boltzmann  equations  for  the  molecules,  and 
the  macro  to  the  continuous  medium  approximation, 
where  the  molecular  viscous  and  conductive  coef¬ 
ficients  model  the  momentum  and  heat  exchanges 
across  the  surface  of  the  fluid  parcels,  due  to  molec¬ 
ular  fluctuations.  In  LES  of  turbulence,  the  micro 
corresponds  to  the  individual  fluid  parcel  obeying 
Navier-Stokes  equations,  and  the  macro  is  the  filtered 
field. 

Such  problems  of  passage  from  micro  to  macro  can 
be  solved  when  a  separation  between  large  and  small 
scales  exists.  This  is  in  particular  the  case  for  Navier- 
Stokes  equations,  valid  as  far  as  the  dissipative  scales 
are  large  in  front  of  the  molecular  scales,  which  is 
true  except  in  hypersonic  conditions  at  Mach  num¬ 
bers  larger  than  15.  One  of  the  main  problems  of  LES 
of  turbulence  is  the  fact  that  there  is  in  general  a  con¬ 
tinuous  spectrum  of  energy  between  the  resolved  and 
subgridscales.  We  will  see  below  how  the  spectral- 
eddy  viscosity  concept  allows  to  solve  this  problem 
at  an  energetic  level. 


2.3  LES  and  unpredictability  growth 

From  a  mathematical  viewpoint,  the  LES  problem 
is  not  very  well  posed.  Indeed,  let  us  consider  the 
time  evolution  of  the  fluid  as  the  motion  of  a  point 
in  a  sort  of  phase  space  of  extremely  large  dimen¬ 
sion  (e.g.  ~  10^^  around  a  wing,  as  seen  above).  At 
some  initial  instant,  the  flow  computed  with  LES  will 
differ  from  the  actual  flow,  due  to  the  uncertainty 
contained  in  the  subgridscales.  This  initial  differ¬ 
ence  between  the  actual  and  the  computed  flow  will 
grow,  due  to  nonlinear  effects,  as  in  a  dynamical  sys¬ 
tem  having  a  chaotic  behaviour.  Therefore,  the  two 
points  will  separate  in  phase  space,  and,  as  time  goes 
on,  the  LES  will  depart  from  reality.  However,  as  will 
be  seen  below,  LES  permit  to  predict  the  statistical 
characteristics  of  turbulence,  as  well  as  the  dynamics 
of  coherent  vortices  and  structures. 

Note  that  chaos  in  dynamical  systems  with  a  low 
number  of  degrees  of  freedom  is  generally  character¬ 
ized  by  a  positive  Lyapounov  exponent,  with  expo¬ 
nential  growth  of  the  distance  between  two  points 
initially  very  close  in  phase  space.  In  isotropic  tur¬ 
bulence,  one  introduces  for  predictability  studies  the 
error  spectrum  characterizing  the  spatial- 

frequency  distribution  associated  to  the  energy  of  the 
difference  between  two  random  fields  ui  and  U2  with 
same  statistical  properties: 


The  problem  of  the  subgridscale  modelling  is  a  par¬ 
ticular  case  of  the  passage  from  “micro”  to  “macro” , 
where  the  laws  governing  a  medium  are  known  at 


1  r+oo 

-  <[ul{x,t)  —  ul{x,t)]>—  /  E^{k,t)  dk 

4  Jo 


(10) 
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is  the  deformation  tensor  of  the  filtered  field.  The 
LES  momentum  equation  becomes 


the  energy  spectrum  E(k,t)  being  such  that 


-<ul>=~<ul>=  /  E{k,i)dk 
2  2  Jo 


The  error  rate 

^  /+”  E^{k,t)dk 
j+oo  E(^k,t)dk 


(11) 


(12) 


is  zero  when  the  two  fields  are  completely  correlated, 
and  one  when  they  are  totally  uncorrelated.  In  pre¬ 
dictability  studies,  one  takes  generally  an  initial  state 
such  that  complete  unpredictability  {E{k)  =  £'a(^)) 
holds  above  ksiO),  while  E^{k)  is  0  for  A;  <  A;b(0). 
Two-point  closures  of  the  EDQNM  type  (see  be¬ 
low  for  details)  show  (in  three  or  two  dimensions) 
an  inverse  cascade  of  error,  where  the  wavenumber 
ksit)  characterizing  the  error  front  decreases  (see 
[6]).  Thus,  the  error  rate  can  be  approximated  by 


f^°°E{k,t)dk 

We  assume  that  the  turbulence  is  forced  by  external 
forces,  so  that  the  kinetic  energy  arising  at  the  de¬ 
nominator  of  Eq.  (12)  is  fixed.  In  three-dimensional 
turbulence,  and  if  a  k~^^^  spectrum  is  assumed  for 
k  >  ks,  the  error  rate  will  be  proportional  to  k^  . 
In  fact,  closures  (see  [6] [3])  show  that  k'^^  follows 
a  Richardson’s  law  {k'^^  oc  so  that  the  er¬ 

ror  rate  grows  linearly  with  time.  This  is  in  fact  a 
slow  increase  compared  with  the  exponential  growth 
of  cha.otic  dynamical  systems,  and  quite  encourag¬ 
ing  concerning  the  potentialities  of  large-eddy  simula¬ 
tions  for  three-dimensional  turbulent  flows.  Remark 
that  the  same  result  (r(f)  oc  t)  has  been  obtained  in 
Ref.  [7],  on  the  basis  of  numerical  data  correspond¬ 
ing  to  atmospheric  wheather  forecast  models.  On 
the  other  hand,  the  above  analysis  carried  in  a  k~^ 
enstrophy  cascade  of  two-dimensional  isotropic  tur¬ 
bulence  yields  an  exponential  growth  of  the  error  (see 
[6]  [3]).  It  seems,  quite  surprisingly  since  large-scale 
atmospheric  motions  are  quasi  two-dimensional,  that 
the  atmosphere  behaves  more  as  a  three-dimensional 
turbulence.  This  is  confirmed  by  the  k~^/^  kinetic 
energy  spectra  measured  in  the  atmosphere  for  scales 
comprised  between  a  few  and  500  kilometers. 


2.4  Eddy- viscosity  and  difFusivity 

In  a  similar  way  to  what  was  done  when  considering 
a  Newtonian  fluid,  we  are  going  to  make  an  eddy- 
viscosity  and  eddy-diffusivity  assumption,  in  order  to 
model  the  subgrid  terms.  More  specifically,  we  write 

Tij  =  2^1  Sij  -h  —Tu  Sij  ,  (13) 


dui  _  dui 
dt  dxj 


Po 


^  +  2^ 

dxi  dxj 


(15) 

P  =  p  —  [\/‘i)poTu  being  a  modified  pressure,  deter¬ 
mined  with  the  help  of  the  filtered  continuity  equa¬ 
tion  (still  valid  on  a  regular  mesh).  If  the  grid  is  no 
more  regular,  one  has  to  consider  Eq.  (13)  as  a  model 
for  all  subgrid  terms,  in  particular  those  arising  from 
the  irregular-grid  effects. 


For  the  scalar,  one  introduces  an  eddy  diffu  sivity  «:*, 
such  that 

_  dT 

Tuj-Tuj  =  Kt-^  (16) 

to  yield 


^  ^ 

dt  ^  dxj 


_d_ 

dxj 


|(«:+  Ki) 


(17) 


The  eddy  diffusivity  is  related  to  the  eddy  viscosity 
by  the  relation 

=  ^  ,■  (18) 

Pr*'^)  being  a  turbulent  Prandtl  number  which  will 
be  specified  below. 


The  question  is  now  to  determine  the  eddy  viscosity 
t),  as  well  as  the  turbulent  Prandtl  number.  No¬ 
tice  that  this  eddy-viscosity  assumption  in  physical 
space  is  rather  questionable  since,  as  stressed  already, 
there  is  no  spectral  gap  between  the  large  and  small 
scales.  One  expects,  however,  that  the  informations 
about  the  physics  of  turbulence  derived  using  this 
unperfect  concept  may  help  to  improve  it. 


2.5  Smagorinsky’s  model 

The  most  widely  used  eddy-viscosity  model  was  pro¬ 
posed  by  Smagorinsky[l].  As  a  meteorologist,  he 
was  studying  quasi-geostrophic  models  of  the  atmo¬ 
sphere,  and  was  looking  for  an  eddy- viscosity  sim¬ 
ulating  some  sort  of  three-dimensional  Kolmogorov 
energy  cascade  in  the  subgridscales.  A  local  mixing- 
length  assumption  is  made,  in  which  the  eddy  vis¬ 
cosity  is  assumed  to  be  proportional  to  the  subgrid- 
scale  characteristic  length  Ax,  and  to  a  characteristic 
turbulent  velocity  =  Ax|5|.  Here  |5|  is  typical 
velocity  gradient  at  Ax,  determined  with  the  aid  of 
the  second  invariant  of  the  filtered-field  deformation 
tensor  defined  in  Eq.  (14).  Smagorinsky’s  eddy 
viscosity  writes 

i.,  =  (CVAx)2|5|  ,  (19) 


i  1  /  dui  duj  \ 
2  \dxj  dxi  ) 


|5|  =  yj2SijSij 


where 


(14) 


with 
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If  one  assumes  that  kc  =  tt/Ax,  the  cutoff  wavenum¬ 
ber  in  Fourier  space,  lies  within  a  k~^^^  Kolmogorov 
cascade,  one  can  adjust  the  constant  Cs  so  that  the 
ensemble  averaged  subgrid  kinetic-energy  dissipation 
is  identical  to  the  kinetic-energy  flux  in  the  cascade 
e.  It  is  found: 


Cs 


I 

TT 


(20) 


This  yields  Cs  ^  0.18  for  a  Kolmogorov  constant 
Ck  —  1-4.  In  fact,  the  dynamic-model  ideas  (see 
[8])  will  consist  in  adjusting  locally  Cs  with  the  aid 
of  a  double  filtering,  basically  to  reduce  the  eddy- 
viscosity  in  places  where  turbulence  is  not  totally  de¬ 
veloped,  or  during  transition. 


We  are  now  going  to  present  a  different  point  of  view 
of  LES  when  working  in  Fourier  space. 


3  LES  IN  SPECTRAL  SPACE 

3.1  Spectral  eddy  viscosity  and  difFu- 
sivity 

The  formalism  of  spectral  eddy  viscosity  is  due  to 
Kraichnan  ([2],  see  also  [9]  [3])  in  the  case  of  a  Kol¬ 
mogorov  subgridscale  spectrum.  The  spectral  eddy- 
diffusivity  was  introduced  in  [10].  Here,  we  will  ex¬ 
tend  these  results  to  spectra  which  may  not  follow 
Kolmogorov  law  at  the  cutoff. 

We  assume  that  Navier-Stokes  is  written  in  Fourier 
space  (which  requires  periodicity  in  the  three  spatial 
directions).  Let 

y  u{x,t)dx  (21) 

and 

r(*,t)=(y^)  j  u{x,t)dx  (22) 

be  the  spatial  Fourier  transforms  of  the  velocity  and 

scalar  fields.  The  spectral  tensor  Uij{k,t),  Fourier 
transform  of  the  velocity  correlation  tensor 

Uij{f,t)  -<  Ui{x,t)uj{x  +  f,t)  >  , 

is  such  that 

<  Ui{k' ,t)uj(k,  t)  >—  Uij{k,  t)6{k  +  k')  . 

For  isotropic  turbulence,  the  kinetic  energy  spectrum 
verifies 

E{kJ)  =  2Trk^Uiiik,t)  .  (23) 

The  scalar  spectrum  is  such  that 

<f{k\t)f{k,t)>=^^^^5(k  +  k').  (24) 


We  consider  the  cutoff  wave  number  kc  =  'xAx~^ 
already  envisaged  above  when  discussing  Smagorin- 
sky’s  model.  We  define  a  sharp  low-pass  filter  by 
setting  equal  to  zero  the  velocity  and  scalar  ampli¬ 
tudes  at  wave  vectors  whose  modulus  is  larger  than 
kc-  Let  us  first  consider  the  kinetic-energy  spectrum 
evolution  equations  given  by  the  EDQNM  theory^ 

([11][3]): 

E{k,t)=  II  dpdqBkpq{t) 

JJa,  (25) 

—  b(k,p,q)E(q,t)[k^E{p,t)  -  p‘^E{k,t)]  . 


where  the  integration  is  carried  out  in  the  domain 
of  the  (p,q)  plane  such  that  {k,p,q)  can  be  the  sides 
of  a  triangle.  The  non-dimensional  coefficient 

Kk,p,q)  =  ^{xy+  z^) 


is  defined  in  terms  of  the  cosines  (x,y,z)  of  the 
interior  angles  of  the  triangle  {k,p,q).  The’ angle 
^kpq{t)  characterizes  the  nonlinear  relaxation  of  ve¬ 
locity  triple-correlation.  It  is  given  by 


^kpq  — 


1  _  g-lk-kpg+''{k-+p-+g^)]t 
Pkpq  +  J^(A:2  -l-p2  -P  q"2) 


(26) 


with 

and 


Pkpq  —  P-k  “b  Pp  T  Pq 


Pk  -  ai 


p^E{p,t)dp 


1/2 


(27) 


The  constant  ai  is  adjusted  in  such  a  way  that  the 
kinetic-energy  flux  is  equal  to  e  in  a  Kolmogorov  cas¬ 
cade.  One  finds  ([11][3]) 


0.1  =  0.218  C^J^  .  (28) 

The  EDQNM  evolution  equation  for  the  passive 
scalar  spectrum  Erikjt)  is 


{§i  ^7  ^kpq  — 

{l-y^)E{q,t)[k^ETip) -p^Erik)]  , 

(29) 

where  is  a  scalar-velocity  triple  relaxation  time, 
given  by 


^  1  _  Q-MC+p^)  +  E(k)+p'(p)+iyq^+p''(q)]t 

"  k(P  +  p2)  -f  p'{k)  +  P'{p)  +  -f  //”(?) 

with 

\  1/2 

E{p,t)dp\ 


'Kraichnan  [2]  considered  the  Test-Field  Model  (TFM)  in¬ 
stead  of  the  Eddy-Damped  Quasi-Normal  Markovian  theory 
(EDQNM),  but  the  transfers  are  the  same  in  a  Kolmogorov 
inertial  range. 


p\k) = 02 
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fi”  {k)  -  as 


The  choice  of  the  new  adjustable  constants  a2  and  03 
is  not  simple.  It  was  shown  in  Ref.  [12]  that  a  given 
value  of  the  Corrsin-Oboukhov  constant  arising  in 
the  inertial-convective  range  of  the  scalar  spectrum 
(here  taken  equal  to  0.67  from  experimental  measure¬ 
ments  of  Ref.  [13])  imposes  a  certain  one  to  one  cor¬ 
respondence  between  02  and  03.  The  last  condition, 
allowing  to  determine  02  and  as,  comes  from  consid¬ 
erations  on  the  turbulent  Prandtl  number,  in  spectral 
space,  defined  below  and  equal  to  (02  -f  a3)/6ai  .  It 
is  then  possible  to  express  this  number  in  function  of 
02/03  only,  in  such  a  way  that  the  Corrsin-Oboukhov 
constant  should  be  fixed  to  the  value  given  above. 
This  leads  to  a  turbulent  Prandtl  number  decreasing 
continuously  from  0.6  to  0.325  for  02/03  going  from 
zero  to  infinity.  Since  the  values  of  turbulent  Prandtl 
numbers  found  experimentally  in  the  boundary  layer 
are  in  the  range  0.6  0.8,  this  could  lead  to  the 

choice  as  —  0  (and  hence  03  =  1.3,  as  determined 
in  Ref.  [12]).  One  could  object  that  the  analogy 
between  both  theoretical  and  experimental  turbulent 
Prandtl  numbers  is  not  obvious.  Nevertheless  the 
choice  02  =  0  has  the  further  advantage  of  allowing 
analytical  resolutions  of  the  EDQNM  temperature 
spectral  equation.  It  has  to  be  stressed  that  the  sim¬ 
pler  choice  02  =  03  =  oi  gives  the  same  Corrsin- 
Oboukhov  constant  and  a  turbulent  Prandtl  number 
of  0.35. 


We  come  back  to  the  subgridscale  modelling  problem, 
and  assume  first  k  «  kc,  both  modes  being  larger 
than  ki,  the  kinetic-energy  peak.  Then  one  can  write 
the  spectral  evolution  equations  for  the  supergrid- 
scale  velocity,  E(k,t),  and  scalar,  ET{k,t)  spectra 
as 


(^  +  2i^k^)E{k,t)  =  T^kc{k,t)  +  %g{k,t)  (30) 

{j^+2,,k'^)ET{k,t)  =  Tl^^{k,t)+Tl{k,t)  .  (31) 

Expansions  in  powers  of  the  small  parameter  kjkc 
yield  to  the  lowest  order^ 


T,g{k,t)  =  -2ur  k"  Eik,t)  (32) 


1/ 


CO 

t 


tJ?- 


5E{p,t)  +  p 


dE{p,ty 

dp 


dp 


(33) 


Tl{k,t)^-2Kf  P  ET{k,-t)  (34) 


9  /-CO 

=  o  /  E{p,  i)  dp  :  (35) 

>>  dkc 

The  supergrid-scale  transfers  T^kdk^t)  and 
T^kciktt)  correspond  to  triad  interactions  whose 
wave  numbers  lie  in  the  supergrid  range,  and  hence 


do  not  need  any  modelling,  since  they  can  be  calcu¬ 
lated  exactly  in  the  large-eddy  simulation. 


Let  us  start  by  assuming  a  k  inertial  range  at 
wave  numbers  greater  than  kc-  We  obtain: 


=  0.441  Ck 


-3/2 


E{kc) 


-,1/2 


kc 


(36) 


K 


00 

t 


P, 


(t) 


(37) 


with 

p(„  ^  (38) 

6ai 

If  one  assumes  for  instance  a  Kolmogorov  constant 
of  1.4  in  the  energy  cascade,  the  constant  in  front  of 
Eq.  (36)  will  be  0.267. 


When  k  is  close  to  kc,  the  above  concept  of  spec¬ 
tral  eddy  viscosity  and  eddy  diffusivity  can  be  gen¬ 
eralized  for  a  k~^^^  inertial  range  extending  over 
wave  numbers  larger  than  kc-  It  is  possible,  with 
the  aid  of  the  EDQNM  approximation,  to  calculate 
the  subgridscale  transfers,  corresponding  to  triadic 
interactions  where  at  least  one  of  the  wave  numbers 
p  and  q  is  greater  than  kc-  This  allows  us  to  define 
two  functions  i/t(k\kc)  and  Kt{k\kc)  ,  respectively 
the  eddy  viscosity  in  spectral  space  ([2]  and  the  eddy 
diffusivity  in  spectral  space  ([10]),  such  that 

Pg{k,t)  =  -2Mk\kc)  k^  E{k,t)  (39) 

TJdk,t)---‘i^^t{k\kc)k'^  E{k,t)  .  (40) 

The  functions  i>t(k\kc)  and  Ki(k\kc)  are  such  that 


i^t{k\kc)  =  K{k/kc)ur  (41) 

Kt{k\kc)^C{k/kc)t^T  (42) 

where  22“  and  are  the  asymptotic  values  given  by 
Eqs  (36),  (37)  and  (38).  As  shown  by  Kraichnan[2], 
K{x)  is  approximately  constant  and  equal  to  1,  ex¬ 
cept  in  the  vicinity  o{  kjkc  =  1  where  it  dis¬ 
plays  a  strong  overshoot  (cusp-behaviour),  due  to 
the  predominance  of  semi-local  transfers  across  fec¬ 
it  was  shown  in  [10]  that  C{x)  behaves  qualita¬ 
tively  as  K{x)  (plateau  at  1  and  positive  cusp), 
and  that  the  spectral  turbulent  Prandtl  number 
Vt{k\kc)l Kt{k\kc)  is  approximately  constant  (and 
thus  equal  to  0.6  if  one  takes  as  =  0).  These  three 
quantities  (eddy-viscosity,  eddy-diffusivity  and  tur¬ 
bulent  Prandtl  number),  taken  from  [10],  are  shown 
on  Figure  1,  in  function  of  kjkc-  On  the  figure, 
the  eddy  coefficients  are  normalized  by  \/E(kc)/kc , 
with  Ck  =  1-4. 


In  fact,  the  function  Kix)  can  be  put  under  the  form 


K{x)  =  1  -f  dx^'^  ,  (43) 


the  relaxation  times  are  not  expanded 
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Figure  2;  3D  isotropic  decaying  turbulence,  resolution  32®; 
decay  of  kinetic- energy  (a)  and  passive-scalar  (b)  spectra,  cal¬ 
culated  from  the  LES  of  [10]  using  the  spectral-cusp  eddy  vis¬ 
cosity 

tions  in  Fourier  space  (see  [3]): 


Figure  1:  Eddy  viscosity,  eddy  diffusivity  and  turbulent 
Prandtl  number  in  spectral  space,  determined  using  the 
EDQNM  theory  (from  [10]) 


with  2n  R3  3.7  ([9] [10]).  We  propose  to  determine  i'* 
by  considering  the  energy  balance  between  explicit 
and  subgridscale  transfers.  This  yields; 


f 

Jo 


2i'tk^E(k,t)dk 


which,  in  an  infinite  Kolmogorov  inertial  range,  leads 
to 


321 -f 


1 


l  +  (3n/2)  "  3x0.441 


(44) 


We  will  come  back  to  this  expression  below,  when 
working  in  physical  space  in  terms  of  generalized  hy¬ 
perviscosities. 


Let  us  mention  that  the  use  of  the  eddy  viscosities 
and  eddy  diffusivities  given  by  Eqs  (41)  and  (42)  al¬ 
low  one  to  solve  numerically  the  EDQNM  kinetic  en¬ 
ergy  and  passive  scalar  evolution  equations  at  zero 
molecular  viscosity  and  diffusivity  in  the  self-similar 
decaying  regime  (for  k  <  kc),  as  shown  by  [9][10]. 


3.2  LES  of  isotropic  turbulence 

Let  us  now  come  back  to  the  evolution  equations  (in 
spectral  space)  of  the  instantaneous  filtered  fields  (for 

\k\  <  kc  ) 

(—  -b  i/k‘^)ui(k,t)  =  ti^^kc{k,t)  +  tsg{k,t)  (45) 

{^  + i^k^)T{k,t)=::t%p:^{k,i)-\-tJg{k,t)  .  (46) 

The  explicit  supergrid  transfers  are  calculated  by  a 
truncation  for  k,p,q  <  kc  oi  the  nonlinear  terms  in¬ 
volved  in  Navier-Stokes  and  transported  scalar  equa- 


f  (47) 

/  ,  Wj(P,0  '^m  {q,t)dp 

Jp-i-q=k 

I  ^  Uj{p,t)f{q,t)dp  . 

jp-^q  =  %  ,|p|,l?|<r-c 

We  propose  to  model  the  unknown  subgridscale 
transfers  with  the  aid  of  i't{k\kc)  and  Kt{k\kc) 
introduced  above,  namely 

tsg{k,t)  =  -i't{k\kc)k^Ui{k,t)  (49) 

t^^{k,t)  = -tit{k\kc)k^T{k,t)  .  (50) 

This  subgridscale  modelling  is  justified  at  the  ener¬ 
getic  transfer  level,  in  the  sense  that,  when  one  writes 
the  exact  evolution  equations  for  the  spectra  of  u  and 
T  as  they  arise  from  Eqs  (49)  and  (50),  one  obtains 
the  EDQNM  subgridscale  transfers.  However,  the 
assumption  of  real  eddy  coefficients  is  constraining, 
and  discards  the  possible  phase  effects  arising  in  the 
neighbourhood  of  kc- 

As  already  mentioned,  the  cusp  part  of  the  spectral- 
cusp  eddy  viscosity  takes  into  account  the  non¬ 
existence  of  a  spectral  gap  at  kc,  and  this  is  a  great 
advantage  with  respect  to  eddy-viscosities  in  physical 
space. 

The  results  of  the  spectral-cusp  eddy  viscosity  ap¬ 
plied  to  LES  of  decaying  three-dimensional  isotropic 
turbulence  are  satisfactory.  The  first  calculations  of 
this  type  at  a  very  low  resolution  (32^)  were  done  by 
[9]  [10]  respectively  for  the  momentum  equation  and 
the  passive  scalar.  Figures  2-a  and  2-b  show  the  de¬ 
caying  kinetic-energy  and  passive  scalar  spectra  ob¬ 
tained  in  these  LES,  with  formation  of  approximate 
^-5/3  inertial  and  inertial-convective  ranges.  Al¬ 
though  we  were  not  aware  of  this  fact  at  the  moment 
this  computation  was  done,  it  is  clear  on  the  figure 


kk- 

ti,<kcik,t)  —  ikm  (  ^ij  j^2 
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Figure  S:  3D  isotropic  decaying  turbulence,  resolution  128®; 
decay  of  kinetic- energy  (a)  and  passive-scalar  (b)  spectra,  cal¬ 
culated  from  the  LES  of  [If]  using  the  spectral-cusp  eddy  vis¬ 
cosity 


that  the  temperature  spectrum  decays  much  faster 
than  the  kinetic  energy.  Figure  3  is  an  analogous 
LES  at  a  resolution  of  128^  Fourier  modes  carried 
out  by  [14]  (see  also  [15]).  The  initial  velocity  and 
scalar  spectra  are  analogous,  with  a  Gaussian  ultra¬ 
violet  behaviour  and  a  infrared  spectrum.  It  can 
be  checked  that  Kolmogorov  and  Corrsin-Oboukhov 
cascades  establish.  Afterwards,  the  kinetic- 
energy  spectrum  decays  self-similarly,  with  a  slope 
comprised  between  —5/3  and  —2.  The  scalar  spec¬ 
trum  seems  to  have  a  very  short  inertial-convective 
range  close  to  the  cutoff,  and  a  very  wide  range 
shallower  than  k~'^  in  the  large  scales.  Here  also 
the  scalar  decays  much  faster  than  the  tempera¬ 
ture.  This  anomalous  range  was  explained  by  [16] 
as  due  to  the  quasi  two-dimensional  character  of  the 
scalar  diffusion  in  the  large  scales,  leading  to  large- 
scale  intermittency  of  the  scalar.  In  these  LES,  a 
direct  determination  of  the  eddy-viscosity  and  the 
eddy-diffusivity  was  done,  by  evaluating  the  trans¬ 
fers  across  a  fictitious  cutoff  =  kc/^-  The  eddy 
viscosity  thus  determined  has  the  plateau-cusp  be¬ 
haviour  predicted  by  the  closures.  However,  the  eddy 
diffusivity  is  anomalous  with  respect  to  the  EDQNM 
prediction,  with  a  logarithmic  decrease  in  the  plateau 
region.  This  is  presented  on  Figure  4,  where  only  the 
explicit  transfers  involving  the  range  [k'^,  kc]  are  in¬ 
dicated. 

It  was  shown  in  Ref.  [16]  that  the  anomaly  disappears 
when  the  temperature  is  no  more  passive  and  coupled 
with  the  velocity  within  the  frame  of  Boussinesq  ap¬ 
proximation.  It  is  possible  that  the  same  holds  for 
compressible  turbulence,  which  would  legitimate  the 
use  of  the  plateau-cusp  eddy  diffusivity  in  this  case. 

3.3  The  spectral  backscatter 

Let  us  look  now  at  the  infrared  {k  0)  spectra 
obtained  in  Figures  3-a  and  3-b.  The  initial  slope 
is  k^,  as  already  stressed,  and  one  sees  spectra 
which  form.  These  spectra  had  been  predicted  with 
the  aid  of  two-point  closures  such  as  EDQNM^  (see 

®This  is  also  valid  for  TFM,  DIA  (Direct-Interaction  Ap- 
proximation)  and  even  Quasi-Normal  theories. 


Figure  f:  3D  isotropic  decaying  turbulence,  resolution  128®; 
eddy-viscosity  and  diffusivity  calculated  from  the  LES  of  of 
[16] 

[17])  many  years  before  they  could  be  observed  in  the 
LES  of  [14]  [15].  The  derivation  is  the  following:  let 
ki  and  kf  be  respectively  the  peaks  of  the  kinetic- 
energy  and  scalar  spectra.  The  nonlocal  interactions 
theory,  where  the  nonlocal  transfers  are  calculated 
to  the  leading  order  in  terms  of  expansions  in  powers 
of  the  small  parameters  k/ki  (resp.  k/kf)  permits 
to  show  that  nonlocal  transfers  are  dominant  in  this 
infrared  range,  and  respectively  equal  to 

(61) 

J-l’(t.i)  =  if  r  el,S^ET{p)dp  (52) 
^  JkJ  P 

for  the  velocity  and  the  scalar.  These  transfers,  which 
arise  in  the  rhs  of  the  evolution  equations  for  the 
spectra 

{^  +  2iyk‘^)E{k,t)^T{k,t) 
at 

{j^-\-2Kk^)ET{k,t)^T'^ik,t)  , 

inject  a  k'^  spectrum  in  low  wave  numbers,  through 
some  kind  of  nonlinear  resonant  interaction  between 
two  modes  ss  dq.  This  spectral  backscatter  is  respon¬ 
sible  for  the  sudden  appearance  of  k^  infrared  spectra 
when  the  initial  spectra  are  sharply  peaked,  or  sim¬ 
ply  oc  k^  with  s  >  4.  This  spectral  backscatter  phe¬ 
nomenon  is  important,  since  energy  is  thus  injected  in 
very  low  wave  numbers,  and,  to  our  knowledge,  two- 
point  closure  theories  are  the  only  ones  which  permit 
to  predict  it  analytically'^.  Violent  backscatter  phe¬ 
nomena  occur  also  in  the  statistical  unpredictability 
theory  both  in  two  and  three  dimensions,  as  shown 

by  [6]. 

*  In  two-dimensional  turbulence,  a  fc®  backscatter  also  arises 
(see  [3]) 
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Notice  finally  that,  if  turbulence  is  fed  by  some  forc¬ 
ing  concentrated  around  ki,  a  stationary  solution 
will  imply  an  infrared  balance  between  the  backscat- 
ter  and  the  eddy-viscous  transfers,  yielding  a  k^ 
equipartition  spectrum.  A  last  remark  is  that  the  k'^ 
backscatter  is  negligible  in  LES  where  the  cutoff  kc 
lies  in  the  middle  of  a  Kolmogorov  range.  Backscat¬ 
ter  effects  exist,  which  send  back  energy  from  the 
filtered  to  the  subgridscales.  But,  from  an  energetic 
point  of  view,  they  are  contained  in  the  cusp-part  of 
the  plateau-cusp  eddy  viscosity  considered  above. 


4  SPECTRAL  DYNAMIC 
MODEL 


We  will  present  below  a  local  generalization  of  the 
plateau-cusp  spectral  eddy  viscosity  to  the  physical 
space  (structure-function  model),  which  gives  bet¬ 
ter  results  for  isotropic  turbulence  as  far  as  the  Kol¬ 
mogorov  cascade  is  concerned.  But  let  us  show  now 
an  adaptation  of  the  spectral-cusp  model  to  kinetic- 
energy  spectra  oc  k~'^  for  k  >  kc,  when  the  exponent 
m  is  not  necessarily  equal  to  5/3.  The  eddy  viscosity 
given  by  Eq.  (33)  is  now 


1 


15ai  m  -f-  1 


V3^ 


E{kc) 


-I  1/2 


(53) 


for  m  <  3.  The  constant  l/(15ai)  is  equal  to 
0.31  This  expression,  derived  by  [16],  was 

used  by  Lamballais  ([18]  [19])  for  LES  of  a  plane  chan¬ 
nel  (see  below).  The  associated  eddy  diffusivity  is 


Kr  = 


4 


E{kc) 


-,1/2 


kc 


3a3  m  +  I 
and  the  turbulent  Prandtl  number 
5  —  m  03 

Oi 


p(t)  _ 


20 


(54) 


(55) 


Taking  the  value  of  03  necessary  to  recover  —  0.6 
for  m  =  5/3,  one  finds  finally 


=  0.18  (5-m)  .  (56) 


For  m  >  3,  this  scaling  is  no  more  valid,  and  the 
eddy-viscosity  and  diffusivity  coefficients  will  be  set 
equal  to  zero.  In  the  spectral  dynamic  model,  the 
exponent  m  is  determined  through  the  LES  with  the 
aid  of  least-squares  fits  of  the  kinetic-energy  spec¬ 
trum  close  to  the  cutoff.  The  asymptotic  eddy  vis¬ 
cosity  of  Eq.  (53)  is  multiplied  by  the  plateau-cusp 
function  K{k/kc)  defined  above. 


4.1  Incompressible  plane  channel 


We  show  now  how  the  spectral  dynamic  model  may 
be  applied  to  an  incompressible  turbulent  Poiseuille 


flow  between  two  infinite  parallel  flat  plates.  The 
channel  has  a  width  2h,  and  we  define  the  macro¬ 
scopic  Reynolds  number  by  Rg  —  2hUm/^,  where 
Um  is  the  bulk  velocity.  We  assume  periodicity  in  the 
streamwise  and  spanwise  directions.  Calculations  are 
carried  out  at  constant  Um  ■  They  are  initiated  by  a 
parabolic  laminar  profile  perturbed  by  a  small  three- 
dimensional  random  noise,  and  pursued  up  to  com¬ 
plete  statistical  stationarity.  When  turbulence  has 
developed,  we  define  a  microscopic  Reynolds  number 
=  v„h/v,  based  on  the  friction  velocity.  We  use  a 
numerical  code  combining  pseudo-spectral  methods 
in  the  streamwise  and  spanwise  directions,  and  com¬ 
pact  finite-difference  schemes  of  sixth  order  in  the 
transverse  direction  (see  [18]),  whith  grid  refinement 
close  to  the  walls.  This  is  a  very  precise  code  of 
accuracy  comparable  to  a  spectral  method  at  equiv¬ 
alent  resolution,  for  the  DNS  presented  on  Figure  5 
at  h'^  =  162.  It  is  compared  with  a  DNS  carried  out 
in  Ref.  [20]  using  spectral  methods  at  =  150). 
These  DNS,  which  use  very  precise  numerical  meth¬ 
ods,  turn  out  to  be  in  very  good  agreement  with  the 
experiments.  We  see  on  Figure  5-a  that  the  logarith¬ 
mic  range  begins  at  —  30.  We  show  on  Figure 
5-b  the  r.m.s.  velocity-fluctuations  profile  in  terms 
of  y.  It  is  clear  that  there  is  a  strong  production  of 
u'  at  the  wall,  with  a  peak  at  =  12.  This  cor¬ 
responds  in  fact  to  the  low-  and  high-speed  streaks. 
Figure  5-e  shows  the  Reynolds  stresses,  whose  peak 
is  higher  (at  the  bottom  of  the  logarithmic  layer), 
which  is  the  signature  of  ejections  of  vorticity  from 
the  wall.  The  same  peak  is  observed  for  the  pressure 
fluctuations  (Figure  5-d),  which  is  certainly  due  to 
low  pressure  associated  to  high  vorticity  at  the  tip 
of  the  ejected  hairpin  (see  below).  Finally  Figure  5- 
f  shows  the  r.m.s.  vorticity  fluctuations,  a  quantity 
very  difficult  to  measure  precisely  experimentally.  It 
indicates  that  the  maximum  vorticity  produced  is 
spanwise  and  at  the  wall,  in  fact  under  the  high-speed 
streaks  (see  below).  The  vorticity  perpendicular  to 
the  wall  is  about  40%  higher  than  the  longitudinal 
vorticity  in  the  region  5  <  y"''  <  30,  which  indicates 
only  a  weak  longitudinal  vorticity  stretching  by  the 
ambient  shear.  We  will  present  two  LES  using  the 
spectral-dynamic  model,  at  Rg  —  6666  (ft+  =  204, 
case  A)  and  Rg  =  14000  {h^  —  389,  case  B).  They 
are  respectively  subcritical  and  supercritical  with  re¬ 
spect  to  the  linear-stability  analysis  of  the  Poiseuille 
profile.  In  the  two  simulations  there  is  a  grid  refine¬ 
ment  close  to  the  wall,  in  order  to  simulate  accurately 
the  viscous  sublayer.  The  kinetic-energy  spectrum  al¬ 
lowing  to  determine  the  eddy-viscosity  is  calculated 
in  each  plane  parallel  to  the  walls.  In  fact,  the  orig¬ 
inal  formula  for  the  spectral-eddy  viscosity  consid¬ 
ered  a  three-dimensional  spectrum.  It  is  possible, 
in  the  isotropic  case  and  when  spectra  decrease  as  a 
power  law,  to  relate  the  two-dimensional  to  the  three- 
dimensional  spectrum.  LES  of  the  channel  seem  to 
be  insensitive  to  the  particular  spectrum  chosen. 
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Figure  5:  statistical  data  obtained  in  DNS  of  a  turbulent  chan¬ 
nel  flow  by  Lamballais  (straight  line)  and  Kuroda  (symbols); 
from  left  to  right  and  top  to  bottom,  a)  mean  velocity,  b)  r.m.s. 
velocity  fluctuations  (respectively  from  top  to  bottom,  longitu¬ 
dinal,  spanwise,  vertical),  c)  kinetic  energy,  d)  r.m.s.  pressure 
fluctuation,  e)  Reynolds  stresses,))  r.m.s.  voriicity  (from  top 
to  bottom,  spanwise,  vertical,  longitudinal) 


Figure  6:  Spectral- dynamic  LES  of  the  channel  flow  (case  A), 
exponent  m(2/+)  of  the  kinetic- energy  spectrum  at  the  cutoff 


Figure  7;  Same  LES  as  Figure  6.  Comparison  of  the  mean  ve¬ 
locity  profile  (solid  line)  versus  Piomelli’s  [21]  dynamic-model 
simulations  (symbols) 


Figure  6  shows  for  case  A  the  exponent  m  arising  in 
the  energy  spectrum  at  the  cutoff,  as  a  function  of  the 
distance  to  the  wall  y+ .  Regions  where  m  >  3  cor¬ 
respond  to  a  zero  eddy  viscosity  and  hence  a  direct- 
numerical  simulation.  This  is  the  case  in  particular 
close  to  the  wall,  up  to  i/+  12  where  we  know 

that  longitudinal  velocity  fluctuations  are  very  in¬ 
tense,  due  to  the  low-  and  high-speed  streaks.  There¬ 
fore,  and  since  the  first  point  is  very  close  to  the  wall 
(y+  =  1),  our  LES  has  the  interesting  property  of 
becoming  a  DNS  in  the  vicinity  of  the  wall,  which  en¬ 
ables  us  to  capture  events  which  occur  in  this  region. 
Figure  7  shows  the  mean  velocity  profile  in  case  A, 
compared  with  the  LES  of  Piomelli  [21]  using  the  dy¬ 
namic  model  of  [8].  The  latter  is  known  to  agree  very 
well  with  experiments  at  these  low  Reynolds  num¬ 
bers.  Our  simulation  coincides,  with  the  right  value 
for  the  Karman  constant.  On  the  other  hand,  a  LES 
carried  out  with  the  classical  spectral-cusp  model 
with  m  —  5/3  gives  an  error  of  20%  for  the  Karman 
constant.  Figure  8  shows  for  case  A  the  rms  veloc¬ 
ity  fluctuations,  compared  with  the  dynamic-model 
predictions  of  [21].  The  agreement  is  still  very  good, 
with  a  correct  prediction  of  the  longitudinal  velocity 
fluctuations  peak.  Concerning  the  supercritical  case, 
the  LES  of  case  B  are  in  very  good  agreement  with 
a  DNS  at  h+  =  395  carried  out  by  [22],  both  for  the 
mean  velocity  and  the  rms  velocity  components.  The 
latter  are  shown  on  Figure  9.  Notice  that  the  LES 
allows  to  reduce  the  computational  cost  by  a  factor 
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Figure  8:  Same  as  Figure  7,  hut  for  the  rms  velocity  fluctu¬ 
ations,  from  tog  to  bottom  longitudinal,  spanwise  and  trans¬ 
verse 


(a) 


Z> 


(b) 


it' 

I 

J 


Figure  9:  Turbulent  channel  flow,  comparisons  of  the  spectral- 
dynamic  model  (solid  lines,  =  389^  with  the  DNS  of  Kim 
symbols,  =  395 J;  a)  mean  velocity,  b)  rms  velocity 
components 


of  the  order  of  100,  which  is  huge. 

We  present  finally  on  Figure  10  a  map  of  the  vorticity 
modulus  at  the  same  threshold  for  cases  A  and  B.  The 
flow  goes  from  left  to  right. 


5  DYNAMIC  MODEL 


We  have  already  noted  for  Kraichnan’s  spectral  eddy 
viscosity  that  the  parameters  defining  it  could  be 
computed  from  a  LES  with  a  cutoff  kc,  by  defining 
a  fictitious  cutoff  =  kef 2,  and  explicitly  calculat¬ 
ing  the  transfers  across  (see  Refs  [14] [16]).  This  is 
the  underlying  philosophy  of  the  dynamic  model  in 
physical  space  [8].  The  method  relies  on  a  LES  using 
a  “base”  subgrid-scale  model  such  as  Smagorinsky’s 
model®,  with  a  grid  mesh  Ax.  The  computed  fields  / 
are  filtered  by  a  “test  filter”  7  of  larger  width  a  Ax  (for 
instance  a  =  2),  to  yield  the  field  /.  If  one  applies  the 
double  filter  to  the  Navier-Stokes  equation  (with  con¬ 
stant  density),  the  subgrid-scale  tensor  of  the  field  u 
is  readily  obtained  from  with  the  replacement  of  the 
filter  “bar”  by  the  double  filter  “bar-tilde” ,  that  is; 

Tij  —  UiUj  -  UiUj  .  (57) 

We  consider  now  the  following  resolved  turbulent 
stress  corresponding  to  the  test-filter  applied  to  the 
field  u\ 

Cij  =  UiUj  —  UiUj  .  (58) 

Finally  we  apply  the  filter  “tilde”  to  Eq.  (7),  to  yield 

Tij  —  UiUj  —  UiUj  .  (59) 

Adding  Eqs  (58)  and  (59),  using  (57) 

Cij  =  Tij  -  Tij  ,  (60) 

^But  it  may  be  used  with  other  subgrid  models. 
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Figure  10:  Turbulent  plane  channel,  vorticity  modulus;  a) 
DNS  (h'^  =  165 b)  LES  using  the  spectral- dynamic  model 
(k+  =  389),  from  [IS] 


Now,  all  the  terms  of  Eq.  (63)  can  be  determined 
with  the  aid  of  u.  There  are  however  five  independent 
equations  for  only  one  variable  C,  and  the  problem 
is  overdetermined. 


Two  alternatives  have  been  proposed  to  deal  with 
this  undeterminacy.  A  first  solution  (Ref.  [8])  is  to 
contract  Eq.  (63)  by  Sij  to  obtain 


^  ^ij  Sjj 


2  Mi j  Sij 


(64) 


since,  due  to  incompressibility,  Sij  is  traceless.  This 
permits  in  principle  to  “dynamically”  determine  the 
“constant”  C  as  a  function  of  space  and  time,  to  be 
used  in  the  LES  of  the  base  field  u.  In  tests  us¬ 
ing  channel  flow  data  obtained  from  direct  numerical 
simulations,  it  was  however  shown  in  [8]  that  the  de¬ 
nominator  in  Eq.  (64)  could  locally  vanish  or  become 
sufficiently  small  to  yield  computational  instabilities. 
To  get  rid  of  this  problem,  Lilly  [23]  chose  to  deter¬ 
mine  the  value  of  C  which  “best  satisfies”  the  system 
Eq.  (63)  by  minimizing  the  error  using  a  least  squares 
approach.  It  yields 

C=lA|i  (65) 

This  removes  the  undeterminacy  of  Eq.  (63). 


called  Germano’s  identity.  In  this  expression,  and 
Tij  have  to  be  modelled,  while  Cij  can  be  explicitly 
calculated  by  applying  the  test  filter  to  the  base  LES 
results.  Using  Smagorinsky’s  model,  we  have 

Sij  =  2MfC  ,  (61) 

whith  C  =  C'g  and 

Aij  =  (Aa;)^  . 

Still  using  Smagorinsky,  we  have 

Tij  -  \tii  Sij  =  2BijC  ,  (62) 

whith  _  _ 

Bij  =  a^(Ax)‘^  |5|  Sij  . 

|5|  and  Sij  are  the  quantities  analogous  to  |5|  and  Sij 
built  with  the  doubly-filtered  field  u.  Substracting 
Eq.  (61)  from  Eq.  (62)  yields  with  the  aid  of  Eq. 
(60) 

Cij-^£u  Sij^2BijC-2^C  . 

In  order  to  obtain  C,  many  people  remove  it  from 
the  filtering  as  if  it  were  constant,  leading  to 

Cij  -  \cu  Sij  =  2CMij  ,  (63) 

o 


The  analysis  of  DNS  data  revealed,  however,  that  the 
C  field  predicted  by  the  models  (64)  or  (65)  varies 
strongly  in  space  and  contains  a  significant  fraction 
of  negative  values,  with  a  variance  which  may  be  ten 
times  higher  than  the  square  mean.  So,  the  removal 
of  C  from  the  filtering  operation  is  not  really  justified 
and  the  model  exhibits  some  mathematical  inconsis¬ 
tencies.  The  possibility  of  negative  C  is  an  advan¬ 
tage  of  the  model  since  it  allows  a  sort  of  backscatter 
in  physical  space,  but  very  large  negative  values  of 
the  eddy  viscosity  is  a  destabilizing  process  in  a  nu¬ 
merical  simulation,  yielding  a  non-physical  growth  of 
the  resolved  scale  energy.  The  cure  which  is  often 
adopted  to  avoid  excessively  large  values  of  C  con¬ 
sists  in  averaging  the  numerators  and  denominators 
of  (64)  and  (65)  over  space  and/or  time,  thereby  los¬ 
ing  some  of  the  conceptual  advantages  of  the  “dy¬ 
namic”  local  formulation.  Averaging  over  direction 
of  flow  homogeneity  has  been  a  popular  choice,  and 
good  results  have  been  obtained  in  [8]  and  [21],  who 
took  averages  in  planes  parallel  to  the  walls  in  their 
channel  flow  simulation.  Remark  that  the  same  thing 
has  been  done,  with  success,  when  averaging  the  dy¬ 
namic  spectral  eddy  viscosity  in  the  channel-flow  LES 
presented  above.  It  can  be  shown  that  the  dynamic 
model  gives  a  zero  subgrid-scale  stress  at  the  wall, 
where  Lij  vanishes,  which  is  a  great  advantage  with 
respect  to  the  original  Smagorinsky  model;  it  gives 
also  the  proper  asymptotic  behavior  near  the  wall. 
Notice  again  that  the  use  of  Smagorinsky’s  model 
as  a  base  for  the  dynamic  procedure  is  not  compul¬ 
sory,  and  any  of  the  models  described  in  the  present 


paper  can  be  a  candidate.  As  an  example,  Ref.  [24] 
have  applied  the  dynamic  procedure  to  the  structure- 
function  model  (see  below)  applied  to  a  compressible 
boundary  layer  above  a  long  cylinder. 
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Chapter  II: 

Compressible  free-shear 
and  separated  flows 


6  STRUCTURE-FUNCTION 
MODELS 


Now,  let  us  consider  the  EDQNM  eddy  viscosity  (still 
scaling  on  \/E{kc)/kc)  with  no  cusp,  and  adjust 
the  constant  as  proposed  by  [25],  by  balancing  in 
the  inertial  range  the  subgridscale  flux  with  the  ki¬ 
netic  energy  flux  e  in  the  energy  spectrum  evolution 
equation®.  This  yields 


Mkc)  =  I 


E{kc) 


-I  1/2 


kc 


(66) 


The  problem  with  such  an  eddy-viscosity  (if  the  en¬ 
ergy  spectrum  may  be  computed)  is  that  it  is  uniform 
in  space  when  used  in  physical  space.  Obviously, 
the  eddy  viscosity  should  take  into  account  the  in- 
termittency  of  turbulence:  there  is  no  need  for  any 
subgridscale  modelling  in  regions  of  space  where  the 
flow  is  laminar  or  transitional.  On  the  other  hand, 
it  is  essential  to  dissipate  in  the  subgridscales  the  lo¬ 
cal  bursts  of  turbulence  if  they  become  too  intense. 
Considering  also  that  turbulence  in  the  small  scales 
may  not  be  too  far  from  isotropy,  it  was  proposed 
by  [16]  to  come  back  to  the  classical  formulation  in 
the  physical  space,  where  the  eddy  viscosity  is  deter¬ 
mined  with  the  aid  of  (66).  E(kc,x)  is  now  a  local 
kinetic  energy  spectrum,  calculated  in  terms  of  the 
local  second-order  velocity  structure  function  of  the 
filtered  field 


F2ix,Ax)=  (||M(f,t) -M(£  +  f,t)||2)||.||^^^  (67) 

as  if  the  turbulence  is  three-dimensionally  isotropic, 
with  Batchelor’s  formula 

(68) 

In  fact,  the  original  formula  involves  a  k  integral  from 
0  to  oo.  But  the  filtered  field  has  no  energy  at  modes 
larger  than  kc,  which  explains  Eq.  (68).  This  yields 
for  a  Kolmogorov  spectrum 

=  Ax[F2ix,Ax)]^^^  .  (69) 

F2  is  calculated  with  a  local  statistical  average  of 
square  velocity  differences  between  x  and  the  six  clos¬ 
est  points  surrounding  x  on  the  computational  grid. 
In  some  cases,  the  average  may  be  taken  over  four 
points  parallel  to  a  given  plane;  in  a  channel,  for 


instance,  the  plane  is  parallel  to  the  boundaries.  No¬ 
tice  also  that  if  the  computational  grid  is  not  regu¬ 
lar  (but  still  orthogonal),  interpolations  of  (69)  have 
been  proposed  by  [4].  Let  Ac  =  {AxiAx2Ax3Yl^ 
be  a  (geometric)  mean  mesh  in  the  three  spatial  di¬ 
rections.  Remembering  Kolmogorov’s  (1941)  law  in 
physical  space,  which  states  that  the  second-order  ve¬ 
locity  structure-function  scales  like  (er)^/^,  one  can 
in  Eq.  (69)  replace  Ax  by  Ac,  with  (in  the  six-point 
formulation) 


F2{x,Ac)^\j^F^'^ 

2  =  1 


Ac 

Axi 


2/3 


with 

^2^^  =  [|l'“('^)  -  w(®  +  Aa;;e;-)||^ 

-\-\\u{x)  -  u{x  -  Axiei)\\'^]  , 

where  Cj  is  the  unit  vector  in  direction  Xi- 

One  can  also  look  at  the  relation  of  Smagorinsky’s 
and  the  structure-function  models  when  the  differ¬ 
ences  in  the  structure-function  are  replaced  (within 
a  first-order  approximation!)  by  spatial  derivatives. 
It  is  found  for  the  six-point  formulation,  in  the  limit 
of  Ax  0: 

«  0.777  {CsAxf^j2SijSij  -f  , 

where  uj  is  the  vorticity  of  the  filtered  field,  whereas 
Cs  is  Smagorinsky’s  constant  defined  by  Eq.  (20). 

The  structure-function  model  (SF)  works  very  well 
for  decaying  isotropic  turbulence,  where  it  yields  a 
fairly  good  Kolmogorov  spectrum  ([16]),  better  than 
Smagorinsky’s  model  (with  Cs  =  0.2)  and  Kraich- 
nan’s  spectral-cusp  model. 

The  SF  model  gives  also  good  results  for  free-shear 
flows,  where  it  is  able  to  stretch  secondary  thin  lon¬ 
gitudinal  hairpin  vortices  between  primary  vortices 
(see  [4]).  However,  selective  or  filtered  versions  of  it 
work  better  in  this  case  (see  below  in  this  chapter). 
The  SF  model  permits  also  to  go  beyond  transition 
in  a  temporal^  compressible  boundary  layer  upon  an 
adiabatic  wall  at  Mach  4.5  (see  Chapter  III).  But  it 
does  not  work  for  transition  in  a  boundary  layer  at 
low  Mach  (or  incompressible)  where,  like  Smagorin- 
sky,  it  is  too  dissipative  and  prevents  TS  waves  to  de¬ 
generate  into  turbulence  (see  next  chapters  ).  This  is 
still  true  within  the  four-point  formulation  in  planes 
parallel  to  the  wall,  which  eliminates  the  effect  of  the 
mean  shear  at  the  wall  on  the  eddy  viscosity.  In  fact, 
the  spectrum  Eg{kc)  determined  by  the  isotropic  for¬ 
mula  Eq.  (68)  is  too  sensitive  to  the  inhomogeneous 
low-frequency  oscillations  caused  by  the  TS  waves. 

Aperiodic  in  the  flow  dii'ection 


The  same  was  done  in  oder  to  obtain  (44). 
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6.1  Selective  and  filtered  SF  models 

To  overcome  the  difficulty  of  dissipating  too  much 
the  large  quasi  two-dimensional  vortices  or  tran¬ 
sitional  waves,  two  improved  versions  of  the  SF 
model  have  been  developed:  the  selective  structure- 
function  model  (SSF),  and  the  filtered  structure- 
function  model  (FSF).  The  dynamic  model  in  phys¬ 
ical  space  (see  [8])  is  another  way  of  adapting  the 
eddy  viscosity  to  the  local  conditions  of  the  flow. 

The  SSF  model  was  developed  by  [27].  The 
idea  is  to  switch  off  the  eddy  viscosity  when  the 
flow  is  not  three-dimensional  enough.  The  three- 
dimensionalization  criterion  is  the  following:  one 
measures  the  angle  between  the  vorticity  at  a  given 
grid  point  and  the  average  vorticity  at  the  six  clos¬ 
est  neighbouring  points  (or  the  four  closest  points 
in  the  four-point  formulation).  If  this  angle  exceeds 
20°,  the  most  probable  value  according  to  simulations 
of  isotropic  turbulence  at  a  resolution  of  32^  ~  64^, 
the  eddy  viscosity  is  turned  on.  Otherwise,  only  the 
molecular  dissipation  is  active.  The  constant  arising 
in  (69)  is  changed,  and  determined  with  the  aid  of 
LES  of  freely-decaying  isotropic  turbulence:  one  re¬ 
quires  that  the  eddy  viscosity  averaged  over  the  com¬ 
putational  domain  should  be  the  same  in  a  selective 
structure-function  model  and  a  SF  model  simulation. 
It  is  found  that  the  constant  in  (69)  has  to  be  multi¬ 
plied  by  1.56. 


to  the  finite-difference  scheme®  .  On  the  other  hand, 
the  second-order  velocity  structure  function  of  the 
filtered  field  satisfies  an  equation  analogous  to  (68): 

(71) 

Substituting  (70)  into  (71),  and  replacing  E{k)  by  a 
Kolmogorov  spectrum,  one  can  determine  F2(^,  Aa;) 
in  terms  of  a  spectrum  E{kc)  which  is  no  more  sensi¬ 
tive  to  the  low  wavenumber  fluctuations,  which  yields 

Ax)  =  0.0014  Ax  [F2(x,  Ax)]^/“  . 

(72) 

This  model  will  be  applied  below  with  good  results 
to  a  spatially-growing  incompressible  mixing  layer, 
and  in  the  next  chapter  to  transition  in  a  spatially- 
developing  boundary  layer  at  Mach  0.5. 

6.2  Generalized  hyperviscosities 

One  of  the  common  drawbacks  of  the  different  ver¬ 
sions  of  the  SF  model  is  the  absence  of  cusp  near 
kc-  We  go  back  to  (43),  where  we  take  n  =  2,  which 
yields  2n  =  4,  not  far  from  the  EDQNM  3.7  value. 
Then  Eq.  (44)  yields  =  2.044,  so  that  an  equiv¬ 
alent  of  the  spectral-cusp  eddy  viscosity  in  physical 
space  is  for  the  subgridscale  dissipative  operator  in 
the  filtered  Navier-Stokes  equation: 


The  SSF  model  works  very  well  for  isotropic  turbu¬ 
lence  and  free-shear  flows,  as  well  as  for  a  compres¬ 
sion  ramp  at  Mach  2.5  (see  [27]  and  next  chapter). 
We  have  used  it  also  with  success  in  LES  of  a  flow 
above  a  backward-facing  step.  The  SSF  model  de¬ 
pends  however  upon  the  most  probable  angle  of  the 
next  neighbours  average  vorticity,  chosen  above  equal 
to  20°.  In  fact,  this  angle  is  a  function  of  the  reso¬ 
lution  of  the  simulation,  since  it  should  go  to  zero 
with  Ax,  and  may  be  with  the  type  of  flow  consid¬ 
ered.  Progresses  in  this  model  should  be  made  by 
adjustment  of  this  angle  to  the  local  grid. 


The  FSF  model  was  developed  by  Ducros  ([28])  and 
applied  to  a  boundary  layer  at  Mach  0.5  ([29]  and 
next  chapter).  Here,  the  filtered  field  u,  is  submit¬ 
ted  to  a  high-pass  filter  in  order  to  get  rid  of  low- 
frequency  oscillations  which  affect  Eg{kc)  in  the  SF 
model.  The  high-pass  filter  is  a  Laplacian  discretized 
by  second-order  centered  finite  differences  and  iter¬ 
ated  three  times.  It  was  shown  by  Ducros  that,  for 
some  3D  random  or  turbulent  isotropic  test  fields, 
the  spectrum  of  the  high-pass  filtered  field  is 


40^ 


(70) 


This  is  different  from  the  (fc^)^  law  one  should  ex¬ 
pect  from  an  iterated  Laplacian,  the  loss  being  due 


2^[0.661 //f^5i,]  + 1.351  , 

•  (73) 

where  has  been  given  above.  Notice  that  an 
analogous  model  (with  Smagorinsky’s  model  replac¬ 
ing  the  structure-function  model)  had  been  proposed 
in  [31].  This  model®  was  used  by  [30]  in  LES  of  a 
rotating  stratified  jet  submitted  to  baroclinic  insta¬ 
bility.  They  could  show  developments  of  primary  and 
secondary  instabilities  of  the  thermal  fronts  very  sim¬ 
ilar  to  what  is  observed  in  the  atmosphere. 


If  one  wants  to  have  now  in  physical  space  a  model 
equivalent  to  the  spectral-dynamic  model,  the  dis¬ 
sipative  operator  (73)  has  to  be  multiplied  by  the 
constant: 


y/l2  5  —  m 
5  m  -b  1 


\/3  —  m 


(74) 


where  m  is  the  slope  of  the  kinetic-energy  spectrum 
at  the  cutoff,  which  has  to  be  obtained  dynamically 
in  some  way.  This  might  be  possible  if  one  periodicity 
direction  exists  at  least  in  the  flow.  For  a  scalar,  the 
corresponding  turbulent  Prandtl  number  is  given  by 
Eq.  (56). 

®This  shows  that  finite-difference  methods  up  to  the  fourth 
order  cannot  deal  with  high-order  Laplacian  operators. 

^with  an  equivalent  formulation  for  the  density  and  a  tur¬ 
bulent  Prandtl  number  of  0.6 
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Such  a  spectral-dynamic  generalized  hyperviscosity 
model  should  be  tested  on  various  shear  flows,  such 
as  those  presented  below. 


7  INCOMPRESSIBLE 
MIXING  LAYERS 


We  will  first  examine  in  details  what  DNS  and  LES 
can  tell  about  the  dynamics  of  incompressible  mix¬ 
ing  layers,  in  particular  for  primary  and  secondary 
coherent  vortices.  Later  on,  we  will  look  at  the  com¬ 
pressibility  effects  upon  these  flows. 

We  show  now  three-dimensional  results  of  the  filtered 
structure  function  model  applied  to  a  plane  mixing 
layer,  respectively  in  the  temporal  and  spatial  cases. 


7.1  Temporal  mixing  layer 

We  consider  in  a  fluid  of  constant  density  a  mixing 
layer  periodic  in  the  streamwise  and  spanwise  direc¬ 
tions,  initiated  by  a  hyperbolic-tangent  velocity  pro¬ 
file,  to  which  is  superposed  a  small  random  pertur¬ 
bation.  We  take  free-slip  boundary  conditions  on  the 
upper  and  lower  boundary,  and  use  pseudo-spectral 
methods  in  the  three  dimensions  of  space.  LES  using 
the  FSF  model  show  the  following  results.  If  the  per¬ 
turbation  is  quasi  two-dimensional,  the  mixing  layer 
evolves  into  a  set  of  big  quasi  two-dimensional  vor¬ 
tices  which  both  undergo  pairing  and  stretch  intense 
longitudinal  hairpin  vortices  in  the  stagnation  regions 
between  them.  Such  a  pattern  is  shown  on  Figure  11, 
taken  from  [32],  and  presenting  a  map  of  the  vortic- 
ity  modulus.  This  stretching  of  longitudinal  vortices, 
observed  experimentally  for  a  long  time  (see  e.g.  [33] 
and  [34]),  may  be  explained  as  follows:  let  us  consider 
the  vorticity  equation,  written  for  a  perfect  fluid  of 
uniform  density  as 

=  Vu  :  w  =  5  :  w  -k  x  w  =  5  :  w  ,  (75) 

where  D/Dt  is  the  substancial  derivative  following 
the  flow  motion,  and  S  the  deformation  tensor, 
already  introduced  in  (14)  for  the  filtered  field.  If 
one  supposes  that  the  vorticity  in  the  stagnation  re¬ 
gion  between  the  vortices  is  weak,  one  can  assume 
(at  least  initially)  that  the  deformation  tensor  will 
not  vary  while  the  vorticity  is  stretched.  Since  the 
deformation  tensor  is  real  and  symmetric,  it  admits 
eigenvectors  (principal  axes  of  deformation)  which 
are  orthogonal  and  can  form  a  basis.  Let  si,S2,S3 
be  the  three  eigenvalues.  Due  to  incompressibility, 
their  sum  is  zero,  so  that  one  at  least  is  positive  (the 
largest  positive  is  called  here  si)  and  another  one  at 
least  is  negative.  Let  S2  be  the  smallest  eigenvalue, 
always  negative.  Working  in  the  orthonormal  frame 


Figure  11:  Vorticity  field  obtained  in  the  LES  of  a  temporal 
mixing  layer  forced  quasi  two- dimensionally 


formed  by  the  eigenvectors  /,  t,  s  respectively  associ¬ 
ated  to  S\,S2,S2,  the  vorticity  components  aJi,uj2,W3 
satisfy  the  following  equations 


Dull 

~W 


=  SiWi  , 


Du)2 

~w 


—  S2l^2  , 


D<^3 


=  S3W3  , 


(76) 


and  the  vorticity  will  be  stretched  in  the  direction  of 
the  first  principal  axis,  and  compressed  in  the  direc¬ 
tion  of  the  second.  Generally,  S  is  not  far  from  a  pure 
deformation  in  the  stagnation  region,  so  that,  ap¬ 
proximately,  I  will  be  inclined  45°  with  respect  to  the 
mean  flow,  s  will  be  spanwise,  S3  =  0  and  S2  =  — si. 
Such  a  derivation  unifies  explanations  given  by  [36] 
and  [37].  Intense  longitudinal  hairpins  had  also  been 
found  by  [38]  in  temporal  mixing-layer  LES  using  the 
spectral-cusp  eddy  viscosity.  An  interesting  feature 
of  these  simultions  is  to  show  that  longitudinal  vortic¬ 
ity  stretched  between  the  primary  Kelvin-Helmholtz 
vortices  is  rolled  up  within  the  cores  of  the  big  vor¬ 
tices,  thus  producing  intense  longitudinal  vorticity 
fluctuations  in  the  cores  themselves.  In  Figure  11, 
the  maximum  longitudinal  vorticity  stretched  is  of 
the  order  of  4wj,  which  might  be  larger  than  the  ef¬ 
fective  values  reached  experimentally.  Actually,  the 
efficiency  of  the  longitudinal  stretching  could  depend 
upon  the  amplitude  of  the  initial  perturbation  and 
the  Reynolds  number. 


Experiments  in  a  developed  mixing  layer  ([34])  show 
that  the  spanwise  wavelength  of  the  longitudinal  vor- 
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tices  is  of  the  order  of  two  third  of  the  longitudi¬ 
nal  wavelength  of  the  primary  Kelvin-Helmholtz  vor¬ 
tices  between  which  they  are  stretched.  This  is  pre¬ 
cisely  the  most-amplified  spanwise  wavelength  within 
a  secondary-instability  analysis  of  Stuart’s  vortices, 
as  shown  by  Pierrehumbert  and  Widnall  [35].  This 
instability,  called  the  translative  instability,  corre¬ 
sponds  in  fact  to  a  global  in-phase  oscillation  of  the 
big  billows  in  the  spanwise  direction,  and  cannot  ex¬ 
plain  the  formation  of  the  thin  longitudinal  hairpins. 
A  plausible  explanation  could  be  that  they  do  form 
according  to  the  mechanisms  just  explained  above, 
but  with  a  preferred  spanwise  wavelength  imposed  by 
the  translative  instability.  Numerical  simulations  in 
the  temporal  or  spatial  cases  need  larger  domains  in 
the  spanwise  direction  in  order  to  validate  the  value 
of  the  preferred  spanwise  wavelength. 

In  fact,  the  numerical  resolution  of  the  three- 
dimensional  Orr-Sommerfeld  equation  at  large 
Reynolds  show  that  the  most-amplified  mode  in  the 
3D  temporal  mixing  layer  is  indeed  two-dimensional. 
By  a  naive  application  of  this  result,  one  might  have 
believed  that  two-dimensional  Kelvin-Helmholtz  vor¬ 
tices  would  emerge  from  a  weak  three-dimensional 
random  isotropic  perturbation  superposed  upon  the 
basic  shear.  But  this  is  not  at  all  what  happens  nu¬ 
merically.  Instead,  Comte  et  al.  ([39][40]),  using 
DNS  with  pseudo-spectral  methods  at  a  resolution 
of  128^  Fourier  wave  vectors  and  a  Reynolds  num¬ 
ber  Udi/v  =  100,  displayed  the  evidence  for  helical 
pairing,  where  vortex  filaments  oscillate  out-of-phase 
in  the  spanwise  direction,  and  reconnect,  yielding  a 
vortex-lattice  structure.  We  have  recovered  the  same 
dislocated  pattern  in  LES  (using  the  FSF  model) 
with  the  same  forcing.  Figure  12  shows  the  vortic- 
ity  modulus  obtained  in  such  a  simulation.  Figure 
13  shows  the  low-pressure  field  from  an  analogous 
LES  using  the  spectral-cusp  eddy  viscosity.  It  con¬ 
firms  that  low  pressure  is  a  very  good  indicator  of 
big  or  intense  vortices.  Notice  that  at  the  end  of  the 
FSF-based  LES  corresponding  to  Figure  12,  the  sta¬ 
tistical  data  concerning  velocity,  rms  velocity  fluctu¬ 
ations  and  Reynolds  stresses,  are  in  very  good  agree¬ 
ment  with  the  experiments  of  unforced  mixing  layers. 
The  simulation  with  a  quasi  two-dimensional  forcing 
is  less  good  from  this  standpoint. 

The  term  “helical  pairing”  was  first  proposed  by  [41], 
concerning  highly  three-dimensional  pairings  in  a 
mixing-layer  experiment.  Afterwards,  helical  pairing 
was  documented  in  the  experiments  of  Browand  and 
coworkers  [42].  In  the  secondary-instability  analysis 
of  [35],  the  subharmonic  instability  found  is  identified 
with  the  previously  observed  helical  pairing.  Sur¬ 
prisingly,  its  amplification  rate  is  three  times  lower 
than  its  translative-instability  counterpart.  Looking 
at  DNS  or  LES  of  helical-pairing,  it  turns  out  that 
this  is  not  exactly  a  “secondary  instability” :  one  does 
not  observe  first  the  roll  up  of  primary  billows  fol- 


Figure  12:  Voriicity  field  obtained  in  the  LES  of  a  iem'poral 
mixing  layer  undergoing  helical  pairing 


Figure  13:  Low-pressure  field  obtained  in  a  spectral-cusp  LES 
in  the  helical-pairing  case 
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lowed  by  a  staggered  deformation.  Instead,  oblique 
waves  are  seen  to  grow  quickly,  yielding  directly  the 
lattice  structure  of  dislocated  billows. 


Finally,  it  may  be  interesting  to  look  at  what  can  be 
said  from  the  point  of  view  of  a  scalar  gradient  when 
a  scalar  is  transported  passively  by  the  flow.  This 
may  be  very  important  if  the  two  currents  in  the 
mixing  layer  react  chemically,  such  as  in  combustion 
for  instance.  If  the  scalar  a  satisfies  Da/Dt  =  0,  its 
gradient  follows  the  equation 


Dt 


Vcr  —  — Vu|*  :  Vcr 


(77) 


If  we  are  in  a  stagnation  region  between  two 
vortices^°,  and  assume  that  the  vorticity  is  small  in 
front  of  the  deformation,  (77)  may  be  approximated 

by 


-S  :  W 
Dt 


which  yields  for  the  three  components  of  Vcr  in  the 
principal  axes  of  deformation 


D  da  da  D  da  _  da 

D  da  da 

Dt  ds  ^ ds 

This  shows  that  the  scalar  gradient  is  compressed 
along  the  first  principal  axis  of  deformation,  and 
stretched  in  the  transverse  direction,  so  that  scalar 
gradients  across  the  mixing-layer  interface  will 
steepen.  In  case  of  chemical  reaction  between  the 
two  layers,  this  will  enhance  the  molecular  exchanges 
at  the  interface,  and  favour  the  reaction. 


7.2  Spatial  mixing  layers 

The  temporal  approximation  is  only  a  crude  approx¬ 
imation  of  a  mixing  layer  spatially  developing,  where 
one  works  in  a  frame  traveling  with  the  average  veloc¬ 
ity  between  the  two  layers.  We  present  now  LES  us¬ 
ing  the  FSF  model  of  a  spatial  mixing  layer,  initiated 
upstream  by  a  hyperbolic-tangent  velocity  profile  su¬ 
perposed  on  the  average  flow,  plus  a  weak  random 
forcing  regenerated  at  each  time  step. 

Free-slip  conditions  are  still  imposed  upon  the  upper 
and  lower  boundaries.  The  outflow  boundary  con¬ 
dition  is  of  the  Orlanski’s  type  [43].  With  an  up¬ 
stream  forcing  consisting  in  a  quasi  two-dimensional 
random  perturbation,  intense  longitudinal  hairpins 
stretched  between  quasi  2D  Kelvin-Helmholtz  vor¬ 
tices  are  found  again  (Figure  14).  An  interesting 
feature  found  is  that  longitudinal  vortices  of  same 
sign  may  come  close  together  and  merge,  contribut¬ 
ing  thus  to  the  global  self-similarity  of  the  mixing 

'^situation  where  longitudinal  hairpin  vortices  are  likely  to 
form 


Figure  14:  LES  of  an  incompressible  mixing  layer  forced  up¬ 
stream  by  a  quasi  two-dimensional  random  perturbation;  the 
vorticity  modulus  is  shown  at  a  threshold  (2/3)a;i 


Figure  15:  Same  as  Figure  If,  but  with  a  three-dimensional 
upstream  white-noise  forcing,  low-pressure  field 


layer.  When  the  forcing  is  a  three-dimensional  ran¬ 
dom  white  noise,  helical  pairing  occurs  upstream, 
as  indicated  by  the  low-pressure  maps  of  Figure 
15.  But  none  of  these  simulations  has  reached  self¬ 
similarity,  since  the  kinetic-energy  spectra  in  the 
downstream  region  are  steeper  than  and  rms 

velocity  fluctuations  have  a  departure  of  about  20% 
with  respect  to  the  experiments.  Thus  calculations  in 
longer  domains  are  necessary,  in  order  in  particular 
to  know  in  the  helical-pairing  case  whether  quasi  two- 
dimensionality  might  not  be  restored  further  down¬ 
stream. 


8  COMPRESSIBLE  L.E.S. 
FORMALISM 


In  Cartesian  co-ordinates,  the  compressible  Navier- 
Stokes  equations  can  be  cast  in  the  so-called  fast- 
conservation  form 


dU  dFi  dF2  dFa 
dt  dxi  ^  dx2  ^  dx3 


(78) 


with 

U  =  '^ip,pui,pu2,pU3,pe)  ,  (79) 

pe  being  the  total  energy  defined  by,  for  an  ideal  gas, 

pe  =  p  Cv  T  ^p{u\  -t-  +  ^1)  •  (bO) 
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The  fluxes  Fi  read,  Vi  E  {1, 2,  3}, 


pui 

pUiU2  —  0’i2 
pUiU^ 

peui  —  Uj(Ti 


1  ^  r\ 

^  ^  dxi 


k  =  pCpK  being  the  thermal  conductivity  (and  k  the 
thermal  diffusivity). 

The  components  (Xij  of  the  stress  tensor  are  given  by 
the  Newton  law 


^ij  —  P  ^ij  T 


in  which 


-(V.u)5,,- 


denotes  the  deviatoric  part  of  the  strain-rate  ten¬ 
sor.  Bulk  viscosity  is  neglected  (Stokes  hypothesis), 
as  commonly  accepted  except  in  extreme  thermody¬ 
namical  situations.  This  yields 

(  pui  \ 

puiUi  +  p  5ii  -  pSa 

Fi  =  puiU2  +  P  6i2  -  pSi2  ■  (84) 

pill'll^  -f  P  ^i3  pFi3  Qrp 
\  (pe  4-  p)ui  -  pujSij  -  / 

The  Sutherland  empirical  law 

,  /  T  1-f  5/273.15 

MT)=  ,(273.15)  (jjj^)  1  Is/T 

with  /i(273.15)=:  1.711  10-^P/ 
and  5  =  110.4/\  , 

(85) 

and  its  extension  to  temperatures  lower  than  120  K  : 

p{T)  =  p{m)T/m  vr<i20  ,  (86) 

are  prescribed  for  molecular  viscosity.  Conductiv¬ 
ity  k(T)  is  obtained  assuming  the  molecular  Prandtl 
number  Pr  =  Cpp{T)/k(T)  constant  and  equal  to 
0.7,  as  in  air  at  ambiant  temperature.  The  equation 
of  state 

p=RpT  (87) 

closes  the  system,  with  R  =  Cp  —  Cv  =  ^  ~ 
287.06  Jkg~^K~^  for  air. 


the  space  and  time  derivatives  in  the  case  of  uniform 
cubic  meshes  of  side  Aa;.  Convolution  of  the  above 
equations  therefore  yields 

du  OF,  dF2  .dF2_ 


pe  =  p  Cy  T  |p(wf  +  ^2  +  ^3)  (S9) 

and 

p^  p  RT  (90) 

At  this  level,  it  is  convenient  to  introduce  the  density- 
weighted  (or  Favre  [45])  filter  defined,  for  a  given 
variable  (j),  by 

7  ^  ^01  ^ 


We  then  have 


U  =  '^{p,pui,pu2,pu3,'^  ,  (92) 

and  the  resolved  total  energy 

-  'pe  -  ~p  Cy  f  +  \p{u\  -f-  U2  -I-  ul)  .  (93) 


The  resolved  fluxes  Fi  read 


.  (94) 


pUiUi  +  p  -  pSg 
Fi  =  pUiU2  +  p  Si2  -  pSi2 

pUiU3  +  p  6i3  -  pSi3 

\  {pe+p)ui  -  pSij  ^ 

with  the  filtered  equation  of  state 
p  =  'pRT  . 


8.2  The  simplest  possible  closure 


The  usual  subgrid-stress  tensor  T  of  components 

Tij  -  -puiUj  +  puiUj  (96) 

is  introduced  and  split  into  its  isotropic  and  devia¬ 
toric  parts,  the  latter  being  noted  r: 


T-  ■  —  T  ■ 


■^'FiiSij  +-TuSij 


8.1  compressible  filtering  procedure 

As  in  the  incompressible  regime,  and  whatever  the 
numerical  method  used,  the  discretization  of  the 
above  equations  introduces  a  cut-off  scale  Ax  which 
is  by  hypothesis  larger  than  the  Kolmogorov  scale. 
We  still  account  for  this  by  a  low-pass  filter  of  width 
Ax,  characterized  by  the  convolu^n  in  space  with 
a  function  CAxi^)-  The  operator  commutes  with 


Equations  (94)  and  (93)  then  read 

/  pFi  _ 

puitg  +  {p  -  \Tn)  6ii  -  Til  -  pSii 

Fi  =  pUiU^  +{p-  |T;()  Si2  -  Ti2  -  pSi2 

pUjuj  +  (p  -  \Tu)  6i3  -  Ti3  -  pSi3 
\  {pe  +  p)ui  -  pSijUj  “ 
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and 

^  =  +  (99) 

There  are  two  options  for  the  treatment  of  the  un- 
computable  term  Tj;: 

•  simply  neglect  it,  arguing  as  in  [46]  that  it  can  be 
re-written  as  Tu  =  7M|gsP,  in  which  the  subgrid 
Mach  number  Msgs  can  be  expected  to  be  small 
when  Mco  is  small. 

•  model  it,  as  proposed  by  Yoshizawa  [47],  in  a 
way  which  is  consistent  with  the  model  chosen 
for  f  (see  e.g.  [48]).  Note  that  this  was  the 
initial  choice  of  Erlebacher  et  al.  [49]. 


We  will  here  choose  the  first  option,  as  in  [50],  bring¬ 
ing  another  argument:  the  incompressible  LES  for¬ 
malism  (see  above  in  Chapter  I),  often  introduces  the 
macro-pressure 

■  (109) 

It  thus  seems  a  good  idea  to  re-write  equation  (99) 
as 


pe  =  pC.(T-  i  P  («i^  +  «2  V  «3^) 

(101) 


and  introduce  a  macro-iemperature 

1 


7?  =  T- 


2ap 


Tn 


(102) 


computable  out  of  U  thanks  to  equation  (101).  The 
filtered  equation  of  state  (95)  then  reads 

=  ■pRd+  Tu  .  (103) 

6 

Thus,  for  monoatomic  gases  like  argon  or  helium  (for 
which  7  Ks  5/3),  the  contribution  of  Tu  to  equation 
(103)  is  quite  negligible  whatever  the  Mach  number, 
which  makes  w  computable  in  all  cases.  It  is  ex¬ 
tremely  tempting  to  generalize  this  to  air  (for  which 
7  Rs  1.4)  by  assuming 

w  ~  'pR'd  .  (104) 


In  other  words,  the  first  option  amounts  to  assume 
[(37  -  5) /6]  7M|gs  <  1  in  the  equation  of  state  only, 
which  sounds  slightly  less  stringent  than  assuming 
qM^gg  ^  1  everywhere. 

Considering  from  now  on  vj  computable,  it  is  sensible 
to  involve  it  in  the  definition  of  a  subgrid  heat-flux 
vector,  noted  Q,  of  components 


Provided  acceptable  models  are  proposed  for  T  and 
Q,  the  resolved  fluxes  already  look  more  tractable: 


Fi  = 


I  pui  _ 

puiUi  -b  w  6{i  —  Til  ~  pSji 
pUiU2  bi2  —  Ti2  -  pSi2 

pUiUs  -|-  TO  Si3  —  Tis  —  pSi3 


\  {pe  +  w)ui  -Qi-  pSijUj 


\ 


/ 

(106) 


The  remaining  non-computable  terms  are  viscous 
terms,  which  can  be  considered  of  less  importance 
when  the  Reynolds  number  is  sufficiently  large.  We 
therefore  simply  replace  (106)  by 


Fi  ~ 


pUiUi  -b  7X7  6i\  Til  pSjl 
pUiU^  -b  7XX  6i2  —  Ti2  - 
pUiUs  +  TO  6i3  —  Ti3  —  pS{3 

\  (pe-{-  To)ui  -Qi  -  pSijUj 


''  dx 


J 


(107) 


in  which  p  and  k  are  linked  to  i?  through  the  Suther¬ 
land  relation  (85)  and  the  constant  Prandtl  number 
assumption  Pr  =  Cpp{'d)lk{d)  =  0.7. 


The  system  is  finally  closed  with  the  aid  of  variable- 
density  eddy-viscosity  and  diffusivity  models,  in  the 
form 


Tij 


Qi 


~  mSij 

^  ^ 
“  ^  Prt  dxi 


(108) 

(109) 


expressions  for  uflu)  and  Prj  used  in  the  follow¬ 
ing  compressible  simulations  correspond  to  the  in¬ 
compressible  structure-function  model  and  its  filtered 
and  selective  extensions,  with  a  constant  turbulent 
Prandtl  number  0.6. 


9  EXTENSION  TO  CURVI¬ 
LINEAR  CO-ORDINATES 


When  the  domain  is  no  longer  cubic  or  parallelepi- 
pedic,  it  is  still  convenient  to  nse  body-fitted  co¬ 
ordinates,  that  is,  co-ordinates  (^i,^2;^3)  such  that 
each  boundary  of  the  domain  corresponds  either  to 
constant  6)  6  or  ^3-  An  appropriate  grid  gener¬ 
ator  can  provide  a  set  of  vectors  ^  which  are  the 
co-ordinates  of  the  cell  vertices  or  centres.  Assume 
that  the  domain  (hereafter  refered  to  as  “physical 
domain”)  can  be  remapped  onto  a  cubic  domain 
(called  “computational”)  meshed  with  a  uniform  grid 
of  spacing  A  as  in  the  above  sections.  Let  x  be  the 
co-ordinates  of  the  cell  vertices  or  centres  of  these  cu¬ 
bic  meshes.  There  exists  a  mapping  fnnction  h  such 
that 

^  =  h(x)  ;  x  =  h-\4)  ,  (110) 


Qi  =  -(pe  +  p)ui  -b  (pe  -b  U7)wi 


(105) 
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and  characterized  by  its  Jacobian 


/ 

36 

36 

\ 

dxi 

8x2 

8x3 

36 

36 

36 

dxi 

8x2 

8x3 

36 

36 

36 

\ 

dxi 

3a;2 

8x3 

/ 

which  satisfies 

=  J  dxidx^dxz 


(111) 


(112) 


To  each  nodal  variable  (j){x)  of  the  “computational” 
(i.e.  cubic)  domain  corresponds  a  nodal  variable  ip{i) 
of  “physical”  domain,  such  that  V’(0  =  d’(®)-  Af¬ 
terwards,  the  filter  is  applied  onto  (j)  It  can  then 
be  proved  that  this  new  operator  ,  defined  in 
the  “physical”  domain,  commutes  with  the  partial 
derivatives  with  respect  to  up  to  second  order  (see 
e.g.  Ghosal  and  Moin  [51],  who  coiiided  the  expres¬ 
sion  Second-Order  Commuting  Filter) . 

Straightforward  application  of  the  chain  rnle 

dxi  d^i  dxi  d^2  dxi  8^3  dxi 

to  (88)  yields,  after  some  manipulations  ([53],  see  also 
[54]  or  [55]  for  details). 


^  ^  ^  dH 

dt  +  ^  36  ^  56  “ 

with 


(114) 


U=U/J 

4=i 


36 

dxi 

36 

dxi 

dxi  J 


6  + 


Fi  + 


Fi  + 


A3J  . 

(115) 


The  chain  rule  has  to  be  used  again  to  express  all 
the  derivatives  which  arise  in  the  fluxes  F,  G  and  H 
(see  section  below).  Note  also  that  vector  U  is  still  a 
function  of  the  cartesian  co-ordinates  Xi  and  time  t. 


10  NUMERICS 


The  system  (114)  is  solved  on  this  grid  by  means 
of  a  (2,4)  extension  of  the  fully-explicit  McCormack 
scheme  devised  by  Gottlieb  and  Turkel  [52],  in  the 


form 


- 


A?1 


'  *4-1, i,*: 


-  F. 


i  +  2,j,k 


I  At  1_  ( /4n 


+ 


Axs 


-hhHr,j,k-F) 


77*14-1 


1  [77(1) 


(116a) 


UiJ.k  =^\u 


i  7C) 


+  4: 


i,j,k 


At 

Afi 

(4h- 

-h 

46,,* 

-L^ 

[i 

\ 

-1 

-  6'‘’-u)  1  ’ 

1  At 

_ 

_ 

-466  , 

(116b) 

As  mentioned  in  [56]  and  recalled  in  [54],  the  metrics 
d^ijdxj  which  arise  in  the  fluxes  and  Jacobians  above 
have  to  be  discretized  in  such  a  way  that  unwanted 
cross-terms  cancel  out,  otherwise  the  scheme  is  not 
consistent. 


Firstly,  they  have  to  be  expressed  as  analytic  func¬ 
tions  of  the  metrics  dx^/d^m  of  the  inverse  trans¬ 
form  in  order  to  eliminate  all  derivatives  with 

respect  to  the  Xi’s.  Secondly,  the  inverse  metrics  are 
discretized,  the  only  3-point  stencil  which  works  in 
the  present  case  is 


^^■+2,7.fc  ~b  8  7  xi^  -J. 

6  A6 

in  the  predictor  step  (116a),  and 

< 

6  A6 

,  in  the  corrector  step  (116b) 

(117) 


This  is  only  first-order  accurate,  and  acceptable  only 
when  the  grid  is  quasi-orthogonal  (i.e.  dxi/d^m  ~ 
6m  almost  everywhere).  Otherwise,  5-point  stencils 
at  least  have  to  be  used. 


In  the  same  way,  the  chain  rule  (113)  has  to  be  ap¬ 
plied  to  eliminate  all  derivatives  with  respect  to  xi, 
X2  and  X3  from  the  fluxes  Fi.  This  introduces  metrics 
to  be  evaluated  as  said  above,  together  with  deriva¬ 
tives  of  velocity  and  temperature  with  respect  to  6  > 
6  and  6-  Consistency  then  determines  the  way  these 
derivatives  should  be  discretized. 
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10.1  boundary  conditions 


The  boundary  conditions  are  based  on  a  decompo¬ 
sition  into  characteristics,  in  the  spirit  of  Thompson 
([57],  [58])  and  Poinsot  and  Lele  ([59]).  The  Riemann 
invariants  of  outgoing  characteritics  are  extrapolated, 
whereas  the  incoming  ones  are  either  prescribed  (e.g. 
at  the  inflow  boundary)  or  set  to  zero  [non-reflective 
or  open  boundary  condition).  For  example,  going 
back  to  cartesian  co-ordinates  for  the  sake  of  sim¬ 
plicity,  in  the  case  of  a  boundary  perpendicular  to 
the  direction  a;i,  the  Euler  equations  are  recast  in 
their  quasi-linear  form 


dV  ^  dV  ^  Tr  ^ 

-— — —  =0,  with  V=  ^  (p,pui,pu2,pu3,p)  . 
ot  ox  I 

(118) 

The  matrix  A  is,  as  per  usual,  diagonalized  in  the 
form  A  =  L~^AL.  Assuming  L  to  be  locally  constant 
and  introducing  the  vector  W  —  LV,  system  (118) 
decouples  into  5  equations  of  the  form 


dw 

dt 


,  dw 

+  A  —  =  0 

uXi 


(119) 


to  be  solved  at  the  boundary  point  N  through  the 
semi-implicit  scheme 


A^  +  |A^| 

At  2 

Ajv  ~  |Ajvl 

2 

For  the  outgoing  characteristics  (A^  >  0),  the  values 
of  are  obtained  from  that  of  Ajy ,  and  i 

which  are  supposed  to  be  known.  For  the  incoming 
characteristics  (Ajy  <  0),  it  is  necessary  to  prescribe 
in  order  to  pull  out  This  is  done  by  con¬ 

sidering  the  nature  of  the  boundary  condition  (adher¬ 
ence,  free  slip,  periodicity,  prescribed  flow  rate,  non¬ 
reflectivity,  inter-block  matching. . .).  is  finally 

deduced  from  assuming  simply  -  L^f. 


r;"+l 

■’n 


,,n  +  l 

V-1 


Aaii 
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n-t-l 
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..n  +  l 
I’jV 


Axi 


=  0 


11  COMPRESSIBLE 
MIXING  LAYERS 


We  quote  here  excerps  of  Ref.  [3] ,  with  the  permis¬ 
sion  of  Kluwer  academic  publishers: 

•  Beginning  of  quotation: 

Hypersonic-planes  development  have  boosted  re¬ 
search  on  free-shear  or  wall  turbulent  flows  in  super¬ 
sonic  or  hypersonic  conditions.  Some  of  these  stud¬ 
ies  might  be  easier  numerically  than  experimentally. 
Since  one-point  closure  modelling  have  some  difficul¬ 
ties  to  capture  the  effects  of  Mach  number  on  tur¬ 


bulence,  these  works  should  be  done  using  direct  or 
large-eddy  numerical  simulations(...). 


In  compressible  mixing  layers  between  two  flows  of 
parallel  velocities  Ui  and  U2  in  unbounded  domains, 
the  relevant  Mach  numbers  are  the  convective  Mach 
numbers  and  Mc^\  built  with  the  velocity  dif¬ 
ference  of  each  layer  with  respect  to  Uc,  the  velocity 
of  the  large  vortices  [60],  and  respectively  ci  and  C2, 
the  sound  velocities  in  the  two  external  flows.  It  can 
be  shown,  by  assuming  isentropy  in  the  stagnation 
regions  between  the  vortices,  that 

rr  U1C2  A  U2C1 
Oc  — 

Cl  -b  C2 

Then,  within  this  assumption,  the  convective  Mach 
numbers 


Cl  C2 


are  both  equal  to 


Mr 


U1-U2 

Cl  -h  C2  c 


,  (122) 


(123) 


where  2U  is  the  velocity  difference,  and  c  an  average 
speed  of  sound  between  the  two  layers.  Note  that  Eq. 
(123)  writes  also  as 


t/c  = 


lA{U2/Ui)^/p^i 
1  +  \/ P2I Pi 


This  expression  allows  to  recover  the  value  Uc  = 
{Ui  +  U2)/2  in  the  incompressible  uniform-density 
case.  It  may  also  be  useful  in  an  incompressible  mix¬ 
ing  layer  with  density  differences,  since  it  takes  into 
account  density  effects  which  are  not  of  gravitational 
type. 


Returning  to  compressible  mixing  layers,  laboratory 
experiments  of  [61]  show  that  this  hypothesis  (iden¬ 
tity  of  the  two  convective  Mach  numbers)  is  valid 
up  to  Me  0.6.  Experiments  show  also  a  dramatic 
decrease  of  the  spreading  rate  of  the  mixing  layer, 
with  respect  to  the  incompressible  value  (...)  between 
Me  0.5  and  Me  «  1  .  What  we  call  Me  is  now  the 
highest  of  the  two  convective  Mach  numbers.  Above, 
it  saturates  at  about  40%  of  the  incompressible  case 
(see  Figure  16). 

The  inviscid  linear-stability  analysis  of  the  compress¬ 
ible  mixing  layer  in  the  temporal  case  was  performed 
by  [62]  [63]  and  [64].  The  stability  diagram  found  by 
the  latter  (for  7  =  1.4  )  shows  that  the  maximum- 
amplification  rate  is  a  decreasing  function  of  the  ini¬ 
tial  Mach  number  Mc‘^  —  U/c,  with  a  drastic  change 
in  the  slope  at  —  0.6.  Two-dimensional  DNS  of 
[65]  show  an  inhibition  of  Kelvin-Helmholtz  instabil¬ 
ity  for  >  0.6:  there  is  hardly  any  roll-up  of  the 
vortices,  which  remain  extremely  flat  and  merge  “lon¬ 
gitudinally” ,  without  turning  around  each  other.  On 
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Figure  16:  experimental  growth  rate  of  the  compressible  mix¬ 
ing  layer  (normalized  by  the  incompressible  value)  in  terms  of 
the  largest  convective  Mach  number  (from  Papamoschou  and 
Roshko,  1988,  courtesy  J.  Fluid  Mech.) 


the  contrary,  for  <  0.6,  the  roll-up  and  pairing 
occur  qualitatively  in  the  same  fashion  as  in  the  in¬ 
compressible  case,  although  they  are  delayed  by  fac¬ 
tors  corresponding  exactly  to  the  amplification  rates 
predicted  by  [64],  Another  interesting  characteristic 
feature  in  two  dimensions  is  the  occurrence  of  shock- 
lets  on  the  edge  of  the  vortices  at  0.7  ~  0.8. 

(...)  They  are  visible  as  discontinuities  in  the  pres¬ 
sure  field,  and  leave  weak  traces  (may  be  of  numerical 
origine)  on  the  vorticity.  They  are  exactly  analogous 
to  shocks  arising  on  a  transsonic  wing,  and  due  to 
the  fact  that  the  flow  is  accelerated  on  the  side  of 
the  vortex  and  becomes  locally  supersonic.  Similar 
results  were  found  by  [66]  [67]  and  [68].  This  occurs 
both  in  the  temporally  and  spatially-growing  cases. 
It  was  however  checked  by  [69]  that  at  higher  con¬ 
vective  Mach  number  (still  in  2D),  these  shocklets 
disappear,  due  to  the  very  elongated  character  of  the 
vortices. 


A  three-dimensional  linear-stability  analysis  of  the 
compressible  temporal  mixing  layer  was  carried  out 
by  [70].  It  turned  out  that  oblique  waves  are  more 
amplified  than  2D  waves  when  Mc‘^  exceeds  0.6.  An¬ 
other  result  shown  with  the  aid  of  DNS  by  [69]  is 
that  the  helical  pairing  found  in  the  incompressible 
case  (with  a  3D  random  forcing)  is  inhibitted  above 
Me  =  0.6  0.7.  The  vortex  structure  of  the  mixing 

layer  is  then  made  of  staggered  A  vortices,  as  shown 
in  Figure  17-a,  where  the  basic  flow  in  the  upper 
layer  goes  from  top  to  bottom^ The  corresponding 
pressure  is  displayed  on  Figure  17-b.  It  indicates  a 
longitudinal  reconnexion  of  pressure  into  tubes  fol¬ 
lowing  the  legs  of  the  A’s.  This  is  an  example  where 
low  pressure  ceases  to  follow  the  coherent  vortices. 

Spatially-growing  DNS  of  compressible  mixing  lay¬ 
ers  were  also  performed  by  [69].  Helical  pairings  was 
observed  when  the  compressibility  is  low  (upstream 

^^The  same  structure  was  also  found  in  the  DNS  of  ([71]) 
with  a  quasi  2D  initial  forcing. 


Figure  17:  top  view  of  vortex  lines  (a)  and  pressure  (b)  in  the 
DNS  of  a  compressible  temporal  mixing  layer  at  convective 
Mach  number  1  (from  [69]) 
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Me  =  0.3),  as  in  the  incompressible  simulations  pre¬ 
sented  above.  At  upstream  Me  =  0.7  on  the  contrary, 
a  pattern  of  very  elongated  staggered  A  vortices  is 
obtained.  The  same  pattern  was  found  by  [72]  in 
a  supersonic  mixing  layer  confined  between  parallel 
planes.  Notice  that,  to  our  knowledge,  no  compress¬ 
ible  three-dimensional  free  mixing-layer  simulation 
has  ever  shown  shocklets  at  high  convective  Mach 
numbers. 

The  saturation  in  the  spreading  rates  observed  exper¬ 
imentally  when  Me  exceeds  0.6  might  be  due  to  two 
causes.  The  first  one  is  the  reflexion  of  Mach  waves 
on  the  walls  of  the  facility.  The  second  is  the  inhibi¬ 
tion  of  the  Kelvin-Helmholtz  instability  at  this  cross¬ 
over  convective  Mach  number  0.6.  Such  an  inhibition 
may  be  physically  explained  as  follows.  We  first  con¬ 
sider  an  incompressible  mixing-layer,  where  the  vor¬ 
tex  cores  correspond  to  pressure  troughs,  while  pres¬ 
sure  highs  are  located  in  the  stagnation  regions.  We 
assume  now  that  compressibility  is  present,  but  is  not 
too  high  so  that  the  same  type  of  pressure  distribu¬ 
tion  is  preserved.  We  suppose  also  that  the  fluid  is  a 
barotropic  ideal  gas,  where  p/p^  is  conserved  with  the 
motion.  Therefore,  fluid  particles  travelling  from  low 
to  high  pressures  (...)  will  see  their  density  increase 
when  arriving  at  the  stagnation  points  (which  means 
convergence,  that  is,  Dp/Dt  >  0  and  V.u  <  0). 
Afterwards  they  will  expand  (...,  DpIDt  <  0  and 
V.u  >  0).  Let  us  now  consider  the  vorticity  equa¬ 
tion  (...),  which  reduces,  in  this  compressible  two- 
dimensional  case,  to 

^-  =  i(Vpx  Vp).f'+-V2w  . 

Dt  p  P 

[68]  and  [69]  have  verified  in  their  numerical  simula¬ 
tions  that  the  baroclinic  and  the  viscous  terms  are 
negligible,  so  that  the  vorticity  dynamics  reduces  to 
the  conservation  of  the  “potential  vorticity”  u/ p  . 
Thus,  the  convergence  and  divergence  zones  will  be 
respectively  a  source  and  a  sink  of  vorticity.  This 
will  work  against  Kelvin-Helmholtz  instability,  which 
tends  to  diminish  the  vorticity  at  the  stagnation 
points,  and  increase  it  in  the  low-pressure  regions  (...) 

•  Round  jet; 

We  first  recall  the  DNS  of  a  weakly  compressible  pe¬ 
riodic  (in  the  flow  direction)  round  jet  done  by  [69] 
(see  also[73]).  The  jet  is  initiated  from  a  top-hat  pro¬ 
file  characteristic  of  the  potential  cone  immediately 
downstream  of  the  orifice.  The  initial  Mach  number 
based  on  the  maximum  velocity  is  0.6,  so  that,  from  a 
mixing-layer  point  of  view  (...),  the  convective  Mach 
number  is  approximately  0.3  and  the  flow  is  quasi- 
incompressible.  A  weak  3D  random  white-noise  per¬ 
turbation  is  superposed  to  the  initial  velocity.  The 
computational  grid  is  a  rectangular  mesh  of  resolu¬ 
tion  64  X  32  X  32.  The  initial  Reynolds  number  based 
on  the  maximum  velocity  at  the  centre  Ui  and  the 


half-velocity  radius  R  is  of  2000. 

The  evolution  of  the  simulation  at  various  times 
is  shown  on  Figure  18.  One  sees  iso-surfaces  of 
density^^  (core  of  the  vortex)  and  low-pressure.  At 
t  =  15R/Ui,  the  instability  is  still  not  visible  on  the 
isopycnic  surface.  The  isobaric  surfaces  are  made  of 
portions  of  tori  of  axis  slightly  inclined  with  respect 
to  the  streamwise  direction.  They  reveal  the  emer¬ 
gence  of  an  axisymmetric  mode  of  vortex  rings.  This 
is  compatible  with  the  linear-stability  theory  which 
predicts  that  the  axisymmetric  mode  is  the  most  am¬ 
plified  in  the  potential  cone  ([74]),  in  good  agree¬ 
ment  with  experiments  ([75]).  As  time  proceeds,  the 
jet  spreads  out,  and  its  shape  factor  decreases,  the 
velocity  profile  becoming  quasi-Gaussian.  Then  the 
low-pressure  tori  (or  vortex  rings)  incline  each  other 
with  respect  to  the  axis  in  an  alternate  way,  corre¬ 
sponding  to  the  growth  of  oblique  (or  helical)  modes 
in  the  linear-stability  theory  ([74]).  Afterwards  the 
tori  reconnect  (see  Figure  18),  giving  rise  to  a  double¬ 
helix  structure,  as  one  can  check  in  particular  at  f  = 
?)hR/U\.  This  is  obviously  the  equivalent  of  helical 
pairings  observed  in  the  plane  mixing  layer.  Then  the 
jet  breaks  down  very  abruptly  into  turbulence,  and 
one  can  check  that  the  longitudinal  kinetic-energy 
spectrum  is  close  to  the  Kolmogorov’s  law. 

However,  the  double-helix  shaped  coherent  vortices 
persist.  As  in  the  mixing  layer,  this  scenario  of  transi¬ 
tion  is  reminiscent  of  the  Ruelle-Takens  route  to  tur¬ 
bulence,  with  emergence  of  a  fundamental  mode  and 
growth  of  a  subharmonic.  Other  DNS  of  the  incom¬ 
pressible  temporal  round  jet,  where  the  white-noise 
perturbation  is  replaced  by  a  deterministic  sine  oscil¬ 
lation  in  the  azimuthal  direction,  show  the  formation 
of  vortex  rings,  which  stretch  longitudinal  hairpin 
vortex  filaments  between  them^^.  These  filaments 
have  been  very  nicely  visualized  in  laboratory  exper¬ 
iments  performed  by  [76].  Let  us  mention  also  the 
numerical  simulations  using  vortex-filament  methods 
done  by  [77]  [78],  both  in  the  case  of  azimuthal  and 
helical  perturbations.  Three-dimensional  LES  of  the 
incompressible  spatially-growing  round  jet  have  been 
carried  out  by  [79],  using  finite-difference  volumes 
methods.  The  jet  is  forced  upstream  by  a  top-hat 
profile  to  which  is  superposed  a  weak  3D  white  noise 
(“natural  forcing”).  The  Reynolds  number  is  2000. 
Figure  19  indicates  the  development  of  the  same  type 
of  double-helix  structure  as  in  the  above  temporal 
case.  It  seems  then  that  the  preferred  topology  of 
the  turbulent  round  jet  forced  “naturally”  upstream 
is  this  double-helix,  resulting  from  a  sort  of  helical 
pairing  of  vortex  rings. 

•  End  of  quotation 

^^Here,  density  is  not  a  passive  scalar,  since  the  flow  is 
compressible. 

^^This  is  exactly  like  in  a  plane  mixing  layer  forced  by  a 
quasi  two-dimensional  perturbation 


4-25 


Figure  18:  DNS  0/  transition  to  turbulence  in  a  weakly- 
compressible  temporal  round  jet;  time  evolution  at  15,  20,  25, 
SO,  35,  40  and  45  initial  characteristic  times  R/Ui 


Figure  20:  Experimental  mean  velocity  profile  of  the  incom¬ 
pressible  round  jet  corresponding  to  figs  21  and  22.  Notice  the 
CO- flow. 


Using  the  same  code  as  for  the  spatially-developing 
mixing  layer  presented  in  Chapter  II,  we  have  also 
carried  out  the  LES  of  an  incompressible  round  jet, 
in  cartesian  co-ordinates  with  the  selective  structure 
function  model  (72).  Visualizations  of  two  calcula¬ 
tions  are  presented  below:  for  Figures  21  and  22,  the 
mean  and  fluctuation  velocity  profiles  are  taken  from 
experimental  results  at  Re  =  21000  [80].  The  fluctu¬ 
ations,  which  correspond  to  a  fully-developed  turbu¬ 
lent  pipe  flow  of  turbulent  intensity  15%,  are  modeled 
by  stochastic  perturbations.  Figures  23  and  24  corre¬ 
spond  to  a  similar  calculation,  with  upstream  condi¬ 
tions  akin  to  the  “natural  forcing”  case  in  [79]  which 
was  presented  earlier  (p.  25).  In  both  cases,  double 
helices  are  observed,  together  with  intense  longitudi¬ 
nal  vortices. 

When  the  Mach  number  increases,  it  was  found  in 
the  DNS  of  [69]  that  the  jet  rings  become  more  and 
more  elongated  in  the  flow  direction,  and  that  com¬ 
pressibility  delays  strongly  the  various  instabilities. 


Figure  19:  LES  of  an  incompressible  spatially- developing 
round  jet  forced  naturally;  low-pressure  field  (from  [79]) 
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Figure  21:  Incompressible  round  jet.  Isosurface  ||d!||  =  uii/S. 
The  black  surface  showns  the  outlet  of  the  computational  do¬ 
main. 


Figure  2f:  Isobaric  surface  (low  pressure)  corresponding  to 
23. 

12  TOWARD  INDUS¬ 

TRIAL  APPLICATIONS  : 
THE  VORTEX  SHED¬ 
DING  INSIDE  A  SIM¬ 
PLIFIED  SOLID  ROCKET 
ENGINE 


We  are  participating  in  an  operation  set  up  by  ONES 
and  ONERA  concerning  the  control  of  the  vibra¬ 
tions  induced  by  vortex  shedding  within  the  solid- 
propellant  boosters  of  the  European  launcher  ARI- 
ANE  V.  We  show  below  preliminary  simulations  per¬ 
formed  with  the  code  described  above,  in  a  simplified 
planar  test  case,  with  the  grid  shown  below  (Fig.  25). 


Figure  22:  Isobaric  surface  (low  pressure)  corresponding  to 
21. 


Figure  25:  Grid  of  the  Cl  test  case  (length  L  =  0.47m,  radius 
H  —  0.045m,  resolution  318  X  31  points 


Figure  23:  Weakly-perturbed  counterpart  of  Figs. 21  and  22. 
Isosurface  ||c3||  =  a;,/2. 


The  step  is  made  of  burning  propellant,  at  a  flame 
temperature  of  3387  K  and  a  mass  flow  rate,  normal 
to  the  walls,  of  21.2  kg/rri^/s.  Pressure  p  =  4.66  bar 
is  prescribed  at  the  upstream  end.  The  outlet  is  a 
nozzle  and  the  outflow  boundary  conditions  are  su¬ 
personic.  The  burnt  gases  are  characterized  by  the 
following  parameters:  j  =  1.14,  R  —  299.53  J/kg/K, 
Pmoi  -  9.  10“^  PI  et  Pr  =  1. 

With  such  values,  2D  simulations  are  not  possible 
without  flux  limiters  or  artificial  viscosities.  With  a 
viscosity  8  times  as  large,  they  become  possible  with¬ 
out  such  limiters,  and  Figure  26  shows  the  resulting 
vortices,  in  time  evolution.  In  such  a  case,  the  code 
gives  approximately  the  same  results  as  the  second- 
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Figure  26:  Contour  maps  of  entropy  at  5  equally  spaced  in¬ 
stants,  in  a  low-Reynolds  number  2D  DNS. 

order  Me  Cormack  code  SIERRA  of  ONERA  [81]. 

In  3D  at  the  true  viscosity  and  with  the  filtered 
structure  function  model  described  above,  the  ad¬ 
vantages  of  the  (2,4)  scheme  become  evident.  The 
following  figures  correspond  to  a  LES  at  a  spanwise 
resolution  of  90  points  equally  spaced  over  the  span 
Lz  —  TT  H  m  0.141  m,  with  periodic  boundary  con¬ 
ditions.  The  initial  condition  consists  of  the  2D  flow 
shown  above,  taken  at  a  given  instant  of  the  steady 
regime,  with  low-amplitude  white  noise  (of  amplitude 
10~^  the  speed  of  sound  at  the  surface  of  the  propel¬ 
lant)  on  all  the  components  of  U .  Without  this  per¬ 
turbation,  the  flow  would  have  remained  2D,  which 
proves  that  the  code  is  not  “noisy”.  After  having 
reached  the  steady  regime,  which  took  50  hours  of 
Cray  90  at  450  Mflops  (corresponding  to  Sms  of  real 
time),  time  series  are  recorded  for  5ms.  Figure  27 
shows  an  animation  of  an  isosurface  of  the  magni¬ 
tude  of  the  vorticity  vector.  Streamwise  vortices  are 
not  only  visible  inbetween  the  large  Kelvin-Helmholz 
billows,  but  also  at  the  wall  of  the  nozzle.  These 
are  likely  to  result  from  a  Dean-Gortler  instability 
of  the  detached  boundary  layer,  which  re-attaches  in 
the  convergent  part  of  the  nozzle  (Fig.  28). 

The  statistics  are  in  global  agreement  with  the  ex¬ 
perimental  data.  In  particular,  we  found  kinetic  en¬ 
ergy  and  pressure  spectra  which  exhibit  a  fundamen¬ 
tal  peak  around  2500Hz,  and  its  successive  harmon¬ 
ics.  More  precisely,  Figure  29  shows  a  comparison 
between  the  present  LES  and  the  2D  calculation  just 
above.  In  the  3D  case,  the  spectra  are  more  devel¬ 
oped,  in  particular  in  the  low  frequency,  and  the  fun¬ 
damental  frequency  is  lower  (2300Hz  versus  2670). 
This  proves  that  the  streamwise  vortices  which  pe¬ 
riodically  impinge  the  nozzle  (as  seen  in  Figure  27 
affect  and  lower  the  shedding  frequency  of  the  quasi- 
2D  Kelvin-Helmholtz  billows.  Although  the  reasons 
for  this  are  not  yet  clear  to  us,  this  is  of  crucial  im¬ 
portance  for  the  design  of  the  anti-vibration  protec¬ 
tions  of  the  rocket’s  control  systems,  and  illustrates 
the  importance  of  taking  three-dimensionality  into 
account,  even  when  the  largest  vortices  are  expected 
to  be  two-dimensional. 


Figure  27:  One  period  of  the  vortex  shedding  sequence  in  LES, 
in  an  “almost  industrial”  configuration. 


Figure  28:  Maps  of  the  entropy  field.  The  top  view  shows 
a  cross  section  of  the  Gortler  vortices,  ike  bottom  one  the 
streamwise  vortices  which  connect  the  KH  billows. 


Figure  29:  Temporal  kinetic  energy  spectra  recorded  in  the 
middle  of  the  booster.  The  solid  line  corresponds  to  the  LES 
and  the  dashed  line  to  the  2D  DNS. 


Chapter  III; 
Wall  flows 
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13  COMPRESSIBLE 

BOUNDARY  LAYERS  ON 
A  FLAT  PLATE 

13.1  LES  of  a  spatially-developing 
boundary  layer  at  Mach  0.5 

A  LES  using  the  SSF  model  was  carried  out  (see 
[29])  in  a  weakly-compressible  case  at  Mqo  =  0.5, 
for  an  adiabatic  plate.  The  flow  upstream  is  the 
superposition  of  the  laminar  profile  at  this  Mach, 
a  two-dimensional  pertubation  forcing  the  most- 
amplified  Tollmien-Schlichting  mode,  and  a  three- 
dimensional  white  noise  of  same  amplitude.  The  up¬ 
stream  Reynolds  number  based  on  the  displacement 
thickness  is  1000.  The  resolution  is  650  x  32  x  20  in 
the  streamwise,  transverse  and  spanwise  directions. 
It  is  seen  how  the  TS  wave  generated  upstream  prop- 


Figure  30:  FSF  structure-function  based  LES  of  a  weakly- 
compressible  spatially-developing  boundary  layer;  isosurfaces 
of  pressure  (p  =  0.999poo,  QTey)  and  longitudinal  voriicity 
(oji  =  ±0.1t/oo^i,  dark)  are  shown 


agates  downstream.  First,  quasi  two-dimensional 
billows  of  relatively  low  pressure  and  high  vorticity 
form,  and  travel  with  the  wave  velocity.  A  top  view 
of  the  low  pressure  and  longitudinal  vorticity  in  the 
transitional  region  is  shown  on  Figure  30:  just  be¬ 
fore  the  transition,  TS  waves  give  rise  to  straight 
lower  pressure  quasi  two-dimensional  rolls.  During 
the  transition,  these  rolls  evolve  into  a  staggered  pat¬ 
tern  which  breaks  down  into  turbulence.  Meanwhile, 
the  longitudinal  velocity  seems  to  develop  a  longi¬ 
tudinal  mode  close  to  the  wall,  as  shown  on  Figure 
31.  The  existence  of  this  mode  might  be  related  to 
the  low  and  high-speed  streaks  existing  in  the  devel¬ 
oped  region.  We  show  now  on  Figure  32  an  enlarged 
view  of  a  hairpin  ejected  away  from  the  wall  above  a 
low-speed  streak,  just  after  transition.  Such  hairpins 
have  a  longitudinal  vorticity  which  is  low  in  front 
of  the  spanwise  vorticities  attained  at  the  wall  un¬ 
der  the  high-speed  streaks,  where  most  of  the  drag 
comes  from.  Another  remark  is  that  we  could  never 
find  in  these  calculations  coherent  alternate  longitu¬ 
dinal  vortices  at  the  wall.  On  the  contrary,  there  are 
several  hairpins  ejected  above  one  single  low-speed 
streak. 


Figure  31:  same  calculation  as  Figure  30;  isosurfaces  of  the 
longitudinal  velocity  fluctuations  (u[  =  0.024Uoo,  QTey) 


Figure  32:  LES  of  the  spatial  boundary  layer  at  Mach  0.5; 
vortex  lines  and  low  pressure  characterizing  a  hairpin  vortex 
ejected  from  the  wall  at  the  end  of  transition 


Although  it  gives  interesting  informations  as  far  as 
the  structure  of  turbulence”  is  concerned,  the  FSF 
model  is  however  not  “perfect”  for  the  prediction  of 
average  quantities.  It  overestimates  in  particular  of 
about  15%  the  mean  velocity  in  the  logarithmic  pro¬ 
file. 


13.2  Temporal  boundary  layer  at 
Mach  4.5 

In  odrer  to  advocate  the  straightforward  closure  of 
the  compressible  LES  equations  presented  in  sec¬ 
tion  8,  we  herefter  present  a  temporal  simulation  of 
the  transition  to  turbulence  of  a  high-Mach  number 
boundary  layer  over  an  adiabatic  flat  plate.  The 
Mach  and  Reynolds  numbers  are  Moo  =  4.5  and 
Rei-  =  10000  (Si  denotes  the  initial  displacement 
thickness),  which  matches  a  case  which  has  been 
extensively  investigated  at  ICASE  (see  e.g.  Ng  and 
Erlebacher  [82]).  For  such  a  Mach  number,  the 
dominant  instability  is  inviscid  and  two-dimensional 
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Figure  S3:  vorticity  map  after  the  growth  of  the  second  mode 
(the  top  part  of  the  domain  is  not  shown).  The  production  of 
vorticity  of  both  signs  at  the  wall  results  from  baroclinic  effects 
induced  by  the  reflexion  of  acoustic  waves. 

(Mack’s  second  mode  [83]),  because  the  solution  to 
the  laminar  similarity  equations  exhibit  a  general¬ 
ized  inflection  point,  i.e.  a  distance  ys  to  the  wall 
where  the  local  angular  momentum  pu)  =  pdu/dy 
is  maximum  (in  magnitude).  Consequently,  Kelvin- 
Helmholtz-like  vortices  of  period  \a  —  2.8  5i  form 
around  ys  —  1-05  Si,  as  shown  below  as  the  result 
of  a  2D  simulation  initialized  by  the  laminar  simi¬ 
larity  solution  for  a  wall  temperature  —  180/^, 
perturbed  by  small-amplitude  white  noise.  The  do¬ 
main’s  size  is  Lx  =  4  Aq  =  11  Si  and  Ly  =  20  Si 
for  a  resolution  40  x  70  x  36,  most  of  the  points  are 
concentrated  between  the  wall  and  ys,  the  first  mesh 
line  away  from  the  wall  is  at  y  =  0.024  Si. 

A  3D  DNS  and  a  LES  with  the  structure-function 
model  in  its  four-neighbour  formulation  (see  again  [4] 
or  [3])  are  now  performed,  in  a  smaller  domain  Lx  = 
2  Aa  =  5.5  Si,  Ly  =  7.15  Si  and  L,  =  6.28  Si  (the 
preferential  wavelength  of  the  subharmonic  mode  of 
secondary  instability  found  in  [82]),  with  the  resolu¬ 
tion  40x70x36.  Both  runs  start  from  the  same  initial 
conditions;  the  fluctuations  at  the  same  timestep  as 
for  figure  33  are  rescaled  to  an  amplitude  A  =  8%  of 
Uoo  and  sprinkled  with  3D  white  noise  of  amplitude 
10“^  Uoo-  The  DNS  blows  up  at  t  =  390  Si /Uoo, 
but  the  LES  continues  further.  We  stopped  it  at 
t  =  450  SijUoo,  after  transition  is  completed.  Fig¬ 
ure  34  shows  the  time  evolution  of  the  prominent 
modes.  Mack’s  second  mode  then  appears  as  (2,  0) 
and  the  oblique  subharmonic  of  [82]  as  (1, 1).  No¬ 
tice  in  particular  that  both  the  DNS  and  the  LES 
give  about  the  same  growth  rate  for  this  mode,  viz., 
1.7  l0~^Uoo/Si,  which  is  in  acceptable  agreement 
with  Ng  and  Erlebacher  [82]  who  find  2.5  l0~^U/Si 
for  A  =  6%.  However,  the  most  interesting  fact  is  the 
resonance  of  the  ^-independent  (i.e.  purely  spanwise) 
mode  (0,2),  which  shoots  up  as  from  2006i/Uoo- 

Until  t  350  Si /Uoo  (the  time  origin  is  the  beginning 
of  the  3D  calculations),  this  resonance  appears  essen¬ 
tially  in  the  form  of  streks  of  weak  vorticity  normal 
to  the  wall  {uy  «  ±0.03i7oo/<5j,  see  Figure  6  of  [26]), 
which  supports  its  interpretation  in  terms  of  Squire 
modes.  The  vortical  structure  of  the  flow  remains 


Figure  34;  Energy  of  the  prominent  modes  for  the  DNS  (top) 
and  the  LES  (bottom). 


Figure  35:  top:  Vortex  lines  at  t  —  350  6i/Uoo,  with  the  iso¬ 
surfaces  Wx  =  0.1[/oo/i5i  in  clear  and  Wx  =  — O.lFco/^i  in- 
dark. 

bottom;  Isosurface  of  spanwise  vorticity  uiz  =  —Uoo (Si,  still 
at  t  =  350  Si /Uoo-  In  order  to  increase  the  resemblance  with 
Fig.  11  of  [84],  the  domain  is  instanced  twice  thanks  to  span- 
wise  periodicity. 
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dominated  by  Kelvin-Helmholtz-like  vortices  at  ys, 
slowly  going  three-dimensional  as  mixing  layers  at 
Me  I  ([71],  [73],  [69]),  in  the  form  of  A-vortices 
facing  each  other;  The  left  plot  of  figure  35  shows  the 
most  intense  vortex  lines  together  with  isosurfaces 
of  streamwise  vorticity  Another  representation 
of  the  flow  at  the  same  instant  is  given  in  the  right 
plot:  from  isosurfaces  of  spanwise  vorticity  (or  vor¬ 
ticity  norm),  one  can  make  out  staggered  A-vortices 
stretched  into  Y-layers,  as  proposed  by  Adams  and 
Kleiser  [84]  (see  also  [85]).  Both  views  show  the  DNS 
results,  but  the  LES  ones  are  almost  identical. 


This  is  only  the  beginning  of  the  transition  process: 
at  t  =  390  6i(Uoo,  when  the  DNS  blows  up  because 
of  the  onset  of  small-scale  turbulence,  the  LES  shows 
the  skin-friction  coefficient  lifting  off  (from  0.5  10“® 
up  to  3.8  10“^)  while  the  shape  factor  Hu  decreases 
from  14.5  down  to  9.5,  as  expected  from  the  empirical 
formula  proposed  in  [86] 

Hu  ^  Hinc  +  0.4  Ml  +  1.222  ~  ,  (124) 

OO 

in  which  Hinc  —  1 A  denotes  the  incompressible  coun¬ 
terpart  of  Hu  and  Tad  the  adiabatic  recovery  tem¬ 
perature  at  the  wall,  equal  to  the  wall  temperature 
Tu,  =  180/\  in  our  case. 

After  transition,  the  flow  pattern  is  too  messy  to  ren¬ 
der  properly  with  vortex  lines  in  black  and  white. 
However,  just  at  the  beginning  of  it,  i.e.  t 
400  6i/Uoa,  a  fairly  well  organized  streaky  pattern 
is  observed  at  the  wall  (figure  36),  which  can  be  in¬ 
terpreted  as  the  result  of  the  temporary  emergence  of 
mode  (0,2).  Later  on,  some  of  this  organization  per¬ 
sists,  with  a  striking  resemblence  with  incompressible 
boundary  layers  (see  e.g.  [29]).  In  particular,  the  ve¬ 
locity  profile  after  transition  exhibits  a  logarithmic 
zone  which  is  not  very  different  from  its  incompress¬ 
ible  counterpart  (not  shown  here). 

Finally,  figure  37  shows  the  instantaneous  Reynolds 
stress  profiles  {p){u'u'){y,t)  and  nor¬ 

malized  by  PoHJ^,  in  which  ()  denotes  the  stream- 
wise  and  spanwise  average  over  the  box.  {p){u'u')  re¬ 
mains  about  4  times  as  large  as  {p){u'v').  During  the 
laminar  stage  (i.e.  up  to  t  370  Si/Uoo),  the  curves 
grow  almost  self-similarly  with  a  peak  around  ys .  Be¬ 
tween  360  and  420  6i/Uoo,  the  peak  of  (p){u'u')  gets 
more  and  more  acute.  Meanwhile,  it  shifts  towards 
the  wall  and  settles  down  at  about  y  ss  0.2  6i  fv  10 
wall  units.  In  contrast,  the  profile  of  (p)(u'v')  flattens 
in  time  with  no  visible  shift  towards  the  wall. 


Figure  38:  top:  Vortex  lines  at  t  =  390  8i/Uoo-  bottom: 
Corresponding  isosurfaces  of  vorticity  normal  to  the  wallcuy  = 
0.7  Ucc/Si  in  clear  and  uiy  —  —0.7Uoo/Si  in  dark. 
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Figure  38:  Transverse  section  of  ike  220  X  140  X  25  -  point 
grid  used  for  the  simulation  of  the  transition  on  a  the  curved 
ramp  (angle  20°).  The  axes  are  graded  in  metres,  counted 
from  the  nose  of  the  full-size  shuttle.  The  spanwise  size  of  the 
domain  is  4.5  the  displacement  thickness  6i  of  the  boundary 
layer  prescribed  at  the  upstream  boundary. 


Figure  37:  Time  evolution  of  the  Reynolds  stress  between 
350  and  450  StfUco^  The  heavier  the  line  the  later,  top: 
(p)(u'u')(y,t)/{p^U^)  bottom:  {p){u’v'){y,t){p^Ul^). 


14  GORTLER  VOR¬ 

TICES  OVER  A  CURVED 
COMPRESSION  RAMP 

The  simulation  presented  above  can  be  considered 
as  a  validation  of  our  numerics  and  SGS  model.  It 
showed  in  particular  the  ability  of  the  code  to  repro¬ 
duce  the  effect  of  strong  heating  on  Reynolds  stresses. 
It  thus  can  be  considered  as  a  suitable  tool  for  predic¬ 
tion  of  heat  fluxes  in  situations  for  which  experimen¬ 
tal  data  are  absent  or  sparse.  We  therefore  present 
a  preliminary  simulation  of  the  detached  boundary 
layer  over  a  curved  compression  ramp  at  Mach  2.5 
modelling  the  wind-side  region  of  the  body-flap  of 
HERMES  during  its  projected  re-entry.  The  exter¬ 
nal  Mach  number  relevant  to  the  shuttle  is  about 
10  (altitude  50  km,  incidence  30®,  flap  extension  an¬ 
gle  oo  =  20°).  The  whole  computational  domain 
is  contained  within  the  bow  shock.  The  grid  used 
is  shown,  upside  down,  in  38.  The  resolution  is 
220  X  140  X  25  =  770  000  grid  points.  The  first  part 
of  the  boundary  (up  to  13.6m  away  from  the  nose)  is 
curved.  It  corresponds  to  the  wind  side  of  the  body. 
The  ramp  corresponds  to  the  body  flap,  assumed  to 
be  flat.  For  computational  reasons,  it  is  prolonged 
by  a  fictitious  horizontal  surface  introducing  a  cut¬ 
off  with  the  lee-side  of  the  flap  and  the  after-body. 
This  enables  the  prescription  of  well-posed  boundary 
conditions  at  the  exit  of  the  domain. 

By  constrast  with  the  wedge  simulation  presented  be¬ 
fore,  the  present  simulation  requires  knowledge  of  the 
density,  temperature  and  velocity  profiles  at  the  up¬ 
stream  boundary  of  the  domain.  Since  these  are  not 
available  for  in-flight  conditions,  we  simulate  a  well- 
documented  1/90  experiment  performed  at  ONERA 
in  the  wind  tunnel  R3CH.  Our  upstream  condition 
results  from  the  experimental  profiles  plotted  in  Fig. 
39,  with  white  noise  of  amplitude  2  10“^  [/oo  super¬ 
imposed  onto  the  3  components  of  the  velocity  at 
each  time  step. 

On  the  model,  the  wall  temperature  is  =  290K 
and  the  “external”  (outside  of  the  boundary  layer. 
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Figure  40:  Instantaneous  temperature  map  obtained  from 
a  preliminary  ZD  simulation  of  the  flow  over  the  curved 
ramp.  Here  again,  the  axes  correspond  to  the  full-size  shuttle, 
whereas  it  is  the  1/90  experiment  which  is  actually  simulated. 


not  reproduced  in  this  2D  simulation;  between  its 
detachment  and  re-attachment,  the  boundary  layer 
undergoes  a  certain  curvature,  whose  radius  R  can 
be  roughly  estimated  from  Fig.  40.  This  yields  a 
Gortler  number 


Figure  39:  Profiles  prescribed  at  the  upstream  boundary  (Mach 
number  and  normalized  density  p/poo  on  top,  streamwise  and 
transverse  normalized  velocity  components  ujUao,  yfUaD,  and 
normalized  temperature  T/Too  ut  the  bottom).  For  all  plots, 
the  vertical  co-ordinate  is  f,2/Si.  For  the  1/90  experiment, 
Poo  =  7.685  10~^kg/m^ ,  Uao  —  1089m/s  and  Too  —  460. 3/\. 


g  =  /iei.y|ft;2-3  ,  (126) 

high  enough  to  give  rise  to  centrifugal  instability,  ac¬ 
cording  to  the  linear  stability  theory  (see  Ref.  [87] 
for  a  review). 


but  inside  the  bow  shock)  temperature  is  Too  — 
460/4'.  The  adiabatic  recovery  temperature,  defined 
by 

Tad=Too(^l  +  V^^^  Ml^  ,  (125) 

is  Tad  —  1047 A',  yielding  T^/Tad  —  0.277.  The  ramp 
is  therefore  very  cool  with  respect  to  the  fluid,  which 
models  the  radiative  balance  of  the  true  shuttle  dur¬ 
ing  its  re-entry. 


Experimental  evidence  of  (streamwise  counter¬ 
rotating)  Gortler  vortices  in  a  similar  case  was 
brought  in  particular  by  [88],  but  the  consequence  of 
these  vortices  on  the  wall  heat  flux  has  remained  an 
open  question.  Fig.  41  shows  such  Gortler  vortices, 
obtained  from  a  3D  simulation  performed  with  the  se¬ 
lective  structure-function  model  in  a  domain  of  span- 
wise  extension  equal  to  4.5  6i.  One  clearly  sees  two 
large  structures,  cross-cuts  of  which  (Fig.  42)  show 
that  each  of  them  corresponds  to  a  pair  of  counter¬ 
rotating  Gortler  vortices. 


The  upstream  displacement  thickness  of  the  bound¬ 
ary  layer  measured  is  =  0.21  10“^m,  yielding  a 
Reynolds  number  Res^  =  121 .  This  is  too  much  for 
the  code  described  here^^  The  simulation  is  therefore 
performed  at  the  maximal  Reynolds  number  permit¬ 
ted  by  our  resolution,  that  is  Re^^  —  280.  For  this 
reason,  the  results  presented  below  have  to  be  con¬ 
sidered  as  qualitative  only.  One  also  have  to  bear 
in  mind  that  the  similitude  between  the  experiment 
and  the  in-flight  conditions  cannot  be  exact  (if  the 
Mach  and  Stanton  numbers  are  in  similitude,  it  is 
extremely  unlikely  that  the  Reynolds  numbers  also 
are.) 

Fig.  40  shows  the  detachment  of  the  boundary  layer 
and  its  re-attachment  onto  the  flap  obtained  from 
a  preliminary  2D  simulation.  One  sees  clearly  the 
multiple-legged  A-shock  focalizing  outside  the  do¬ 
main.  Its  position  fluctuates  in  time,  due  to  the  large 
vortices  in  the  recirculation  zone  around  the  hinge. 

However,  the  most  interesting  feature  of  the  flow  is 

^^Limiters  have  recently  been  implemented  into  this  code. 
They  seem  to  have  solved  the  problem. 


The  extreme  values  of  the  temperature  fluctuations 
plotted  in  Fig.  42  are  ±90A'.  They  are  found  close 
to  the  wall,  which  is  at  =  290 A'.  These  30%  of 
temperature  fluctuations  induce  huge  fluctuations  of 
the  Stanton  number  (Fig.  43),  between  2  10“^  and 
14  10~^,  with  an  average  of  about  6  10“^.  The  r.m.s. 
of  the  Stanton-number  fluctuations  is  thus  133%. 
The  same  trend  is  observed  for  the  skin-friction  coeffi¬ 
cient  Cj,  which  remains  approximately  proportional 
to  St  as  predicted  by  the  strong  Reynolds  analogy. 
An  analogy  factor  s  —  5f/2C'/  ~  2.9  can  be  (quite 
roughly)  estimated  from  the  mean  values  of  St  and 
Cj.  More  precisely.  The  minima  of  C/  and  St  are 
located  at  ,^3  =  0.1  =  0.5  (owing  to  spanwise  pe¬ 
riodicity),  with  a  secondary  minimum  at  0.3m  (co¬ 
ordinates  relevant  to  the  full-size  shuttle.  They  have 
to  be  divided  by  90  to  correspond  to  what  is  actu¬ 
ally  simulated,  i.e.  the  model.).  These  minima  are 
associated  to  the  uplift  of  slow  and  cold  fluid  from 
the  boundary  which  occurs  in  between  each  pair  of 
couter-rotating  vortices  (as  sketched  in  Fig.  44). 

Conversely,  maximal  values  of  C/  and  St  are  found 
at  1^3  =  0.2  and  0.4m,  that  is  half-way  in  between  the 
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Figure  41:  Ramp  flow.  Zoom  on  the  hinge  and  body-flap  re¬ 
gion  showing  an  isosurface  of  the  vorticity  magnitude.  This 
surface  is  coloured  by  temperature.  This  shows  clearly  that  hot 
fluid  in  the  outer  part  of  the  boundary  layer  is  being  down- 
washed  to  the  wall,  which  brings  about  wall-heat-flux  fluctua¬ 
tions. 
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Figure  Ramp  flow.  Spanwise  slice  of  instantaneous  tem¬ 
perature  fluctuations  (with  respect  to  the  time-average).  The 
slice  is  repeated  twice  in  the  spanwise  directions,  which  is  per¬ 
mitted  by  the  periodic  boundary  conditions  and  makes  the  vor¬ 
tex  structure  easier  to  understand.  Here  again,  the  gradua¬ 
tions  are  relevant  to  the  full-size  shuttle. 
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Figure  fS:  Instantaneous  profiles  of  Stanton  number  St  (top) 
and  skin-friction  coefficient  Op  (bottom),  to  be  correlated  with 

Fig.  42. 


Figure  4^:  Ramp  simulation.  Instantaneous  contours  (with 
elevation)  of  the  Stanton  number  St  showing  the  streamwise 
alignment  of  the  extrema.  This  picture  is  very  stable  in  time, 
because  the  Gortler  vortices  are  phase-locked. 


Figure  4S:  Counterpart  of  Fig.  4^  for  the  skin-friction  coeffi¬ 
cient  Of. 


two  pairs,  where  the  downwash  of  hot  (and  fast)  fluid 
from  the  outer  part  of  the  layer  is  maximal.  If  one 
tries  to  work  out  analogy  factors  associated  to  the 
peak  and  valleys  of  Cj  and  St,  one  finds  Smax  =  1-1 
and  Smin  — *•  oo  respectively  (because  Cj  goes  to 
zero).  This  clearly  shows  that  the  strong  Reynolds 
analogy,  although  globally  satisfied,  cannot  be  relied 
upon  to  deduce  local  Stanton  numbers  out  of  local 
values  of  the  skin-friction  coefficient.  Finally,  the  el¬ 
evated  contour-maps  of  Cj  and  St  shown  in  Figs.  45 
and  46  prove  that  the  values  above  -  recorded  from  an 
instantaneous  cross-section  of  the  flow  -  are  almost 
independent  of  the  streamwise  co-ordinate  ^i.  Time- 
averaged  plots  (not  shown  here)  also  prove  that  the 
Gortler  vortices  are,  in  this  simulation,  fairly  stable 
in  time.  This  is  likely  to  enhance  considerably  their 
destructive  effects  on  the  material  of  the  body  flap. 


15  CONCLUSION 


Figure  44-  Sketch  of  the  vertical  motion  induced  by  the  Gortler 
vortices  and  its  consequences  on  St  and  Cf,  symbols  0  mean¬ 
ing  high  St  and  Cf  because  of  downwashing  of  hoi  fluid.  Sym¬ 
bols  ©  represent  low  St  and  Cf  because  of  upfilt  of  cool  fluid. 


We  have  presented  the  general  framework  of  large- 
eddy  simulations  (LES),  where  subgridscale  motions 
are  filtered  out,  their  effect  being  represented  by 
eddy-viscosity  and  eddy-diffuSivity  coefficients  in  the 
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supergrid-scale  motions.  We  have  discussed  the  un¬ 
predictability  issue  associated  to  the  LES  formal¬ 
ism,  and  shown  that,  in  three  dimensions,  one  could 
expect  a  linear  growth  of  the  error,  instead  of  the 
exponential  growth  obtained  in  dynamical  systems 
with  a  low  number  of  degrees  of  freedom.  We  have 
described  Smagorinsky’s  model,  which  is  the  most- 
widely  used  for  engineering  applications.  Afterwards, 
we  have  considered  a  different  point  of  view,  where 
the  filtering  is  a  sharp  low-pass  filter  in  Fourier  space. 
We  have  presented  Kraichnan’s  spectral  eddy  viscos¬ 
ity,  which  permits  to  avoid  the  assumption  of  sep¬ 
aration  of  scales  done  in  physical  space  in  order  to 
justify  the  eddy  viscosity  concept.  We  have  intro¬ 
duced  also  the  spectral  eddy  diffusivity.  We  have 
demonstrated,  using  the  nonlocal  interaction  theory 
applied  to  a  stochastic  model  of  isotropic  turbulence, 
how  a  backscatter  arises  in  three  dimensions,  with 
a  equivalent  in  two  dimensions.  We  have  con¬ 
firmed  the  existence  of  such  a  spectral  backscatter  in 
large-eddy  simulations.  We  have  also  presented  the 
spectral-dynamic  model,  which  is  a  generalization  of 
the  spectral  eddy  coefficients  allowing  to  deal  with 
laminar  and  transitional  situations,  and  more  gen¬ 
erally  when  the  kinetic  energy  spectrum  at  the  cut¬ 
off  decays  faster  than  Kolmogorov  law.  Returning  to 
physical  space,  we  have  reinterpreted  these  models  in 
terms  of  velocity-structure  functions  and  generalized 
hyperviscosity  models. 

We  have  applied  the  spectral-dynamic  model  to  the 
turbulent  channel  flow  at  a  subcritical  =  204) 
and  supercritical  (/i+  =  389)  wall  Reynolds  number. 
In  the  two  cases,  the  results  are  in  excellent  agree¬ 
ment  with  experiments  and  direct-numerical  simula¬ 
tions.  Compared  with  the  latter  at  same  Reynolds 
number,  the  LES  reduces  the  computational  cost  by 
a  factor  of  the  order  of  hundred. 

We  have  applied  the  selective  structure-function 
model  to  a  temporal  and  spatially-growing  mixing 
layer.  Depending  upon  the  quasi  two-dimensional  or 
three-dimensional  character  of  the  initial  or  upstream 
weak  perturbation,  whe  have  shown  how  the  flow 
could  bifurcate  from  a  quasi  two-dimensional  state 
(where  longitudinal  hairpins  are  stretched  between 
the  Kelvin-Helmholtz  vortices)  to  a  helical-pairing 
configuration  of  dislocated  vortices.  In  the  former 
case,  consideration  of  the  vorticity  equation  permits 
to  show  how  the  vorticity  is  stretched  in  the  direction 
of  the  first  principal  axis  of  deformation.  A  converted 
scalar  gradient,  on  the  contrary,  is  reduced  in  this  di¬ 
rection,  and  intensified  across  the  interface.  Return¬ 
ing  to  the  hairpin  stretching,  we  have  found  in  the 
spatially-growing  case  that  two  longitudinal  vortices 
may  merge. 

We  have  extended  the  LES  formalism  to  compress¬ 
ible  flows  in  Cartesian  and  curvilinear  co-ordinates. 
Despite  the  evident  crudity  of  some  approximations 


made,  informative  results  have  been  obtained  both 
in  academic  an  applied  situations.  We  have  looked 
at  compressible  mixing  layers,  and  shown  that  the 
helical  pairing  disappears  above  a  convective  Mach 
number  of  0.6  «  0.7.  For  a  weakly  compressible  Tem¬ 
poral  jet,  one  recovers  the  equivalent  of  the  helical 
pairing,  in  the  form  of  alternate  pairings  of  vortices. 
The  same  phenomenon  is  found  for  an  incompressible 
spatially-developing  jet.  In  the  more  applied  situa¬ 
tion  of  a  transonic  mixing  layer  forced  by  acoustic 
modes  (the  case  of  the  planar  model  booster),  LES 
have  contributed  to  the  improvement  of  the  under¬ 
standing  of  the  mechanism  of  vortex  shedding.  We 
have  shown  in  particular  that  quasi  two-dimensional 
Kelvin-Helmholtz  vortices  stretch  intense  longitudi¬ 
nal  alternate  vortices.  The  latter  seem  to  be  ampli¬ 
fied  by  Gortler  instability  before  impinging  the  noz¬ 
zle.  This  has  important  consequences  on  the  pressure 
(and  thrust)  fluctuation  spectra,  with  a  lowering  of 
the  dominant  spatial  mode. 

We  have  also  simulated  the  complete  transition  to 
turbulence  of  a  boundary  layer  developing  above  a 
flat  plate  at  Mach  0.5.  Interesting  informations  were 
obtained  concerning  the  physics  of  high  and  low- 
speed  streaks  at  the  wall,  and  weak  hairpin  vortices 
ejected  above  the  latter.  Here,  compressibility  ef¬ 
fects  do  not  seem  to  be  very  important.  Afterwards, 
we  have  simulated  the  transition  to  turbulence  in  a 
temporal  boundary  layer  above  a  flat  plate  at  Mach 
4.5.  Results  are  in  good  agreement  with  experimental 
and  numerical  linear  stability  analyses  in  the  linear 
regime  (growth  rate  and  phase  speed  of  the  second 
mode  and  the  dominant  mode  of  secondary  instabil¬ 
ity)  and  experimental  results  in  the  turbulent  regime 
(shape  factor,  log  law,  Reynolds  stresses).  LES  are 
here  an  economic  way  to  go  beyond  transition.  We 
have  shown  how  the  end  of  the  transition  period  is 
dominated  by  the  growth  of  the  (0,2)  mode  at  the 
wall.  Later  on,  the  turbulence  collapes  on  the  wall, 
and  the  structure  of  the  resulting  boundary  layer  is 
not  much  different  from  an  incompressible  one. 

Finally,  numerical  evidence  of  phase-locked  Gortler 
vortices  on  the  body  flap  of  a  model  HERMES  has 
been  obtained,  with  drastic  consequences  on  the  ther¬ 
mal  erosion  of  the  surface.  Although  the  conditions 
of  the  re-entry  are  not  fully  accounted  for  in  the 
simulation,  it  is  shown  that  LES  are  able  to  repro¬ 
duce  satisfactorily,  at  least  at  a  qualitative  level,  such 
complex  phenomena  as  the  interaction  between  an 
oblique  shock,  a  recirculation  zone  and  intense  three- 
dimensional  vortices. 
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Abstract 

The  paper  assesses  the  capabihty  for  numerical 
simulation  of  compressible  turbulent  flows  us¬ 
ing  the  Reynolds-averaged  Navier-Stokes  equa¬ 
tions.  The  governing  Favre- averaged  equations 
are  derived,  and  the  various  levels  of  turbulence 
models  defined.  Examples  of  zero,  one-equation, 
two-equation  and  Reynolds  Stress  Equation  tur¬ 
bulence  models  are  presented.  Specific  results 
are  discussed  for  boundary  layer  and  free  shear 
flows.  Conclusions  regarding  future  work  are 
presented. 

1  NOMENCLATURE 

ROMAN 

Cp  specific  heat  at  constant  pressure 

Cy  specific  heat  at  constant  volume 

D  Van  Driest  damping  factor; 

damping  term  in  q-u>  model 
e  total  energy  per  unit  mass 

k  molecrdar  thermal  conductivity 

kt  turbulent  thermal  conductivity 

k  turbulence  kinetic  energy 

i  length  scale  of  turbrdence 

Mt  tmbulence  Mach  number,  y/^j a 

n  normal  distance  to  boundary 

p  static  pressiue 

Pr  molecular  Prandtl  number,  pcpjk 

Prt  turbulent  Prandtl  number,  ptCp/kt 

Qi  laminar  heat  flux  vector 

Qi  total  heat  flux  vector 

R  gas  constant 

RANS  Reynolds- averaged  Navier-Stokes 
equations 


s  entropy  per  unit  mass 

T  static  temperature 

To  total  temperature 

Tij  total  stress  tensor 

Ui  Cartesian  velocity  component 

u*  shear  velocity,  a/EVEu 

Xi  Cartesian  coordinate 

GREEK 

7  ratio  of  specific  heats 

r  Klebanoff  intermittency  factor 

8  boundary  layer  thickness; 

mixing  layer  thickness 

S’l  incompressible  displacement  thickness 

8*  compressible  displacement  thickness 

8ij  Kronecker  delta 

A  dilatation 

e  rate  of  decay  of  turbulence  kinetic  energy 

T]  Kolmogorov  scale 

/c  von  Karman’s  constant 

A  second  coefficient  of  molecular  viscosity 

jj.  molecular  dynamic  viscosity 

Pt  trubulent  dynamic  viscosity 

u  molecular  kinematic  viscosity 

p  density 

T-w  wall  shear  stress 

Ty  molecular  stress 

V  velocity  scale  of  turbulence 

U  magnitude  of  mean  vorticity 

u  frequency  scale  of  turbulence 

SUBSCRIPTS  AND  SUPERSCRIPTS 
e  evaluated  at  edge  of  boundary  layer 

m  matching  location  (for  algebraic  eddy 

viscosity) 

o  stagnation  conditions 

■w  evaluated  at  wall 


Paper  presented  at  the  AGARD  FDP  Special  Course  on  “Turbulence  in  Compressible  Flows”,  held  at  the 
von  Kdrmdn  Institute  for  Fluid  Dynamics  (VKI)  in  Rhode-Saint-Genese,  Belgium,  2-6  June  1997, 
and  in  Newport  News,  Virginia,  USA,  20-24  October  1997,  and  published  in  R-819. 


5-2 


2  INTRODUCTION 

The  acctirate  prediction  of  compressible  turbu¬ 
lent  flow  is  an  essential  element  of  modern  en¬ 
gineering  design  in  many  disciplines  including, 
for  example,  proptilsion  and  aerodynamics.  Re¬ 
cent  advances  in  the  physical  understanding  and 
modehng  of  compressible  turbulent  flows,  and 
the  continued  rapid  rate  of  growth  of  computer 
performance,  has  enabled  more  accurate  simu¬ 
lation. 

The  objective  of  this  paper  is  to  introduce 
the  concepts  and  methods  of  prediction  using 
the  Reynolds- averaged  Navier- Stokes  (RANS) 
equations.^  Our  scope  must  neqessarily  be  hm- 
ited,  and  therefore  we  focus  on  homogeneous 
compressible  turbulent  flows  without  chemical 
reaction  or  real  gas  effects.  Additionally,  we 
consider  fully  turbulent  flows  only,  and  omit 
any  discussion  of  transition  to  turbulence.  The 
general  outhne  of  the  paper  is  as  follows.  In 
Section  3,  the  compressible  Navier-Stokes  equa¬ 
tions  are  presented.  The  Reynolds- averaged 
Navier-Stokes  equations  are  derived  in  Section  4. 
The  Reynolds- averaged  equations  for  the  Rey¬ 
nolds  stress,  turbulence  kinetic  energy  and  rate 
of  dissipation  of  turbulence  kinetic  energy  are 
described  in  Sections  5,  6  and  7,  respectively. 
The  nattue  of  fluctuations  in  turbulent  flow  and 
Morkovin’s  hypothesis  are  described  in  Sections 
8  and  9.  The  notation  is  simplified  in  Sec¬ 
tion  10.  In  Section  11,  the  concept  of  turbu¬ 
lent  eddy  viscosity  is  presented.  A  taxonomy 
of  turbulence  models  developed  by  Reynolds  [1] 
is  described  in  Section  12.  A  selection  of  zero, 
one-equation,  two-equation  and  Reynolds  Stress 
Equation  models  are  presented  in  Section  13.  A 
derivation  of  the  compressible  Law  of  the  Wall 
for  the  k-6  turbulence  model  is  given  in  Section 

14.  Results  for  a  variety  of  bounded  and  free 
turbulent  shear  flows  are  presented  in  Section 

15.  Section  16  offers  conclusions  and  proposals 
for  future  work. 

There  are  many  excellent  reviews  on  Reynolds- 
averaged  Navier-Stokes  models  for  incompress¬ 
ible  and  compressible  turbulent  flows  which 

^Oftentimes,  a  subset  of  the  Reynolds-averaged 
Navier-Stokes  equations,  e.g.,  the  Reynolds-averaged 
boundary  layer  equations,  may  be  sufficient.  We  shall 
use  the  term  Reynolds-averaged  Navier-Stokes  equations 
to  denote  both  the  full  equations  and  any  appropriate 
subset. 


should  be  consulted  for  additional  information. 
Examples  include  Lakshminarayana  [2],  Speziale 
[3]  and  Marvin[4].  Additionally,  there  are  sev¬ 
eral  experimental  databases  of  compressible  tur¬ 
bulent  flows  which  provide  excellent  cases  for 
evaluation  of  turbulence  models.  Examples  in¬ 
clude  Fernholz  and  Finley  [5]  and  Settles  and 
Dodson  [6]. 


3  COMPRESSIBLE  NAVIER- 
STOKES  EQUATIONS 


The  governing  equations  for  compressible  vis¬ 
cous  flow  of  a  perfect  gas  are  [7] 


9puj 

dxj 


=  0 


(1) 


dpui  dpuiUj  _  dp_  dTjj 

dt  ^  dxj  dxi  dxj 


dpe  d  {pe  +  p)  uj 
dt  dxj 


d 


dxj 


3j)  (3) 


p  =  pRT 


(4) 


where  p  is  the  density,  Ui  are  the  components 
{ui,U2,U3)  of  the  velocity  along  the  Cartesian 
coordinate  directions  (*1,  *2?  ^s))  P  is  the  static 
pressure  and  the  Einstein  summation  convention 
is  employed.^  The  laminar  stress  tensor  is 


( ^  I 

\dxj  dxi  j 


(5) 


where  Sij  is  the  Kronecker  delta,  A  =  —  ac¬ 
cording  to  Stokes  Law,  and  the  molecular  viscos¬ 
ity  p  is  typically  a  function  of  static  temperature 
alone.  For  air. 


rp3/2 

p  =  1.456  X  10~^y  ^  g  Nt-sec/m2  (q) 

^The  Einstein  summation  convention  employs  the  ap¬ 
pearance  of  a  repeated  index  to  imply  summation  over 
all  values  of  the  index.  Thus, 


dpuj 

dxj 


J=3 


indicates  ^  ] 


j=i 


dpuj 

dxj 
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with  r  is  °K.  The  total  energy  per  unit  mass  e 
is 


e  —  -f-  2 


(7) 


where  Cy  is  the  specific  heat  at  constant  volume 
(cy  —  717.5  J/kg°K  for  air).  The  ratio  of  specific 
heats  7  =  Cp/cy  is  assumed  constant  (7  :=  1.4 
for  air)  where  Cp  is  the  specific  heat  at  constant 
pressure,  and  the  gas  constant  R  =  Cp  —  Cy.  The 
laminar  heat  flux  is 


Qi  = 


(8) 


and  the  molecular  Prandtl  numher  Pr  =  fiCp/k 
is  assumed  constant.  Eqs  (1)  to  (4)  are  the 
Navier- Stokes  equations. 

Compressible  turbulent  flows  are  characterized 
by  an  extraordinary  large  range  of  spatial  and 
temporal  scales.  Consider  an  F-15C  fighter  air¬ 
craft  [8]  operating  at  maximum  cruise  (Mach 
2.24)  at  14,600  m  altitude.  The  boundary 
layer  thickness  at  the  aft  end  of  the  19.4m 
aircraft  fuselage  is  roughly^  S  ss  0.20  m. 
The  largest  scale  of  the  turbulence  within  the 
boundary  layer  is  the  energy- containing  eddies 
whose  size  is  approximately  6.  The  smallest 
scale  of  the  turbulence  is  the  Kolmogorov  scale 
T)  —  [v^ I e)^/^  where  v  is  the  kinematic  molectdar 
viscosity  and  e  is  the  rate  of  decay  of  turbulence 
kinetic  energy  per  unit  mass  [9].  At  this  scale 
the  turbulence  energy  is  dissipated  into  heat. 
The  energy  dissipated  at  the  Kolmogorov  scale 
is  supphed  by  the  nonlinear  interactions  of  the 
large  scales  through  the  turbulent  energy  cas¬ 
cade  [9]  and  thus  e  «  k^/^/8  where  k  is  the 
turbulence  kinetic  energy.  Prom  Dussauge  et 
al  [10],  A;  I  {tw/ p)  in  a  flat  plate  supersonic 
turbulent  boundary  layer,  where  is  the  wall 
shear  stress.  Thus,  the  ratio  of  the  two  scales  is 


This  would  imply  a  prohibitively  large  num¬ 
ber  of  mesh  points  for  complete  resolution 
[Direct  Numerical  Simulation)  of  the  flowfield,^ 

*The  estimate  is  obtained  assuming  a  flat  plate  and 
using  the  k  —  f  turbulence  model. 

^For  example,  to  fully  resolve  a  region  of  size  6  x6  x.6 
requires  roughly  (5  x  10^)  =  1.25  x  10*^  grid  points 


and  hence  approximate  methods  are  needed 
based  on  simphfied  models  of  (1)  to  (4).  These 
models,  which  are  categorized  in  Section  12,  are 
based  on  averaging  of  the  Navier-Stokes  equa¬ 
tions. 


4  REYNOLDS-AVERAGED 
EQUATIONS 


The  ensemble  average  of  a  function  f{xi,t)  is 
defined  by 


(10) 


where  are  the  individual  reahzations  of 
f[xi,t).  The  effect  of  ensemble  averaging 
is  to  remove  the  high  frequency  [i.e.,  small 
scale)  fluctuations,  thereby  reducing  the  range 
of  scales  in  /  compared  to  /.  The  ensemble  av¬ 
erage  /  in  general  remains  a  function  of  both 
Xi  and  t,  although  the  focus  of  this  paper  will 
be  on  turbulent  flows  where  the  /  is  independent 
oft  (stationary  turbulent  flows).  For  further  dis¬ 
cussion  on  ensemble  averages  of  non- stationary 
turbulent  flows,  see,  for  example,  Antonia  [12]. 

For  stationary  turbulent  flows,  the  ensemble  av¬ 
erage  may  be  replaced  by  the  conventional  time 
average 

1 

f{xi)=nm-  f[xi,t)dt  (11) 

T— ►oo  1  Jo 

tmder  certain  conditions  [13].  This  is  the  typical 
method  employed  in  experiment. 

The  function  /  can  be  decomposed  as 

j  ^  ][xi,t)  P  j' [xi,t)  (12) 

where  /  and  j'  represent  the  conventional  mean 
and  conventional  fluctuating  parts  of  the  tiubu- 
lent  motion. 

The  ensemble  average  (10)  can  be  apphed  to 
the  Navier-Stokes  equations  (1)  to  (4).  Since 

(125  hillion  giid  points)  in  this  case.  Resolution  of  the 
entire  boundary  layer  on  the  full  aircraft  would  require 
substantially  more  [11]  grid  points.  Note,  however,  that 
there  are  engineering  problems  wherein  the  Reynolds 
numbers  are  substantially  lower  {e.g.,  flow  in  the  high 
temperature  section  of  a  gas  turbine)  and  hence  Direct 
Numerical  Simulation  may  be  feasible. 
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all  of  the  flow  variables  (i.e.,  p,  Ui,  e,  p  and  T) 
have  mean  and  fluctuating  components  accord¬ 
ing  to  (12),  the  resultant  equations  become  very 
lengthy  [14,  15].  Consequently,  the  Favre  aver¬ 
age  (density- weighted  average)  [16],  defined  by 


1  1 
/  =  -  lim  -  J])  (pf) 

p  n-*oo  n  ^ 

•  i/=l 


w)  el 

p 


(13) 


is  typically  employed,  since  it  yields  a  more  com¬ 
pact  form  of  the  averaged  equations.  Using  the 
Favre  average,  the  function  f  can  be  decom¬ 
posed  as 

/  =  /  +  /"  (14) 

where  /  and  f"  are  the  Favre  mean  and  Favre 
fluctuating  parts  of  the  tiubulent  motion.  The 
Favre  average  also  yields  the  following 

_7  =  f  (15) 

/>r  =  0 _  (16) 

r  =  -p'f/p _  (17) 

pfs  =  pfs  +  pf'a"  (18) 

It  is  important  to  note  that  pf" _ =  0  while 

f"  0.  Conversely,  pf  f  0  while  /'  =  0.  Also, 
in  (18),  the  density  p  in  pf'g"  is  the  instanta¬ 
neous  density,  not  p. 

The  conventional  and  Favre  means  and  fluctua¬ 
tions  are  related  by 

/=/+^  (19) 

P 


f  =  (20) 

P 

The  ensemble  average  (10)  satisfies  the  Reynolds 
Conditions  [13].  For  arbitrary  functions  f{xi,t) 
and  g{xi,  t)  and  arbitrary  scalar  constant  a, 


f  +  9 

=  f  +  9 

(21) 

af 

=  af 

(22) 

d 

=  a 

(23) 

JL 

ds 

ds 

(24) 

fg 

=  fg 

(25) 

where  s  = 

Xi  or  t. 

Application  of  the  ensemble  average  (10)  to  the 
conservation  of  mass  (1)  yields 


+ 


dt 


dt 


dt 

dt 


+ 


+ 


dpuj 

dxj 

dpuj 

dxj 

dpuj 

dxj 

dpUj 

dxj 


0 

0  using  (21) 
0  using  (24) 
0  using  (13) 


(26) 


Similarly,  apphcation  of  the  ensemble  average  to 
the  conservation  of  momentum  in  conjunction 
with  the  Reynolds’  Conditions  yields 


dpUj 

dt 

dpuj  , 

dt  ^ 

dpuj 

dt 


dpuiUj 

dxj 

dpuiUj 

dxj 

dpuiUj 

dxj 


dp  dTjj 
dxi  dxj 
dp  dfjj 
dxi  dxj 
dp  ^ 
dxi  dxj 


From  (18),  the  term  puiUj  is  expanded 


puiUj  =  puiUj  -I-  pn-u'l 


(27) 


The  final  form  of  the  ensemble- averaged  momen¬ 
tum  equation  is 


dpui  ^  dpuiUj 


dt 


dxj 


dp  d 

dxi  dxj 


{-pu-u-  +  Tij)  (28) 


where  -pu"u-  is  the  Reynolds  Stress.^  Note 
that  the  density  p  in  the  Reynolds  Stress  is  the 
instantaneous  density,  not  p. 

Similarly,  apphcation  of  the  ensemble  average  to 
the  conservation  of  energy  yields. 


dpe  d{pe  +  p)u^  _  d 

T  ^3) 


dXj 


dpe  djpe  +  p)  Uj 
dt  dxi 


dxj 


dx  •  ^ 


dpe  d{pe  +  p)  Uj 
dt  dxA 


dxA 


(uiTij  -  qj) 


®The  relationship  of  —pu\  u-  to  —pu-Uj  is  discussed 
in  Appendix  B. 
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The  term  pe  may  be  expressed  as 

pe  =  pc^T  +  I  puiUi 

-rin  I  1  --  -  ,1  Ti  77 

=  c^pT  +  2  PUiUi  +  f  pu- Ui 

=  Cypf  +  i  puiUi  +  pk  (29) 

where  k  is  the  turbulence  kinetic  energy^  per  imit 
mass  [15] 

pk^\  pu'-ul  (30) 


1  //  it  n 

2  P'^i  “i 

=  (pe  +  p)  Uj  +  CppT''uj  + 

Tt  77^  ,  1  77  77  77 

pU^U-Ui  +  2  pUiU-U- 

(33) 

using  the  ensemble  average  of  the  equation  of 
state 

p  =  pRT  (34) 

Writing 


Thus 


e  —  CyT  2  u^Ui  -j"  k 


(31) 


—  {ui  "f"  )  '7~ij 

—  UjTjj  -|-  U-  T{j 


The  term  {pe  +  p)  uj  may  be  expanded 


{pe+p)  Uj 


{pCyT  +  p  +  I  puiU^  Uj 
{pCpT  +  \  puiUi^  Uj 
“f*  2  P'^i'^i'^j 


Now 


pTuj  =  p  (f  +  r")  (u,- +  u;) 

=  pfiij  +  pfu'j  -1-  pT''uj  +  pT"u'- 
=  pfuj  +  pT''u"j 


since  pu”  =  0  and  pT"  =  0.  By  a  similar  analy¬ 
sis, 


I  puiUiUj  =  I  puiUiUj  +  pkuj  + 

pU-u'jUi  +  I  pUi"Ui"Uj" 

Thus 

(pe  +  p)  Uj  =  Cp  [pTuj  -f  pT"u'^  + 

I  puiUiUj  -h  pkuj  + 

pu”u'jUi  +  I  pUi"Ui"Uj" 

P  -f-  ^  u^u^  “1“  Uj  -|“ 
CppT  u-  +  pu^  Uj  Ui  + 

®Note  that  this  is  not  the  incompressible  definition  of 
turbulence  kinetic  energy,  i.e. 

k  = 


The  ensemble  averaged  energy  equation  thus  be¬ 
comes 


dpi  d  [pe  -b  p)  iij  _ 
dt  dxj 

(-^  +  %)1  + 

-  ®)  + 

d  f  -i  7?  77  TT  ,  77  \ 

^(-2 


(36) 


The  last  term  is  generally  negligible^  and  thus 
the  ensemble  averaged  energy  equation  becomes 

dpe  d  [pe  -f  p)  Uj  ^ 
dt  dxj 

^  -  3i)  (37) 

Defining  the  total  stress  tensor  Tij  and  total  heat 
flux  vector  Qi  by 


rr  "  "  I  - 

Tij  -pu  -  Uj  -t-  Tij 

Qi  =  CppT''uj  +  qj  (38) 


the  ensemble  averaged  Navier- Stokes  equations 
may  be  summarized  as 


dt 


+ 


dpuj 

dxj 


=  0 


(39) 


^Compared  to  the  first  term  on  the  right  side  of  (36). 
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dpui  dpUiUj  dp  1  dTij 

dt  dxj  dxi  dxj 

(40) 

Bij 

9  (  //////.//  ,  n 

-pu'-Sjk  -  pu”Sikj 

(47) 

dpe  ,  d{pe-\-p)uj  d  ^ 

a*  +  axi  -  axP'^"’ 

Oi)(41) 

Cij 

dxi  j 

(48) 

p  =  'pRT 

(42) 

Dij 

an]  On! 

-  ^‘’’axp  ’"axt 

(49) 

Eqs  (39)  to  (41)  are  the  Reynolds-averaged 
Navier- Stokes  Equations  (RANS). 

The  mean  molecular  viscous  stress  fij  is  typi¬ 
cally  approximated  by 


‘ij 


2  .  duk 
s'* 


Sij  +  fi 


duj  dui 
dxi  dx. 


(43) 


where  ft  is  taken  to  be  //(f).  Similarly,  the 
molecular  heat  flux  is 


Cpfi  df 
Pr  dxi 

The  closure  of  the  system  of  equations  (39) 
to  (42)  requires  the  specification  of  the  Rey¬ 
nolds  stress  —pu^Uj  and  the  Reynolds  heat  flux 
-CppT''u'-.  This  is  the  turbulence  modeling 
problem  which  has  been  addressed  at  various 
levels  of  complexity  as  described  in  subsequent 
sections. 


5  REYNOLDS  STRESS  EQUATION 


The  conventional  description  for  each  of  the 
terms  on  the  right  side  of  (45)  is  given  in  Table  1. 
It  should  be  noted  that  the  grouping  in  (45) 
is  not  unique,®  and  furthermore  that  p,  p  and 
Tij  appearing  in  (47),  (48)  and  (49)  are  the  in¬ 
stantaneous  values,  respectively.  The  first  term 
Aij  represents  the  production  of  Reynolds  stress 
by  action  of  the  mean  velocity  gradients.  The 
second  term  Bij  is  diffusive  in  character,  since 
its  voliune  integral  is  zero®  for  an  unbounded 
flow  in  which  the  turbulence  vanishes  at  infin¬ 
ity.  The  third  term  represents  the  correlation 
between  the  pressure  and  rate-of-strain^®  based 
on  the  Favre  fluctuating  velocity.  The  fourth 
term  is  quadratic  in  the  velocity  gradients  and 
represents  dissipation. 


Table  1:  Terms  in  Reynolds  Stress  Equation 


Term  Description _ 

Aij  Production 
Bij  Diffusion 
Cij  Presstne  Rate-of-Strain 
Dij  Dissipation 


An  equation  for  the  Reynolds  stress  —pu-u'l  can 
be  obtained  from  the  conservation  of  momentum 
and  mass  by 

n"[momt]^-  -f-  ^"[momt]^  -  u"n"[mass] 

where  [momtji  indicates  the  component  of  the 
conservation  of  momentum.  The  exact  equation 
is 


dt 
where 


dxk 


,,  ,1  dui  II  II  diij  ( AR\ 


The  Reynolds  Stress  Equation  (45)  is  actu¬ 
ally  six  equations  for  the  six  independent  ele¬ 
ments  of  -pu"u”.  It  is  evident  from  (46)  to 
(49)  that  the  Reynolds  Stress  Equation  intro¬ 
duces  additional  turbulent  correlations  which  do 
not  appear  in  the  Reynolds-averaged  Navier- 
Stokes  equations,  namely,  pu^u'lul,  u^Tjk,  pu- , 

p(du-/dxj  +  dUj/dxiy  and  +  Tju^. 

Additional  equations  could  be  derived  for  these 
correlations;  however,  such  equations  would  in- 

*For  different,  but  equivalent,  forms  of  (45)  to  (49), 
see,  for  example,  Lee  et  al  [17]  and  Speziale  and  Sarkar 
[18]. 

®By  the  Divergence  Theorem. 

Actually,  twice  the  rate-of-strain. 
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troduce  even  more  correlations.  Thus,  the  sys¬ 
tem  of  equations  caimot  be  closed  by  taking  av¬ 
erages  of  different  moments  of  the  Navier-Stokes 
equations,  and  therefore  it  is  necessary  to  intro¬ 
duce  model  equations. 

It  is  similarly  possible  to  derive  an  equation  for 
the  turbulent  heat  flux  ~CppT"u” ,  which  wiU  in¬ 
troduce  higher  order  correlations  as  well.  In  the 
interests  of  brevity,  the  equation  for  —CppT"u'^ 
is  omitted. 


6  TURBULENCE  KINETIC 
ENERGY 


for  high  Reynolds  nmnber  homogeneous  turbu¬ 
lence  the  rate  of  dissipation  of  turbulence  kinetic 
energy  D  can  be  approximated  by 

D^p.  (w-w-  +  I  d'2)  (55) 

where  ijj[  is  the  fluctuating  vorticity  and  d'  is 
the  fluctuating  divergence  of  the  velocity.  Thus, 
the  dissipation  of  turbiilence  kinetic  energy  has 
both  vortical  and  dilatational  contributions.  A 
number  of  models  of  the  effect  of  dilatational 
dissipation  have  been  developed,  e.gf.,  Sarkar  et 
al  [20],  Zeman  [21],  Wilcox  [15].  and  Ristor- 
ceUi  [22]. 


An  equation  for  the  tirrbulence  kinetic  energy 
can  be  obtained  from  (45)  to  (49)  by  summation 
over  the  indices.  The  result  is^^ 


Table  2:  Terms  in  Turbulence  Kinetic  Energy 
Equation 


dpk 

dt 


dpkui 

dxi 


A  +  B  +  C  -  D 


where 

A 

B 


C 

D 


-pu^u 


It 

^  dxi 


^  (  1  n  II  II  ,  II 

^{-2 


itj 


(50) 

(51) 

(52) 

(53) 

(54) 


The  conventional  description  for  each  of  the 
terms  on  the  right  side  of  (50)  are  given  in  Ta¬ 
ble  2.  The  production  A  and  diffusion  B  terms 
are  the  contracted  version  of  their  counterparts 
for  the  Reynolds  Stress  equation  (45).  The 
pressure-dilatation  C  is  unique  to  compressible 
turbulent  flow^^.  Sarkar  et  al  [20]  showed  that 

different,  though  equivalent,  form  is  presented  by 
Rubesin  [19]. 

^^For  incompressible  turbulence,  =  u,-  and  the  en¬ 
semble  average  of  the  conservation  of  mass  yields 


dui 

dxi 


=  0 


Term  Description 
A  Production 

B  Diffusion 

C  Pressure-Dilatation 

D  Dissipation 


7  DISSIPATION  EQUATION 

The  rate  of  dissipation  of  turbulence  kinetic  en¬ 
ergy  by  viscosity  D  (54)  is  oftentimes  used  as 
a  variable  in  turbulence  model  equations.  It  is 
possible  to  derive  an  equation  for  D  from  the 
Navier-Stokes  equations,  however  in  its  full  com¬ 
pressible  form  it  is  rather  complex.  In  the  inter¬ 
ests  of  brevity,  we  present  the  equivalent  equa¬ 
tion  [3]  for  the  incompressible  dissipation  e  de¬ 
fined  by^^ 


.  _  ^  du[  du- 
dxj  dxj 

*®For  incompressible  flow,  the  terms 


du'-Tij  du'- 

dxj  dxj 

may  be  written  as 


k  du'j  du'j 
^  dx^  ^  dxj  dxj 


(56) 


and  hence  C  =  0. 


The  second  term  fi(^duJdxjY  is  pe  [23]. 
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which  satisfies 


dt  dxi 


The  terms  on  right  side  of  (57)  can  be  identi¬ 
fied  as  production,  diffusion  and  destruction  of 
e;  however,  these  terms  are  modeled  instead  us¬ 
ing  the  mean  flow  quantities. 


8  ON  THE  NATURE  OF 
FLUCTUATIONS  IN 
COMPRESSIBLE  FLOW 

Kovasznay  [24]  examined  the  nature  of  fluc¬ 
tuations  in  a  compressible  flow,  and  demon¬ 
strated  on  the  basis  of  the  unsteady  compres¬ 
sible  Navier-Stokes  equations  that  there  are 
three  different  types  of  disturbances:  acous¬ 
tic,  entropy  and  vorticity.  His  analysis  iden¬ 
tified  the  effect  of  these  different  disturbances 
on  the  velocity,  pressure  and  temperature  fields. 
For  small  disturbances,  the  modes  are  indepen¬ 
dent,  and  can  be  analyzed  separately  (Table  3). 
The  velocity  fluctuations  can  be  separated  into 
solenoidal  and  dilatational  components. The 
solenoidal  fluctuations  constitute  the  vortic¬ 
ity  mode,  while  the  irrotational  fluctuations 
contribute  to  the  acoustic  mode.  The  static 
pressure  fluctuations  contribute  to  the  acous¬ 
tic  mode.  The  density  and  static  temperature 
fluctuations  can  be  separated  into  isentropic 
and  nonisentropic  parts,  which  contribute  to  the 
acoustic  and  entropy  fluctuations,  respectively. 

^^This  is  a  general  consequence  of  the  Helmholtz  [25] 
decomposition. 


d^e  dUj  duj^  duj 
dxj  ^  dxj  dxj  dxk 


-2u 


—2uu 


du-  du'j  dui 
dxi  dxk  dxk 
,  du-  d^Ui 


-2v 


dxj dxkdxj 
dUj  du^  du^. 
dxk  dx, 

d 


dXr 


dxk 
d 


-2v- 


'^dXm  dXm 
dp  du^ 


-2v^ 


ydxjYi  dxf 

d'^u^  d^ul 
dxkdx-rn  dXkdXr^ 


(57) 


Table  3:  Turbulent  fluctuations 

Mode  Ug  Ud  p  Pi  pn  Tj  Tn 

acoustic  •  •  •  • 

entropy  •  • 

vorticity  • _ 

LEGEND 

Ug  solenoidal  velocity 
uj  dilatational  velocity 
p  static  pressure 
pi  isentropic  density 
Pn  nonisentropic  density 
Ti  isentropic  static  temperature 
Tn  nonisentropic  static  temperature 


Compressible  fluctuations  may  be  equivalently 
categorized  into  acoustic,  total  temperature  and 
vorticity  disturbances.  The  total  temperature 
To  is  defined  as 


OpTo  —  CpT  2  U-iUi 

For  a  perfect  gas 


.  _  dT  ^ 

dS  —  Cn  __ 

^  T  p 


(58) 


(59) 


where  s  is  the  entropy  per  unit  mass.  Thus, 


ds 


(7  —  1)  2I  dTo  ,  ,  ,2  dU 

1  +  ^  -  (7  -  1)  - 


+ 

z 

(7  -  1)  dp 

7  P 


J  To 


U 

(60) 


where  U  —  y/UiUi  and  M  —  U / y/jRT  is  the 
Mach  number. 


9  MORKOVIN’S  HYPOTHESIS 

A  fundamental  concept  in  development  of  turbu¬ 
lence  models  for  the  Reynolds-averaged  Navier- 
Stokes  Equations  is  Morkovin’s  Hypothesis  [26]. 
It  states  that  the  effect  of  density  fluctuations 
p'  on  the  turbulence  structure  are  unimportant 
if  the  root-mean-square  density  fluctuations  are 
small  compared  to  the  mean  density,  z.e., 

p'^  <  p  (61) 
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This  is  generally  valid  for  non- hypersonic  (i.e., 
M  <  5)  boundary  layers  at  conventional  rates 
of  heat  transfer  and  non-hypersonic  wakes,  and 
for  free  shear  layers  {e.g.,  jets,  mixing  layers)  at 
Mach  numbers  less  than  approximately  one  [27]. 

Morkovin  [26]  demonstrated  on  the  basis  of  ex¬ 
perimental  data  that,  for  non-hypersonic  turbu¬ 
lent  boTmdary  layers  at  adiabatic  or  near  adia¬ 
batic  conditions,  the  acoustic  and  total  temper¬ 
ature  modes  are  neghgible.  Prom  the  equation 
of  state  (4), 

logp  =  logp-f- logi? -l-logT  (62) 


and  thus 

dp  dp  dT 
P  P  ^  T 

and  hence  to  a  first  approximation. 


(63) 


(64) 


Morkovin’s  conclusion  that  the  acoustic  mode  is 
negligible  implies 

^  and  ~  ^  (65) 

P  P  P  T 

and  thus 


/ 

£_ 

P 


II. 

f 


(66) 


Prom  the  definition  of  total  temperatiue  (58), 


CpdTo  =  CpdT  +  UdU  (67) 

where  U  —  y/uiui.  Thus,  to  a  first  approxima¬ 
tion. 


CpT^  ~  -\-  UU 


(68) 


Morkovin’s  conclusion  that  the  total  tempera- 
true  mode  is  negligible  implies 


CpT^  <  CpT'  and  CpT^  UU 
and  thus 

CpT'  ^  -  tiu' 


(69) 


(70) 


Por  a  2-D  turbulent  boundary  layer,  U'  ~  u 
where  u  is  the  velocity  component  parallel  to  the 
surface.  Prom  (70),  the  correlation  coefficient 
Rtu-,  defined  by 


Rtu 


T'u 


(71) 


is  Rtu  —  —1-  Kistler  [28]  showed  that  iZxu  ~ 
—0.6  to  —0.8  for  flat  plate  zero  pressure  gradient 
supersonic  boundary  layers. 

Equations  (66)  and  (70)  are  useful  in  compar¬ 
ing  —pu”u-  with  —pupu!'  as  discussed  in  Ap¬ 
pendix  B. 

Morkovin’s  Hypothesis  provides  a  plausible  jus¬ 
tification  for  extending  incompressible  RANS 
turbulence  models  to  compressible  flow  by  sim¬ 
ply  allowing  for  a  variable  density  p.  Indeed, 
most  compressible  RANS  turbulence  models 
have  been  principally  developed  in  this  man¬ 
ner,  notwithstanding  additional  modifications  to 
specifically  account  for  compressibility  effects. 


10  SIMPLIFYING  THE  NOTATION 


We  hereafter^®  drop  the  overbar  ”  and  tilde  "  in 
the  interests  of  simplicity  of  notation.  Por  refer¬ 
ence,  the  governing  Reynolds- averaged  Navier- 
Stokes  equations  are 


dxj 


=  0 


(72) 


dpuj 

dt 


dpUiUj 

dxj 


dp  dTjj 

dxi  dxj 


(73) 


dpe 

dt 


+ 


d  {pe  +  p)  uj 

dxj 


—  (  r- 
dx, 


Qi)(74) 


p  =  pRT 


(75) 


n-  n  n  . 

Tij  =  -pu-  Uj  +  Tij 


(76) 


Qj  =  CppT”u;  +  qj  (77) 

'^Except  in  those  instances  where  the  overbar  and  tilde 
are  essential  for  interpretation. 
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qi  = 


2  duk  ^  1 

{  duA  dui  \ 

(78) 

I  — i  H - - 

[  dxi  dxj  ) 

Cpp  dT 

Pr  dxi 

(79) 

11  THE  CONCEPT  OF 
EDDY  VISCOSITY 


The  turbulent  eddy  viscosity  fXt  has  the  units 

/if  ~  density  x  velocity  x  length  (85) 

Morkovin’s  hypothesis  suggests  that  the  density 
can  be  taken  to  be  the  local  mean  density  p{xi,  t) 
provided  that  (61)  is  applicable.  This  is  typi¬ 
cally  assumed.  Thus,  the  eddy  viscosity  is  ex¬ 
pressed  as 


The  earliest  model  for  the  Reynolds  Stress^^  is 
due  to  Boussinesq  [29].  By  analogy  with  the 
Newtonian  description  of  viscous  stresses  in  a 
laminar  flow  (5),  the  Reynolds  Stress  is  assumed 
to  be  proportional  to  the  rate-of-strain  tensor 


/ 


If  II 

-pu-  u- 


duj 

dxA 


+ 


duj 

dxi 


duk 


2  c 

^  dxk^ 


V 


II 


/ 

(80) 


Term  I  (together  with  p-t)  constitutes  the  Boussi¬ 
nesq  hypothesis,  where  pt  h  the  turbulent  eddy 
viscosity  which  must  be  defined.  Terms  II  and 
III  provide  the  proper  trace  of  the  Reynolds 
Stress,  z.e., 


n  n 


u  n 
-pUi  Ui 


/  dui  _  2  N 

\dxi  dxi  ^  dxk  *7 

3  P^^^i 

-2pk  (81) 


which  is  (30)  using  Su  =  3.  Oftentimes,  (80)  is 
expressed  as 

=  2p,  [Sij  -  i  A%)  -  I  pkSij  (82) 


where  Sij  is  the  mean  rate-of-strain  tensor 


Sij  — 


1 

2 


(dui  duj 
dxj  dxi 


(83) 


and  A  is  the  dilatation 


A  = 


duk 

dxk 


(84) 


Although  developed  in  the  context  of  incompressible 
turbulent  flow,  the  concept  is  extendible  to  compressible 
flow.  Here  we  present  the  concept  in  its  compressible 
form. 


Pt  =  pvl  (86) 

where  v  and  I  are  the  velocity  and  length  scales 
associated  with  the  turbulence.  By  analogy  with 
kinetic  theory  [30],  the  functions  v  and  £  rep¬ 
resent  the  rms  fluctuating  velocity  and  typical 
size,  respectively,  of  the  turbulent  eddies  respon¬ 
sible  for  momentum  transport.  These  defini¬ 
tions  are  qualitative,  yet  nonetheless  provide  an 
rmderstanding  of  the  physical  concepts. 

Similarly,  the  Boussinesq  model  for  the  turbu¬ 
lent  heat  flux,  in  analogy  with  the  laminar  heat 
flux  (8),  is 


CppT  u-  -  -k 


dT 

dxi 


(87) 


where  kt  is  the  turbulent  thermal  conductivity 
and  must  be  defined.  Typically,  kt  is  written  as 

h  =  ^  (88) 

Pn 

where  Pvt  is  the  turbulent  Prandtl  number.  For 
boundary  layers,  experimental  data  [7,  15,  31] 
indicates  that  Prt  ^  0.9,  while  for  free  shear 
layers  Prt  ~  0.5  is  more  appropriate  [15]. 

If  the  Boussinesq  concept  of  a  turbulent  eddy 
viscosity  pt  and  the  additional  assumption  of  a 
constant  turbulent  Prandtl  number  Prt  are  ac¬ 
cepted,  then  the  closure  of  the  system  of  equa¬ 
tions  (72)  to  (75)  is  reduced^®  to  determining  pt- 
Turbulence  models  developed  in  this  manner  are 
denoted  eddy  viscosity  models. 

It  should  be  emphasized  that  (80)  and  (87)  are 
assumptions  which  have  been  foimd  valid  in 

^’^Note  that  v  and  I  are  arbitrary  to  the  extent  of  a 
constant,  i.e.,  fit  —  pvi  —  p{vl2){2l),  etc.  Thus,  no 
unique  definition  of  u  or  f  can  be  given. 

"^^This  statement  is  not  rigorously  correct,  although  in 
some  practical  applications  it  suffices.  This  is  discussed 
in  Appendix  A. 
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some  (but  not  all)  turbulent  flows.  Moreover, 
in  principle,  (80)  does  not  give  an  tmambiguous 
definition  for  .  In  general,  the  Reynolds  stress 
tensor  —pu'^u”  has  six  independent  components. 

Since  —pu'-u'j^  Ui,  p  and  k  are  in  principle  mea¬ 
surable  quantities,  then  (80)  represents  six  equa¬ 
tions  for  one  variable  p,t.  This  fundamental  hm- 
itation  can  be  overcome  by  the  introduction  of 
a  tensor  eddy  viscosity  at  the  cost  of  substantial 
added  complexity  [23]. 


12  TAXONOMY  OF 

TURBULENCE  MODELS 

Closure  of  the  Reynolds- averaged  Navier- Stokes 
equations  requires  additional  equations  for  the 
turbulent  stresses  —pu-Uj  and  turbulent  heat 

flux  —CppT''u'j,  collectively  denoted  as  turbu¬ 
lent  correlations.  One  reasonable  categorization 
is  between  eddy  viscosity  and  non-eddy  viscos¬ 
ity  models.  For  compressible  turbulent  flow,  the 
number  of  turbulence  models  and  their  apphca- 
tions  in  the  former  category  is  far  more  muner- 
ous,  although  more  recent  work  has  emphasized 
the  non-eddy  viscosity  approach. 


12.1  Eddy  Viscosity  Models 

Eddy  viscosity  models  assume  the  forms  (80) 
and  (87)  for  the  Reynolds  Stress  and  turbrdent 
heat  flux,  respectively.  Typically,  the  turbulent 
Prandtl  number  is  assumed  constant.^®  Follow¬ 
ing  Reynolds  [1],  a  taxonomy  of  eddy  viscosity 
turbulence  closure  models  can  be  defined. 

12.1.1  Zero  Equation 

The  turbulent  correlations  are  expressed  in 
terms  of  an  eddy  viscosity  which  is  obtained 
from  the  mean  field  (f.e.,  the  velocity  uj.,  density 
p  and  temperature  T)  and  a  prescribed  physical 
length  scale  which  depends  on  the  specific  ge- 

^^Shang  [32]  studied  the  efFect  of  variable  Pvt  on  a  hy¬ 
personic  flat  plate  turbulent  boundary  layer.  He  found 
that  the  computed  mean  velocity  and  static  temperature 
were  insensitive  to  the  upper  and  lower  limits  of  the  ex¬ 
perimental  envelope  of  the  Prt  data  of  Simpson  et  al  [33], 
and  accurately  predicted  by  the  constant  value  Prt  =  0.9. 


ometry  of  the  problem.  No  additional  partial 
differential  equations  are  employed  (hence  the 
name  “zero-equation”). 

12.1.2  One  Equation 

One  additional  partial  differential  equation  is 
specified  for  a  turbulence  quantity  {e.g.,  k).  An 
eddy  viscosity  is  typically  employed  for  the  tur¬ 
bulent  correlations.  A  length  scale  is  also  pre¬ 
scribed  which  is  geometry  dependent. 

12.1.3  Two  Equation 

Two  additional  partial  differential  equations  are 
specified  for  two  turbulence  quantities  {e.g.,  k 
and  the  rate  of  dissipation  of  k).  An  eddy  viscos¬ 
ity  is  typically  employed  for  the  turbulent  cor¬ 
relations.  No  additional  length  scale  is  needed. 

12.2  Reynolds  Stress  Equation 

Reynolds  Stress  Equation  models  employ  par¬ 
tial  differential  equations  for  the  components  of 
the  Reynolds  stress  —  pu^  u'J .  The  turbulent  heat 

flux  —CppT"uj  may  be  similarly  modeled  using 
a  partial  differential  equation,  or  modeled  us¬ 
ing  an  turbulent  eddy  viscosity.  No  additional 
length  scale  is  needed.  These  models  are  known 
as  Reynolds  Stress  Equation  or  Second  Moment 
Closure  models. 

A  simphfied  subset  of  the  Reynolds  Stress  Equa¬ 
tion  model  is  the  Algebraic  Stress  Equation 
model  wherein  the  partial  differential  equations 
for  the  Reynolds  stress  and  turbulent  heat  flux 
are  replaced  by  algebraic  equations  obtained  un¬ 
der  the  assumption  of  near  equilibrium  turbu¬ 
lence. 


12.3  Other  Models 

In  addition  to  models  employing  the  Reynolds- 
averaged  Navier  Stokes  equations,  two  ad¬ 
ditional  categories  need  to  be  mentioned. 
Large  Eddy  Simulation  (LES)  employs  a  time- 

the  latter  case,  the  Reynolds  Stress  Equation 
model  would  not  be  strictly  non-eddy- viscosity,  of  course. 
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dependent,  three-dimensional  computation  of 
the  large-eddy  structure  and  a  model  for  the 
small-scale  turbulent  motions.  Direct  Numeri¬ 
cal  Simulation  (DNS)  involves  the  computation 
of  all  scales  in  a  turbulent  flow.  DNS  calcu¬ 
lations  are  currently  feasible  only  for  low  Rey¬ 
nolds  numbers  due  to  limitations  on  computer 
resources.  These  approaches  are  discussed  in  a 
companion  paper  in  this  Special  Course. 


13.1  Zero  Equation 

The  nomenclature  “zero  equation”  turbulence 
model  implies  that  no  additional  partial  dif¬ 
ferential  equations  are  introduced  to  define  the 
eddy  viscosity  fif  Instead,  algebraic  equations 
are  employed.  In  the  following  sections,  we 
present  two  popular  zero  equation  models  in 
their  original  form.  The  variations  to  these  mod¬ 
els  are  too  numerous  to  classify  here. 


13  SPECIFIC  TURBULENCE 
MODELS 

This  section  presents  examples  of  turbulence 
models  from  the  taxonomy  of  Section  12.  The 
presentation  is  not  exhaustive  for  any  specific 
type  of  model.  For  example,  there  are  numer¬ 
ous  variations  of  zero-equation  turbulence  mod¬ 
els;  however,  due  to  limitations  of  space  we 
present  two  commonly  used  models  -  Cebeci- 
Smith  and  Baldwin-Lomax.  Moreover,  the  pre¬ 
sentation  is  not  exhaustive  for  the  different  types 
of  models.  We  focus  on  zero-,  one-equation,  two- 
equation  and  Reynolds  Stress  Equation  models 
which  have  been  applied  to  compressible  turbu¬ 
lent  flows.  There  are  additional  models,  e.g., 
Algebraic  Stress  Equation  models  (see,  for  ex¬ 
ample,  Pope  [34],  Gatski  and  Speziale  [35],  Abid 
et  al  [36])  and  RNG-based  models  (see,  for  ex¬ 
ample,  Yakhot  and  Orszag  [37],  Martinelli  and 
Yakhot  [38],  Yakhot  et  al  [39]),  however,  which 
are  not  covered  here  and  the  reader  is  encour¬ 
aged  to  consult  the  references  listed  for  further 
information. 

In  presentation  of  the  turbulence  models,  the 
notation  of  the  authors  has  been  used  wherever 
possible  to  facilitate  cross  reference.  The  con¬ 
stants  in  the  turbrdence  models  are  typically  de¬ 
termined  by  comparison  with  experimental  data 
for  simple  flows.  The  values  of  the  constants 
are  cited  here,  and  the  reader  is  referred  to  the 
primary  references  for  further  information.  All 
turbulence  models  require  boundary  conditions. 
An  adequate  description  of  the  boundary  condi¬ 
tions  is  beyond  the  scope  of  this  paper,  and  the 
reader  is  referred  to  the  references  herein. 


13.1.1  Cebeci-Smith 

The  Cebeci-Smith  model  [40,  41,  42]  is  a  two- 
layer  algebraic  eddy  viscosity  model  for  boun¬ 
dary  layer  flows. 

p  {k\nD)'^  for  n  < 

^  “  (89) 

pk2Ue5*T  for  n>  Um 

The  first  expression  is  the  inner  eddy  viscos¬ 
ity,  where  n  is  the  normal  distance  to  the 
boundary,^^  D  is  the  Van  Driest  damping  fac¬ 
tor,  Cl  is  the  mean  vorticity  and  ki  =  0.40  is  a 
constant.  Oftentimes,  is  written  instead  as  k 
to  signify  that  it  represents  von  Karman’s  con¬ 
stant.  The  Van  Driest  damping  factor  is 

D  =  1  —  exp{—nu^  f  Au,jj)  (90) 

where  is  the  friction  velocity 

(91) 

where  is  the  local  waU  shear  stress,  is 
the  local  waU  kinematic  molecular  viscosity,  and 
A  =  26  is  a  constant.^^ 

The  second  expression  in  (89)  is  the  outer  eddy 
viscosity  where  k2  =  0.0168  is  a  constant,  u^. 

^^The  normal  distance  n  to  the  boundary  is  not  always 
uniquely  defined,  e.g.,  in  the  vicinity  of  a  sharp  corner. 
The  Buleev  length  scale  [43]  is  a  generalization  of  the 
concept  of  normal  distance  and  is  commonly  used. 

^^Variations  in  (89)  and  (90)  abound.  For  example, 
the  original  model  was  developed  for  2-D  or  axisymme- 
tric  boundary  layers,  and  the  velocity  derivative  du/dn 
was  employed  instead  of  fl.  It  is  possible  to  use  the  con¬ 
traction  of  the  mean  rate  of  strain  yf2SijSij  instead  of 
Q  =  V  X  u.  Also,  the  molecular  viscosity  Vw  in  (90) 
may  be  evaluated  locally.  For  simple  boundary  layers, 
such  changes  have  little  effect;  however,  for  complex  flows 
{e.g.,  separation)  there  may  be  a  significant,  although  lo¬ 
calized,  effect. 
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is  the  velocity  at  the  local  edge  of  the  boundary 
layer,  6^  is  the  local  incompressible  displacement 
thickness 


dn 


(92) 


and  r  is  the  Klebanoff  intermittency  factor 


r  = 


1  +  5.5 


(93) 


where  S  is  the  local  boundary  layer  thickness. 
The  constants  are  summarized  in  Table  4. 


Table  4:  Cebeci-Smith  Model 


Constant 

Value 

A 

26.0 

h 

0.40 

k2 

0.0168 

The  physical  basis  for  the  velocity  scale  v  and 
length  scale  £  in  the  iimer  eddy  viscosity  is  the 
mixing  length  argument  of  Prandtl.  Outside  of 
the  viscous  and  transition  regions  of  the  boun¬ 
dary  layer,  (be.,  nu^jv^j  >  100),  the  VanDri- 
est  damping  factor  D  k,  1.  Considering  a  2-D 
turbulent  boundary  layer  with  y  denoting  the 
normal  distance  to  the  wall,  the  iimer  pt  is  ap¬ 
proximately 


P'^y  ^ 

which  is  recognizable  as  the  Prandtl  mixing 
length  model  with  v  =  Kydu/dy  and  £  =  ny, 
respectively.^^ 

In  the  outer  eddy  viscosity,  the  velocity  scale 
is  proportional  to  the  velocity  at  the  edge  of 
the  boimdary  layer  v  oc  u^,  and  the  length 
scale  £  oc  S*.  The  intermittency  factor  P  forces 
the  eddy  viscosity  to  zero  outside  the  boundary 
layer. 

The  matching  distance  Um  is  defined  as  the 
smallest  value  of  n  such  that  =  /^tomer- 

Since  =  0  at  the  wall  and  >  0 

As  indicated  previously,  the  functions  v  and  I  cannot 
be  defined  uniquely  in  a  strict  sense.  However,  for  the 
mixing  length  model,  v  =  I  du/dy,  and  thus  t  =  ny. 


there,  the  matching  point  will  occm  away  from 
the  boundary. 

The  Cebeci-Smith  model  has  two  disadvantages. 
First,  the  Van  Driest  factor  D  requires  the  defi¬ 
nition  of  the  local  wall  shear  stress  r^.  This  may 
be  ambiguous  in  certain  geometries,  similar  to 
the  definition  of  the  normal  distance  n,  requir¬ 
ing  the  imposition  of  an  ad  hoc  definition.  Sec¬ 
ond,  the  outer  eddy  viscosity  requires  the  def¬ 
inition  of  the  local  edge  of  the  boundary  layer 
(for  determining  Ue  and  8).  In  both  2-D  and 
3-D  simulations,  this  may  prove  problematic.  A 
typical  definition  (e.^.,  u  =  0.995ue  at  n  =  6^) 
may  yield  inaccurate  and  non-smooth  values  of 
8  due  to  small  numerical  errors. Moreover, 
in  complex  flows  (e.p.,  flows  which  shock  wave- 
turbulent  boundary  layer  interactions)  the  pre¬ 
cise  definition  of  the  edge  of  the  boundary  layer 
may  be  difficult  due  to  the  non-uniformity  of  the 
inviscid  region. 


13.1.2  Baldwin-Lomax  Model 


The  Baldwin-Lomax  model  [44]  is  a  two-layer  al¬ 
gebraic  model  for  boundary  layer  and  free  shear 
flows.  It  was  developed  principally  as  an  alter¬ 
native  to  the  Cebeci-Smith  model  with  the  ob¬ 
jective  of  avoiding  the  requirement  for  determin¬ 
ing  the  local  edge  of  the  boundary  layer. 


/^t 


p  (kuD)^  ^  for  n  < 
p A'CcpFwakef'  foi  71  ^ 


(95) 


The  inner  eddy  viscosity  (first  expression)  is 
identical  to  the  iimer  eddy  viscosity  in  (89).  The 
function  F^ake  is 


F wake  —  min 


n 


F 

max  max 


Ciufc  Tlmax 


(96) 


where  Umav  is  the  location  of  the  maximum  of 
the  function 


F  =  nUD  (97) 

and  Fmax  =  max  F.  The  velocity  scale  Udiff  is 

max  I  _»|  min  I  _»l  /nQ\ 

^difF  “  shear  layer  W  —  in  shear  layer  \U\  (  yo  ) 

^^This  is  particularly  troublesome  for  Navier-Stokes 
simulations  since  the  velocity  gradient  may  be  very  small 
in  the  outer  portion  of  the  boundary  layer,  and  small  os¬ 
cillations  may  be  present  in  the  numerical  solution.  It  is 
not  typically  a  problem  with  boundary  layer  codes. 
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where  ]ti|  is  the  magnitude  of  the  velocity.  The 
KlebanofF  intermittency  factor  is 


r  = 


1  +  5.5 


C'KIeb^ 

^max 


(99) 


The  constants^^  are  listed  in  Table  5.  The 
matching  distance  is  defined  in  the  same  fashion 
as  Cebeci- Smith,  i.e.,  is  the  smallest  value 
of  n  such  that  =  /Stouter- 


Table  5:  Baldwin-Lomax  Model 


Constant 

Value 

A 

26.0 

Cep 

1.6 

C'Kleb 

0.3 

C’luk 

0.25 

K 

0.4 

K 

0.0168 

The  physical  model  for  the  iimer  eddy  viscosity 
is  Prandtl’s  mixing  length.  In  the  outer  eddy 
viscosity,  the  function  i^wake  represents  v£  (mod¬ 
ulo  the  constant  KCcp)-  The  first  definition  of 
Fwake  is  typically  employed  in  boundary  layers. 
For  boxmdary  layers  in  mild  pressure  gradients, 
the  function  F  displays  a  peak  in  the  outer  re¬ 
gion  of  the  boundary  layer  thereby  defining  a 
length  scale  I  which  is  appropriately^®  C?(^)- 

The  Baldwin-Lomax  model  exhibits  the  first  dis¬ 
advantage  of  the  Cebeci-Smith  model,  namely, 
the  requirement  of  defining  the  local  waU  shear 
stress  in  the  Van  Driest  factor  D.  It  does 
not  require  the  definition  of  the  local  boimdary 
layer  thickness,  however,  in  contrast  to  Cebeci- 
Smith.  However,  the  definition  of  vi  using  (97) 
is  not  unique  in  aU  cases;  in  particular,  F  can 
exhibit  two  (or  more)  local  maxima  within  (or 
near)  the  hotmdary  layer  [49],  thereby  requiring 
ad  hoc  modifications  (e.g.,  [49,  50,  51]). 

^*For  additional  discussion  regarding  the  values  of  the 
constants,  see  [45]. 

^®In  some  boundary  layer  computations,  the  second 
expression  for  Fwake  has  been  ignored,  e.g.,  [46]. 

^’^For  an  incompressible  flat  plate  zero  pressure  gradi¬ 
ent  turbulent  boundary  layer,  it  is  straightforward  [47] 
to  show  that  rimax  =  0.6465  and  F  —  «*(!  -b  1.82n)/«; 
where  11  «  0.55  is  the  wake  strength  parameter  [48]. 

^®The  symbol  0{S)  means  “on  the  order  of  5”. 


13.2  One  Equation 

A  fundamental  hmitation  of  zero  equation  mod- 
els  is  the  assumption  that  the  Reynolds  stress 
-pu”uj  and  heat  flux  -CppT"u^  can  be  directly 
related  to  the  local  mean  flow  variables  {e.g., 
U{,  p).  It  is  weU  known  that  turbulence  does 
not  respond  instantly  to  changes  in  the  mean 
flow,^®  but  rather  adjusts  (relaxes)  over  a  time 
scale  associated  with  the  turbulence  structure. 
An  example  of  an  abrupt  change  is  the  embed¬ 
ded  shock  which  may  appear  on  the  Ufting  side 
of  a  transonic  airfoil.  Although  the  mean  flow 
{e.g.,  mean  pressure  and  velocity)  responds  vir¬ 
tually  immediately  to  the  shock  {e.g.,  on  a  time 
scale  equal  to  the  time  interval  between  molec¬ 
ular  collisions),  the  turbulence  reacts  on  a  finite 
time  scale  {e.g.,  on  a  time  scale  equal  to  the  eddy 
turnover  time  which  can  be  estimated  as  i/v.) 

One  equation®^  models  attempt  to  incorporate 
this  “history“  effect  by  postulating  a  single  par¬ 
tial  differential  equation  which,  combined  with 
an  explicit  expression  for  the  length  scale  I,  de¬ 
fines  the  eddy  viscosity  pvi.  A  detailed  his¬ 
tory  of  one-equation  models  is  presented  in 
Wilcox  [15].  For  compressible  turbulent  flows, 
the  one  equation  models  of  Baldwin-Barth  [53], 
Johnson-King  [54]  and  Spalart-AUmaras  [55]  are 
commonly  employed.  In  this  section,  we  present 
the  Johnson-King  model. 


13.2.1  Johnson-King 

The  Johnson-King  model  [54,  56]  is  a  one- 
equation  model®^  principally  developed  for  a  re¬ 
stricted  class  of  flows,  i.e.,  transonic  boundary 
layers  with  strong  pressure  gradients.  Several 
small  modifications  were  later  proposed  to  the 
original  model  [57,  58]  to  improve  agreement 
with  experiment.  Herein  we  present  the  version 
from  [56]. 

The  Johnson-King  model  incorporates  a  “his- 

^®For  an  extensive  review  of  the  response  of  turbulent 
boundary  layers  to  abrupt  perturbations,  see  Smits  and 
Wood  [52]. 

®®And  all  higher  order  models,  e.g.,  two  equation  mod¬ 
els,  Reynolds  Stress  Equation  models,  and  Large  Eddy 
Simulation. 

®*For  reasons  discussed  below,  Johnson  and  King  con¬ 
sider  the  model  to  be  a  hybrid  Reynolds-stress  /  eddy 
viscosity  model. 
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tory”  effect  in  the  definition  of  the  turbulent 
eddy  viscosity  fit  in  order  to  emulate  the  phys¬ 
ical  response  of  trubulence  to  rapid  changes  in 
the  mean  flow.  The  concept  of  an  equiUbrium 
turbulent  eddy  viscosity  fit^  is  introduced,  where 
fit^  is  the  eddy  viscosity  which  is  obtained  in  the 
absence  of  any  abrupt  changes  to  the  flow,  or,  in 
the  case  of  an  abrupt  change,  the  eddy  viscosity 
which  is  obtained  far  downstream.  The  equiUb¬ 
rium  eddy  viscosity  is  a  blending  of  “iimer”  and 
“outer”  equilibrium  eddy  viscosities  according 
to 


=  /^toe  [1  -  exp(-/it;^//Xf„J]  (100) 

where  the  inner  and  outer  equiUbrum  turbulent 
eddy  viscosities  are®^ 


where 

fiti  =  pD'^Kyy/^  (107) 

fit,  =  pa{x)k2U,8lV  (108) 


The  function  (t{x)  is  determined  in  the  follow¬ 
ing  maimer.  The  maximum  kinematic  Reynolds 
stress  is  assumed  to  be  determined  by  the 
following  equation 


dx 


Qi 

‘lUmLjn 


[0.7  -  {ylS)m] 


where 


=  pk2uJlT  (102) 

where  g  is  the  kinematic  Reynolds  shear  stress 


c  =  —u"v"  (103) 

and 


Ce„,  =  max(-u"n"e)  (104) 


(110) 

(111) 


The  subscript  rn  indicates  evaluation  at  the  lo¬ 
cation  where  e  is  a  maximum.  The  length  scale 
Lrn  i® 


OAyra  if  ym  <  0.2256 
0.09^  if  ym  >  0.225^ 


(112) 


and  —u"v"e  is  the  equiUbrium  (kinetic)  Rey¬ 
nolds  shear  stress 


-pu''v"e  =  flt^ 


/  du  dv\ 
\dy  ^  dx) 


(105) 


The  inner  equilbrium  eddy  viscosity  (101)  em¬ 
ploys  ^/^  for  V  and  y  for  I,  with  the  Van  Driest 
damping  fact  or  (90).  The  outer  equiUbrium 
eddy  viscosity  is  the  same  as  Cebeci- Smith  (89). 
In  principle,  given  the  velocities  and  density,  the 
value  of  can  be  determined  impUcitly  from 
(100)  to  (105).  In  practice,  is  determined 
from  the  ^-station  immediately  upstream  of  the 
point  of  interest. 

The  eddy  viscosity  is  obtained  from  a  blending 
of  “inner”  and  “outer”  non- equilibrium  eddy  vis¬ 
cosities  according  to 


=  Pto[l-exp{-fitJpt„)]  (106) 

^^Here  we  employ  the  conventional  notation  for  a  2-D 
turbulent  boundary  layer,  where  x  and  y  represent  the 
streamwise  and  normal  directions,  respectively,  and  u 
and  V  the  corresponding  velocities. 

^^However,  the  value  of  A  is  taken  to  be  15. 


and  6  is  the  local  boundary  layer  thickness.  The 
function  (t{x)  is  determined  by  the  requirement 
that  the  value  of  obtained  from  (109)  match 
the  value  obtained  from  (106)  and  (80).  The 
constants  are  Usted  in  Table  6. 


Table  6:  Johnson-King  Model  [56] 


Constant 

Value 

A 

15 

ai 

0.25 

C'dif 

0.50 

k2 

0.0168 

The  evolution  equation  (109)  represents  a  non- 
equiUbrium  model  for  the  turbulent  eddy  vis¬ 
cosity.  In  regions  of  rapid  changes  to  the  mean 
flow  [e.g.,  in  the  vicinity  of  a  shock  wave),  the 
terms  on  the  right  side  of  (109)  are  non-zero  due 
to  the  rapid  response  of  the  equiUbrium  eddy 
viscosity  fit^  to  the  changes  in  the  mean  flow. 
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The  eddy  viscosity  /it  relaxes  towards  equilib¬ 
rium  over  a  length  scale  0{Lm)  or  0(5),  de¬ 
pending  on  whether  the  first  or  second  term  on 
the  right  side  of  (109)  is  dominant.  This  reflects 
the  behavior  of  the  turbulence.  The  use  of  as 
the  relaxation  function  is  motivated  by  the  ex¬ 
perimental  data  of  Perry  and  Schofield  [59]  for 
boundary  layers  in  adverse  pressure  gradients, 
wherein  it  was  observed  that  irn  provided  an  ac¬ 
curate  correlation  of  the  velocity  defect. 


13.3  Two  Equation 


The  inherent  Umitations  of  the  zero  and  one 
equation  models  influenced  the  development  of 
two  equation  turbulence  models.  By  specifying 
partial  differential  equations  for  two  turbulence 
scalars,  it  is  possible  to  define  the  turbulent  eddy 
viscosity  without  reference  to  a  particular  geo¬ 
metric  length  scale.^'*  The  general  form  of  the 
two  equations  is  assumed  to  be 


dpf  dpfuj 
dt  dxi 

dpg  dpguj 

dt  dxi 


Pf  -  Df  Dif 

Pg-Dg  +  Dig  (113) 


where  /  and  g  are  two  different  turbulence 
scalars,  and  P,  D  and  Di  represent  production, 
dissipation  and  diffusion,  respectively.  In  gen¬ 
eral,  once  the  particular  choice  for  /  and  g  has 
been  made,  exact  equations  can  be  obtained  for 
/  and  g  from  appropriate  moments  of  the  in¬ 
stantaneous  Navier- Stokes  equations.  However, 
these  exact  equations  introduce  higher  order 
correlations  (beyond  -pu'-u”  and  -CppT"u-), 
and  therefore  cannot  be  employed  without  mod¬ 
ification.  These  exact  equations  do  suggest  the 
general  form  of  (113),  i.e.,  the  fundamental  pro¬ 
cesses  of  convection,  production,  dissipation  and 
diffusion. 

It  is  straightforward  to  show  that  any  dimen¬ 
sionally  independent  pair^^  of  turbulence  scalar 
functions  /  and  g  are  sufficient  to  define  /if.  As- 
snme  that  the  units  of  /  and  g  are 


Then 

^  _  j^{d+c)/e  g-(a+b)/e 

£  =  g-^^^  (115) 

where  e  =  ad  —  be. 

A  wide  variety  of  two  equation  models  have  been 
developed,  differing  principally  in  the  choice  of 
the  functions  /  and  g.  In  the  following  sections, 
three  specific  models  are  presented.  It  should  be 
emphasized  that  oftentimes  small  but  nonethe¬ 
less  important  changes  to  these  models  are  made 
to  improve  the  prediction  of  certain  flows,  and 
thus  in  examining  the  results  of  subsequent  sec¬ 
tions,  the  original  reference  should  be  cited  for 
the  exact  version  of  the  model. 


13.3.1  k~u 

Kolmogorov  [60]  developed  the  first  two- 
equation  model  using  the  functions  f  =  k  and 
g  —  (X)  where  k  is  the  turbulence  kinetic  energy 
and  u>  is  the  specific  dissipation  rate  for  turbu¬ 
lence,  i.e.,  e  =  ku)  where  e  is  the  rate  of  decay 
of  k  per  unit  time  (at  a  point).  Saffman  [61]  in¬ 
dependent  developed  a  two  equation  model  us¬ 
ing  k  and  Wilcox  and  Alber  [62]  extended 
the  Saffman  model  to  compressible  flows.  Sub¬ 
sequent  extensive  model  development  by  Wilcox 
and  his  colleagues  [15]  led  to  the  present  form  of 
the  k—uj  model. 


dpk  dpkui 
dt  ^  dxi 


- —  C^IL ' 

//  //  ^  7  , 


dx. 


(//  -f  a*pt] 


dk 

dxi 


(116) 


dpu}  dpLuui 


— Tj—irdui  2  , 


_d_ 

dx.i 


du 


<'* + ‘"'■1  fc- 


(117) 


/  ~  [length]^  X  [time]** 
g  ~  [length]*^  X  [time]'^  (114) 


where  13*  and  /3  are  functions  of  the  turbulence 
Mach  number 


®^This  is  not  strictly  true,  since  some  two  equation 
models  use  the  normal  distance  from  the  boundary. 
Dimensionally  independent  implies  od  —  be  0. 


(118) 


where  a  =  \/^RT  is  the  local  speed  of  sound. 
The  general  expressions  for  [3*  and  /3  are 
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=  p:[i+eF{Mt)] 

=  (3o-l3:eF{Mt)  (119) 

where  /3o,  PI  and  are  constants  and  F{Mt) 
is  a  prescribed  function.  Wilcox  [15]  developed 
three  different  models  for  F,  corresponding  to 
the  dilational  dissipation  models  of  Sarkar  [63], 
Zeman  [21]  and  Wilcox  [15].  The  Wilcox  model 
is  —  3/2  and 

F{M,)  =  [m?  Ml]  H(M,  -  M,,)  (120) 

where  Mt„  —  1/4  and  'H{x)  is  the  Heaviside 
function.^® 

The  turbulent  eddy  viscosity  fit  is  obtained  from 

fit  =  p-  (121) 

LO 

and  the  constants  are  given  in  Table  7. 


Table  7;  k  —  w  Model 


Constant 

Value 

a 

5/9 

Po 

3/40 

PI 

9/100 

a 

1/2 

0-* 

1/2 

r 

3/2 

Mt„ 

1/4 

13.3.2  k-€ 

The  Jones-Larmder  model  [64]  (also  known  as 
the  k—€  model)  employs  the  functions  f  —  k  and 
g  —  €  where  e  is  the  rate  of  decay  of  turbulence 
kinetic  energy.  Numerous  subsequent  modifica¬ 
tions  have  been  made,  e.g.,  Launder  and  Sharma 
[65],  Chien  [66],  Lam  and  Bremhorst  [67]  and 
Becht  and  Knight  [68].  Here  we  present  the 
Jones-Launder  model  with  the  Chien  modifica¬ 
tions  which  enable  integration  to  a  solid  borm- 
dary. 

=  1  for  E  >  0  and  'H(x)  =  0  for  e  <  0. 


where  the  dimensionless  damping  function  f  is 
/  =  1  -  0.22e“(^"/®'^")"  (126) 

The  constants  are  given  in  Table  8. 

13.3.3  q-uj 

The  Coakley  model  (also  known  as  the  q  —  w 
model)  employs  the  functions  /  =  Vk  and  g  =  w 
where  lo  is  interpreted  as  the  specific  turbulent 
dissipation  rate,  i.e.,  oj  =  e/fe.  Several  versions 
of  the  model  have  been  developed  [72,  73,  74, 
75].  Here  we  present  the  version  in  Ref.  [74]. 
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Table  8:  k  —  e  Model 


Constant 

k  —  e  Chien 

Thies  &  Tam  [69] 

0.09 

0.0874 

Cl 

1.35 

1.40 

C2 

1.80 

2.02 

C3 

0.0115 

- 

C4 

0.5 

- 

1.0 

0.324 

1.3 

0.377 

Prt 

0.90 

0.422 

NOTES 

1.  Constants  C3  and  C4  are  inapplicable  to 
Thies  &  Tam  since  their  computations  are  for 
free  shear  flows. 

2.  Thies  &  Tam  have  two  additional  terms  cor¬ 
responding  to  the  corrections  of  Pope  [70] 
and  Sarkar  [71]  which  add  two  additional 
constants. 


where 


S 

D 


(dui  duj\ 
1  - 


duj 

dxj 


(129) 

(130) 


The  production  term  Aij  is  already  expressed  in 
terms  of  the  Reynolds  stress  and  mean  velocity, 
and  therefore  requires  no  further  modeling.  Ad- 
ditionahy,  a  model  for  the  turbulent  heat  flux 
-CppT"u-  must  be  given. 


13.4.1  Zhang-So-Gatski-Speziale 


The  Zhang-So-Gatski-Speziale  model  [76]  is  a 
Reynolds  Stress  Equation  model.  The  diffusion 
term  Bij  is  modeled  as 


Bii  - 


d 

dxk 


Cspk 


dTjk.rr. 

“r  jra  n  i 


Tkr 


dx 

dTi 


'  dXr 


dXr 


-  y- 


dT, 


^3 


dxk 


132) 


where  Tij  is  the  kinematic  Reynolds  stress^'^ 


Ti  '  ’  ’’ 

ij  =  u- 


PUj  Uj 

p 


(133) 


The  pressure-rate  of  strain  correlation^^  is  mod¬ 
eled  as 


Cij  =  $ 


j_  4. 


(134) 


and 


u 


The  constants  are  given  in  Table  9. 


where 

(131) 


—C\ebij  —  ai  {Pij  —  3  Pkk^i/j 
~Pl  {Pij  ~  3  Pkk^ij^ 

-271A;  (%  -  I  SkkSij)  (135) 


Table  9:  q  —  w  Model 


Constant 

Value 

c,. 

0.09 

Cl 

0.5il  -h  0.055 

C2 

0.833 

a 

0.02 

Pr, 

2.0 

Prw 

2.0 

and 

ifj  =  2C.ujk  (^Sij  -  I  Skk^ij)  ^  ^  (136) 


and 


fwl 

+ 


Cl€bi_  ;■  4“  ^  -f-  T 

[Pij  -  I  PkkSij)]  (137) 


13.4  Reynolds  Stress  Equation 

Reynolds  Stress  Equation  models  are  based  on 
the  second  moment  equation  (45)  for  -pu^u-. 
The  terms  Bij,  Qj,  and  Dij  must  be  modeled. 


In  the  above  expressions 

Pij  =  Aij  (production  term) 

^^Morrison  et  al  [77]  use  —Tij. 

Actually,  the  deviatoric  part  of  the  pressure-rate-of- 
strain 
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bij  — 


{Tij  +  3  kSij 
Tt  /7 


Dij  =  -pu-u^  —  -  pu-u^ 


Sii  - 


^  '^dxi 
dui  duj 
2  \  dxj  dxi 


rduk 
'  dx4 


(138) 


and  X2  is  the  normal  distance  to  the  boundary. 
The  dissipation  term  is 


~  3  P^bij  +  P^ij 


(139) 


where  is  a  wall  correction  term 

f'J 


fwl 


-I 


(140) 


with 


T  -  - 

j-ij  — 


1  ~  2  !  k 


(141) 


and 


fyji  =  exp  [-  [Retllh^y 

where  Ret  —  k'^/ve. 

The  dissipation  equation  is 

dpe  dpeuk 


dt  ^  dxk 


(142) 


^A,  +  B,  +  C,  +  D,  (143) 


where 


A.  - 


a 


^wl 

^w2 

fw2 


I  +m(7-l)  pe 


dui 


-Cel-pii-M 


dxi 
dui  ^  duk 


^  \  dx^  ^  dx- 


-Ce2P 


d 


D.  = 


dx 

Pfw2 


-  -a^T, 


pkrr. 

dxi 


+  p 


h. 

dxi 


n^^wl  3  ^w2 

k  ^  ^  k 


-I  C-.i-Pi, 


e  —  V 


d\/k 


dx-) 


2vk 


=  e 


=  exp  —(i2et /40)‘ 


(144) 


For  the  model  of  the  turbulent  heat  flux  and 
closure  of  the  mean  energy  equation,  see  [77]. 
The  constants  are  listed  in  Table  10. 


Table  10;  Zhang  et  al  Model 


Constant 

Value 

Cs 

0.11 

Cl 

3.0 

C2 

0.4 

Cn, 

see  [77] 

c,i 

1.50 

C,2 

1.83 

c. 

0.10 

m 

0.7  (see  [77]) 

Oil 

(8  +  C2)/11 

/3i 

(8^2  -  2)/ll 

7i 

(30(^2  -  2)/55 

13.4.2  Knight 


Knight  [78]  extended  to  compressible  flow  a 
standard  incompressible  Reynolds  Stress  Equa¬ 
tion  model.  The  diffusion  term  is  modeled  as 


Bi 


+v 


pe 


fi  If 
PUiU„ 


r\  II  II 

■dpu.u^ 


dXr 


o  n  II 

II  II  dpu^  Uf^  „  „ 

+P^3^rn—^ -  + 


rx  If  II 

dpu- u- 


II  n  ^  U  //  Q  II  II 

9p^i  ^  dpu.u^  ^  dpUjUf^ 


dxk 


dxj 


dxi 


(145) 


where  Cd^  is  a  constant.  This  model  is  an  exten¬ 
sion  of  the  incompressible  flow  model  of  Laun¬ 
der,  Reece  and  Rodi  [79]. 

The  correlation  of  the  instantaneous  pressure 
and  fluctuating  rate-of- strain  is  modeled  as 

-Cp,  ^  (^pv-iU-  -  ^pkSij 

where  (Tp,  and  Cp^  are  constants.  This  is  the  ex¬ 
tension  of  Rotta’s  model  [80]  for  incompressible 
flow. 

An  isotropic  dissipation  model  with  compress- 
ibihty  effect  is  used  to  determine  the  dissipation 


Cij  = 
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term, 

Dij  =  (147) 

According  to  Sarkar  et  al  [20]  and  Zeman  [21] 

pe-p{es^-^c)  (148) 


where  Cc  =  Ck^aM^  and  the  turbulence  Mach 
number  is  Mt  =  y/^ja. 

The  conventional  equation  [64]  is  employed  for 

e., 


^^dp^  -  P,-D,  +  Di,  (149) 
at  oxk 


where 

Pe 

D, 

Die 


„  fg  //  //  dui 


Ce,p- 

d 

dxk 


Cesp—PP 


d€s 

dxk 


(150) 

(151) 

(152) 


where  Cei,  Ce^  and  Ce^  are  constants. 

The  turbulent  heat  flux  is  modeled  using  a  gra¬ 
dient  diffusion  hypothesis 


-  dT 

-CppT  u-  =<^ppCh—-^_ 


(153) 


where  Ch  is  a  constant. 

The  closure  constants  are  given  in  Table  11. 
The  model  employs  wall  functions  which  are  de¬ 
scribed  in  [81]. 


Table  11:  Knight  Model 


Constant 

Value 

Cd, 

0.086 

Cp, 

4.325 

C'p. 

0.179 

1.01 

1.80 

^3 

0.10 

Ck 

0.0 

Ch 

0.0857 

14  COMPRESSIBLE  LAW 
OF  THE  WALL 


There  are  certain  fundamental  properties  of 
compressible  turbulent  flows  which  any  accept¬ 
able  turbulence  model  must  be  capable  of  pre¬ 
dicting  with  reasonable  accuracy.  One  specific 
example  is  the  compressible  Law  of  the  Wall, 
first  derived  by  Van  Driest  [14].  Consider  a  2-D 
compressible  turbulent  boundary  layer  on  a  flat 
plate  with  zero  pressure  gradient.  The  velocity 
components  (ui,  1/2,  us)  =  {u,  v,  w)  along  the  co¬ 
ordinate  directions  (a:i, 2:2, 2:3)  =  where 

X  is  aligned  with  the  mean  flow  direction  and  y  is 
normal  to  the  plate.  The  Reynolds  shear  stress 
is  -pu'v" .  On  the  basis  of  a  simple  mixing 
length  argument  for  the  Reynolds  shear  stress 

=  (164) 


Van  Driest  derived  the  relation^® 


=  —  log  +  Ru* 

K 


(155) 


where 


A 


( ‘lA?ujUe  —  B 
sin  — , 

V  ^/R2  ^  4^2 


+ 


sin 


-1 


B 


y/B^  +  4A2 


A  = 
B  = 


2  "  r,„ 


1  -f  y/Pn 


(7-1) 


h 

Z. 


^-1  (156) 


where  u*  =  y/r^jpw  is  the  friction  velocity, 
is  the  (local)  waU  shear  stress,  p^  is  the  (lo¬ 
cal)  wall  density,  y~^  —  yu^/uw,  Ug  and  Mg  are 
the  velocity  and  Mach  number  at  the  edge  of 
the  boimdary  layer.  Taw  is  the  adiabatic  wall 
temperature,  Tw  is  the  (actual)  wall  tempera¬ 
ture,  K  =  0.41  is  Von  Karman’s  constant,  and 
B  —  5.0.  Note  that  B  is  also  equivalent  to 


(157) 

Zw 

^^The  expression  includes  the  effect  of  non-unity  tur¬ 
bulent  Prandtl  number,  not  originally  considered  by  Van 
Driest.  See,  for  example,  Sun  and  Childs  [82]. 
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where 


Ta^  =  (l  +  Te  (158)  =  pC, 


Experimental  data  supports  this  result  [7,  14]. 

It  is  possible  to  demonstrate  that  (155)  can  be 
derived  for  most  turbulence  models.  This  was 
first  shown  by  SafFman  and  Wilcox  [83]  for  the 
two  equation  turbulence  model  developed  by 
SafFman  [61]  and  extended  to  compressible  flows 
by  Wilcox  and  Alber  [62].  A  derivation  for  the 
k  —  u;  model  is  presented  in  [15]. 

We  present  the  derivation  for  the  k  —  €  turbu¬ 
lence  model.  Within  the  lower  portion  of  the 
zero  pressure  gradient  turbulent  boundary  layer, 
the  total  shear  stress  —pu'v”  +  fidu/dy  is  ap¬ 
proximately  constant 


Eq  (160)  may  be  integrated  and  yields  within 
the  turbulent  region 

—pu'v"  —  Tyj  (165) 

where  is  the  (local)  waU  shear  stress.  Sim¬ 
ilarly,  Eq  (161)  may  be  integrated  and  yields 
within  the  turbulent  region 


—Cppl  V  —  pu  V  u  ■=  —q-u 


where 


qw  — 


„  d  f  ,  .  du 


By  comparison  with  the  streamwise  momentum 
equation  (73),  this  implies  that  convective  ef¬ 
fects  are  negligible  in  this  portion  of  the  boun¬ 
dary  layer.  It  is  reasonable  to  assTune  that  con¬ 
vective  effects  are  likewise  negligible  in  the  con¬ 
servation  equations  for  energy,  k  and  e.  Thus, 
the  equations  are^° 


is  the  heat  transfer  at  the  wall.  Using  (87), 

Pt  dT 

Assuming  a  Crocco-type  relationship  T  —  T{u), 
Cp  du  dT  ^ 

~  j  F  —  ~Qw  (169) 

Pvt  Oy  du 


^  II  if 

Ty  (-'’“  ” 


(  Tf  7T  du  \ 

0  -  -pu”v"^-p€  + 

dy 

/  pt  dpk\ 
dy  \akp  dy  ) 

„  ^  e^r^du 


dy  We  dy) 


slightly  different  form  of  the  k  equation  has  been 
utilized  wherein  the  diffusion  term  is 


d  f  dpk 
dy  \(Tkp  dy 


instead  of  |-  ( 

dy  \(Tk  dy 


which  may  be  directly  integrated 


Pn  2  iwPn 

~7, — - 

ZCpl'w  w 

+ const  ant 


and  since  T  —*  as  u  ^  0, 

P  Pw  \  '^e 


where 


h—^PrtMi'^ 

2  ‘  "T™ 

PnqwUe 

^pTyjT'fjj 


Assume  a  solution  for  k  of  the  form 


pk  =  aul 


to  simplify  the  analysis. 


(174) 
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where  a  is  a  constant.  Then  (162)  yields 


du  pe 

dy  Tw 

(175) 

Substituting  into  (163)  assuming  e 

=  e(ti), 

(Pe  5 

(176) 

where 

u 

u  =  — 

Ue 

(177) 

^  /<t,(C2-Ci)u, 

y  u* 

(178) 

and 

ViU)  ^-^=(l  +  BU-  A^W 

Pw  ^ 

')■'  (179) 

In  the  incompressible  limit,  Eqs  (162)  and  (163) 

admit  solutions  [15] 

*=  -  “• 

(180) 

e  =  ^ 

ny 

(181) 

where 

—  \l  (^*2  —  Cl)  Cfj, 

and  thus 


TZ  =  K,- 


Up 


(182) 


(183) 


An  asymptotic  solution  of  (176)  can  be  obtained 
in  the  limit  Re  oo  where  Re  is  the  Reynolds 
ntunber.  Note  that 


TZ  —  K 


111 
Cf  Tu, 


(184) 


and  the  skin  friction  coefficient  cy  0  as 
Re  — >  oo.  The  solution,  obtained^^  by  the 
WKBJ  Method  [84],  is 


e  ~  e{i  +  BU-A^U 

n  . 


exp<;  -^sm 


1/4 

2A^U  -  B 


VB^  +  4A^ 


(185) 


^*Two  solutions  are  allowed  by  the  WKBJ  Method, 
but  only  one  is  bounded  a.s  y 


where  R  is  a  constant.  Using  (175)  and  inte¬ 
grating,  the  expression  for  the  velocity  to  lowest 
order  is 


=  —  log  1/+  -f  Bu^ 

K 


(186) 


where 


4.  «e  i  .  -1  f  2A^ulUe  -  S  ,  , 


Comparison  with  (156)  yields 

^  =  A 
B  =  B 
B  =  B 

Using  (158),  the  second  equation  implies 


(187) 


2cfc 


1 

Prt 


where  the  Stanton  number  Ch  is 
Qw 


Ch 


Pe'^eCp  {Tyj  Tq^ 


(188) 


(189) 


(190) 


where  q^j  is  the  heat  transfer  to  the  fluid  (posi¬ 
tive  if  heat  is  transferred  to  the  fluid) ,  Tyj  is  the 
wall  temperature,  and  Taw  is  the  adiabatic  wall 
temperature.  Eq  (189)  is  the  Reynolds  analogy. 

The  asymptotic  forms  for  k  and  e  are 


pk 


PwK 


€  ~ 


Ky 


(191) 

(192) 


Eqs  (186),  (191)  and  (192)  can  be  used  to  for¬ 
mulate  boimdary  conditions  in  the  vicinity  of 
the  waU  outside  the  viscous  sublayer  (wall  func¬ 
tions)  as  described,  for  example,  in  Jacon  and 
Knight  [85]. 


OO. 
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15  RESULTS 

We  present  a  selection  of  computations  using  the 
range  of  tirrbulence  models  described  previously. 
The  emphasis  is  on  compressible  turbulent  flows 
in  simple  geometries.  The  efficacy  of  the  turbu¬ 
lence  models  is  determined  by  comparison  with 
experiment.  Although  the  examples  described 
below  illustrate  the  typical  performance  of  these 
turbulence  models,  the  selection  is  by  no  means 
exhaustive. 

In  comparing  computations  and  experiment,  we 
employ  terms  such  as  “excellent” ,  “good” ,  “fair” 
and  “poor”.  The  precise  definition  of  these 
terms  is,  in  the  author’s  opinion,  impractical 
although  there  is  reasonably  miiform  confor¬ 
mity  amongst  researchers  in  their  use.  In  gen- 
ercil,  we  employ  the  following  qualitative  defi¬ 
nitions.  “Excellent”  agreement  implies  either 
agreement  to  within  the  experimental  uncer¬ 
tainty  or  plottable  accuracy."*^  “Poor”  agree¬ 
ment  implies  both  significant  quantitative  differ¬ 
ences  (e.g.,  percentage  relative  differences  which 
are  several  times  the  experimental  uncertainty) 
and  disagreement  in  the  trends  (e.g.,  the  exper¬ 
imental  data  increases  with  x  and  the  computed 
results  decrease  with  x).  “Fair”  and  “good”  are 
qualitative  judgments  intermediate  between  the 
two  extremes  of  excellent  and  poor.  An  “accu¬ 
rate”  prediction  also  means  “good”  to  “excel¬ 
lent”. 


mean  profiles  of  velocity  and  temperature.  In 
Fig.  1,  the  predicted  skin  friction  coefficient 
Cf  using  the  Cebeci-Smith  model  is  compared 
at  several  different  Mach  numbers  with  exper¬ 
imental  data  for  an  adiabatic  flat  plate  [40]. 
The  Reynolds  number  Ecx  based  on  distance  x 
from  the  leading  edge  varies  among  the  differ¬ 
ent  experiments.  In  each  case,  the  ratio  of  c/  at 
the  specific  Mach  number  to  the  incompressible 
cy  at  the  same  Ee^  is  shown.  Also  displayed 
is  the  Spalding- Chi  correlation  [86].  The  pre¬ 
dicted  cy  is  within  the  experimental  imcertainty 
indicated  by  the  data  scatter.  In  Fig.  2,  the 
Cebeci-Smith  model  is  compared  with  experi¬ 
mental  data  of  Winkler  and  Cha  [87]  for  a  non- 
adiabatic  flat  plate  boundary  layer  at  Mach  5.2 
and  TujITe  =  5.145  for  Stanton  number  (190) 
cind  skin  friction  coefficient.”*® 


15.1  Flat  Plate 


The  simplest  configmation  for  a  boimded  com¬ 
pressible  turbrdent  shear  flow  is  a  boundary 
layer  on  a  flat  plate  with  no  pressure  gradient. 
In  general,  cill  turbulence  models  accurately  pre¬ 
dict  the  meein  flow  properties,^^  e.g.,  skin  fric¬ 
tion  coefficient heat  transfer  coefficient,  and 

‘‘^Agreement  to  within  plottable  accuracy  implies  that 
the  differences  between  the  two  results  are  indistinguish¬ 
able  on  an  appropriately  scaled  plot. 

Except  possibly  at  low  Reynolds  numbers;  see,  for 
example,  Cebeci  et  al  [40]. 

‘‘■‘The  local  skin  friction  coefficient  is  defined  as 


Cf  = 


Tw 

2  Poo^TO 


(193) 


Sometimes,  the  notation  j  peul  is  employed  to  denote  the 
dynamic  pressure  based  on  conditions  at  the  local  edge  of 
the  boundary  layer,  which  may  differ  in  the  experiment 


Figure  1:  Skin  friction  coefficient  vs  Mach  num¬ 
ber  on  adiabatic  flat  plate.  Open  symbols  are 
computed  values  using  Cebeci-Smith  model,  and 
closed  symbols  are  experimental  values  (from 
[40]) 


In  Figs.  3  and  4,  the  computed  skin  friction 
and  momentum  thickness  Reynolds  number  Res 
using  the  Baldwin-Lomax  model  are  compared 

from  the  freestream  dynamic  pressure  j  Poot^lo  upstream 
of  the  flat  plate. 

‘‘^Using  the  empirical  formula  [7] 


jTaw  —  7c 


1  + 


(194) 


where  t  Rs  Pr  3  ,  the  experiment  of  Winkler  and  Cha 
corresponds  to  T^ITaw  ~  0.88.  Alternately,  using  (158), 
Tui/Taa,  =  0.85.  This  implies  a  cold  wall  (t.e.,  T„,  <  T„„.). 
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Rg  X  Id’ 

Figure  2:  Stanton  ntunber  St  and  skin  friction 
coefficient  Cf  vs  Reg  on  a  flat  plate.  Symbols  are 
experimental  values,  and  solid  line  is  computed 
values  using  Cebeci- Smith  model  (from  [41]) 

with  the  correlation  of  Hopkins  and  Inouye  [88] 
for  an  adiabatic  flat  plate  boundary  layer  at 
Moo  =  1-5  and  2.85.  The  comparison  is  good. 


0  2  4  •«  10  12  14  It 
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Figure  3:  Skin  friction  coefficient  vs  Re^  on  ad¬ 
iabatic  flat  plate.  Open  symbols  are  Hopkins- 
Inouye  correlation,  and  solid  line  is  computed 
result  using  Baldwin-Lomax  model  (from  [44]). 

In  Fig.  5,  the  computed  skin  friction  for  an  adia¬ 
batic  flat  plate  boundary  layer  using  the  Wilcox 
k-uj  model  with  several  different  compressibility 
corrections  is  compared  to  the  Van  Driest  cor¬ 
relation  [88]  for  Mach  numbers  up  to  five.  The 
comparison  is  very  good. 

In  Fig.  6,  the  computed  skin  friction  for  an  adia- 


10-* R*, 


Figure  4:  Reg  vs  Rex  on  adiabatic  flat  plate. 
Open  symbols  are  Hopkins-Inouye  correlation, 
and  sohd  line  is  computed  result  using  Baldwin- 
Lomax  model  (from  [44]). 
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Figure  5:  Skin  friction  coefficient  vs  Mach  num¬ 
ber  on  adiabatic  flat  plate.  —  k—u  with  =  0 

and  =  3/2, - Sarkar  with  =  1,  -  •  - 

Zeman  with  =  3/4,  o  Van  Driest  correlation 
(from  [15]) 
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batic  flat  plate  at  Ree  =  10“^  using  the  Speziale- 
Sarkar-Gatski  (SSG)  model  is  compared  with 
the  correlation  of  Van  Driest  [88].  The  agree¬ 
ment  is  very  good.  Similar  close  agreement  is 
obtained  for  cold  wall  flat  plate  boimdary  layer 
[181- 


Figure  6:  Skin  friction  coefficient  vs  Mach  niun- 
ber  on  adiabatic  flat  plate  at  Reg  =  10“*.  o 
Speziede-Sarkar-Gatski  model,  —  Van  Driest 
correlation  [88]  (from  [18]). 


15.2  Transonic  Bump 

An  axisymmetric  transonic  shock  wave  turbu¬ 
lent  boimdary  layer  interaction  was  generated 
by  an  thin  wall  cylinder  with  a  circular  arc  bump 
[89]  as  shown  in  Fig.  7.  The  Mach  number  range 
is  Moo  —  0.43  to  0.925.  The  Reynolds  number 
Re^  =  6.1  X  10®  at  Moo  =  0.875  based  on  dis¬ 
tance  of  the  leading  edge  of  the  bump  from  the 
leading  edge  of  the  cy finder.  The  chord  of  the 
bump  c  =  20.3  cm  and  the  thickness  ratio  is 
0.0936.  A  strong  embedded  shock  formed  on 
the  downstream  portion  of  the  bump  causing  a 
massive  separation  of  the  boundary  layer.  Com¬ 
putations  were  performed  by  Johnson  [57]  using 
the  Johnson-King  model  [57],  and  by  Horstman 
and  Johnson  [90]  using  both  the  Cebeci-Smith 
and  Jones-Laimder  (k-e)  models. 

The  computed  and  experimental  surface  pres¬ 
sure  coefficient  Cp  is  shown  in  Fig.  8  for  Moo  — 
0.6  to  0.925.  Results  are  presented  for  the 


Figure  7:  Transonic  bump  (from  [57]) 


.76 

.50 


X/C 


Figure  8:  Surface  pressure  coefficient  for  tran¬ 
sonic  bump  —  Johnson-King,  -  —  Jones- 

Launder, - Cebeci-Smith,  □  experiment  (from 

[57]) 
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Johnson-King  model  at  six  Mach  numbers,  and 
for  the  Cebeci-Smith  and  Jones-Laimder  (fc-e) 
models  at  three  Mach  numbers.  The  Johnson- 
King  model  is  clearly  superior.  In  particular, 
Johnson-King  accurately  predicts  the  location  of 
the  embedded  shock  which  is  indicated  by  the 
abrupt  decrease  in  -Cp  {e.g.,  at  x/c  ~  0.6  for 
Moo  =  0.875). 

The  predicted  compressible  boundary  layer  dis¬ 
placement  thickness  6*  is  displayed  in  Fig.  9  for 
Moo  =  0.875.  On  the  bump  {0  <  x/c  <  1),  the 
Johnson-King  provides  the  most  accurate  pre¬ 
diction  of  6*.  This  is  expected,  since  the  dis¬ 
placement  thickness,  in  combination  with  the 
surface  shape,  determines  the  pressure  distri¬ 
bution  and  thus  the  location  of  .the  embedded 
shock. 


Figure  9:  Displacement  thickness  for  transonic 

bump  —  Johnson-King, - Jones-Launder, 

—  •  —  Cebeci-Smith,  □  experiment  (from  [57]) 

The  velocity  profile  at  the  trailing  edge  of  the 
bump  (a:  =  c)  for  Moo  =  0.875  is  shown  in 
Fig.  10.  The  Johnson-King  model  is  again  supe¬ 
rior,  with  the  Cebeci-Smith  model  yielding  the 
worst  prediction. 

The  separation  and  reattachment  locations  for 
0.43  <  Moo  <  0.925  are  presented  in  Fig.  11 
for  the  Johnson-King  and  Jones-Launder  mod¬ 
els.  The  Johnson-King  model  is  more  accurate. 


Figure  10:  Velocity  profile  at  model  trailing 
edge  for  transonic  bump  —  Johnson-King,  - 
—  Jones-Laimder,  —  •  —  Cebeci-Smith,  □  ex¬ 
periment  (from  [57]) 


Figure  11:  Separation  and  reattachment  loca¬ 
tions  for  transonic  bump  —  Johnson-King, 
- Jones-Launder,  A  experiment  (from  [57]) 
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15.3  Transonic  Airfoil  I 

A  transonic  shock  wave  turbulent  boun- 
deiry  layer  interaction  was  generated  on  an 
NACA  0012  airfoil  [91]  at  angle  of  attack. 
The  Mach  number  range  is  =  0.55  to 
1.1  and  the  Reynolds  number  Re^  =  9  x  10® 
based  on  the  chord.  Computations  by  Coakley 
[92]  (using  the  Cebeci-Smith,  Baldwin-Lomax, 
Johnson-King  and  q-u  models)  and  King  [93] 
(using  the  Baldwin-Lomax,  Cebeci-Smith  and 
Johnson-King  models)  are  presented  herein. 

The  computed  and  experimental  surface  pres¬ 
sure  on  the  airfoil  are  shown  in  Figs.  12  and  13 
for  the  computations  by  Coakley  and  King,  re¬ 
spectively.  The  Johnson-King  model  is  clearly 
superior  in  predicting  the  pressure  distribution 
(eind,  in  particular,  the  embedded  shock  loca¬ 
tion)  on  the  suction  surface  . 


Figure  12:  Surface  pressure  on  NACA  0012. 
C-S  Cebeci-Smith,  B-L  Baldwin-Lomax,  J-K 
Johnson-King  (from  [92]) 


15.4  Transonic  Airfoil  II 

A  transonic  shock  wave  tmbulent  boimdary 
layer  interaction  was  generated  on  an  RAE2822 
airfoil  [94]  at  angle  of  attack.  The  Mach  num¬ 
ber  is  Moo  =  0.750,  the  Reynolds  number  Rec  — 


Figtue  13:  Surface  pressure  on  NACA  0012. 
C-S  Cebeci-Smith,  B-L  Baldwin-Lomax,  J-K 
Johnson-King  (from  [93]) 

6.2  X  10®  and  angle  of  attack  a  =  3.19°.'*®  Com¬ 
putations  were  performed  by  Hellstrom  et  al 
[96]  using  the  fom  turbulence  models,  namely, 
Baldwin-Lomax,  k-e,  and  two  versions  of  a  Rey¬ 
nolds  Stress  Equation  model. 

In  Fig.  14,  the  computed  and  experimental  sur¬ 
face  pressure  coefficient  Cp  is  displayed.  The 
boundary  layer  on  the  upper  surface  separates 
due  to  the  embedded  shock  wave.  All  of  the  tur¬ 
bulence  models  predict  separation  in  the  vicin¬ 
ity  of  the  shock.  For  the  Baldwin-Lomax  model 
computation,  the  boundary  layer  does  not  reat¬ 
tach  on  the  airfoil  surface.  Although  the  Rey¬ 
nolds  Stress  Equation  model  provides  the  most 
accurate  prediction  of  the  shock  location,  it 
nonetheless  overestimates  the  location  of  the 
shock  by  approximately  0.05c. 

In  Fig.  15,  the  computed  and  experimental  mo¬ 
mentum  thickness  dfc  is  shown.  The  Reynolds 
Stress  Model  displays  the  closest  agreement  with 
experiment. 

order  to  compensate  for  blockage  effects  in  the 
wind  tunnel  test,  the  computed  test  conditions  [95]  were 
Moo  =  0.754  and  a  =  2.57°.  The  Reynolds  number  was 
unchanged. 
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15.5  Transonic  Nozzle 


Pmiuir  CnrificirAl 


A  2-D  transonic  shock  wave  turbulent  boun¬ 
dary  layer  interaction  was  generated  in  a  noz¬ 
zle  comprised  of  a  straight  upper  surface  cind  a 
lower  wall  with  a  bmnp  [97].  The  experimen¬ 
tal  configuration  is  shown'*^  in  Fig.  16.  The 
inflow  Mach  number  Mqo  =  0.63,  and  the  Rey¬ 
nolds  number  based  on  the  momentum  thickness 
Reg  -  3.8  X  10^.  The  second  throat  controls  the 
downstream  pressure  to  enable  a  normal  shock 
to  be  flxed  in  the  vicinity  of  the  trailing  edge 
of  the  bump.  The  flow  structure  is  shown  in 
Fig.  17.  Computations  were  performed  by  De- 
grez  et  al  [98]  using  the  Baldwin- Lomax  and  k-e 
models. 


Figme  14:  Pressure  coefficient  vs  i/c  for 
RAE2822  airfoil  (from  [96]) 


MiMirofuiuTlikkarM.  Ilivr  udr  of  uifot] 


Figure  15:  Momentum  thickness  Ojc  vs  xjc  for 
RAE2822  airfoil  (from  [96]) 


Figure  16:  Transonic  nozzle  (from  [97]) 


Figme  17:  Flow  structture  for  transonic  nozzle 
(from  [97]) 

In  Fig.  18,  the  computed  and  experimental  sur¬ 
face  pressure  is  displayed.  The  agreement  up¬ 
stream  of  the  shock  is  excellent.  In  the  vicin- 


■‘^The  upper  bump  was  removed  in  the  experiment. 
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ity  of  the  shock  wave  boundary  layer  interac¬ 
tion,  the  Baldwin- Lomax  model  more  accurately 
predicts  the  location  of  the  initial  pressure  rise, 
while  the  k-e  model  provides  a  more  accirrate 
prediction  of  the  plateau  pressure."*® 


X 


Figure  18:  Stuface  pressure  for  transonic  nozzle 

- k-e, - Baldwin-Lomax,  o  experiment 

(from  [98]) 


X-3  222  ^  X 

i  T 

•  2  272  ''  X 

'  =so-:.i5 

•  2  j  1  2  X 

•  0  2z2  ■'> 

• 

- 

li 

b 

ii 

Ii 

.  1 

1 

I 

\ 

f 

-  ^ 

1 

1 

- \ - r 

It 

ii 

k 

\ 

■  1 

1 

T 

•/ 

•/ 

•  / 

*/ 

( 

i 

t 

4 

4 

4 

i 

■  > 

/i 

t  1 

i.«  >  a  4 

t  1  1  a 

»  It 

a  >  t 

Figure  19:  Velocity  profiles  for  transonic  nozzle 

- k  —  e, - Baldwin-Lomax,  o  experiment 

(from  [98]) 


In  Fig.  19,  the  computed  and  experimental 
mean  velocity  profiles  at  four  successive  x  lo¬ 
cations  are  shown.  The  k-e  model  predictions 
are  in  close  agreement  with  experiment  and  su¬ 
perior  to  the  Baldwin-Lomax  model. 

The  definition  of  the  Baldwin-Lomax  outer  func¬ 
tion  (96)  can  lead  to  pathological  behavior  for 
Timax  in  shock  wave  turbulent  boundary  layer 
interactions.  In  Fig.  20,  the  computed  distribu¬ 
tion  of  TTmax  X  is  displayed.^®  An  abrupt  and 
unphysical  rise  in  nmav  is  observed  at  x  =  3.0 
due  to  the  large  value  of  vorticity  in  the  vicinity 
in  the  quasi-normal  shock  wave  in  the  nozzle. 
This  behavior  can  be  ehminated  by  ad  hoc  re¬ 
striction  of  allowable  values  of  rimax  as  described, 
for  example,  in  Degrez  et  al  [98],  Visbal  and 
Knight  [49],  and  Degani  and  Schiff  [50]. 

'**For  2-D  separated  flows,  the  surface  pressure  is  ap¬ 
proximately  constant  in  the  separation  region  (see,  for 
example,  Green  [99]). 

^^The  distribution  of  Um^x  is  based  on  the  converged 
solution  obtained  with  the  modified  Baldwin-Lomax 
model  (see  [98]  for  details). 


Figure  20:  Behavior  of  Umax  for  transonic  nozzle 
(from  [98]) 
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15.6  Wall  Jet 

A  wall  jet  generates  a  complex  viscous-inviscid 
interaction.  Aso  et  al  [100]  performed  a  series 
of  experiments  for  a  2-D  sonic  nitrogen  wall  jet 
injected  into  a  supersonic  airstream.  The  ex¬ 
perimental  configuration  is  shown  in  Fig.  21. 
The  freestream  Mach  number  Moo  =  3.71,  the 
Reynolds  number  based  on  the  distance  I  from 
the  leading  edge  to  the  injection  slot  is  Rei  = 
2.07  X  10^,  and  the  ratio  of  total  pressure  in 
the  wall  jet  to  the  freestream  airstream  is  0.31. 
The  jet  causes  a  strong  shock  to  form  upstream 
which  separates  the  incoming  boimdary  layer. 
Computations  were  performed  by  Gerlinger  et 
al  [101]  using  several  versions  of  the  q-w  model. 


Figure  21:  Wall  jet  (from  [101]) 

The  computed  and  experimental  sm-face  pres¬ 
sure  is  shown  in  Fig.  22.  The  different  ver¬ 
sions  of  the  q  -  u)  model  display  small  vari¬ 
ations  in  the  surface  pressure,  with  the  clos¬ 
est  agreement  achieved  with  the  length  scale 
limitation  (correction  1)  and  modified  constant 
for  the  velocity  divergence  term  (correction  2) 
[101].  None  of  the  computations  accurately  pre¬ 
dict  the  upstream  influence  in  the  surface  pres¬ 
sure.  This  behavior  is  typical  of  zero-  and  two- 
equation  turbulence  model  predictions  for  2- 
D/axisymmetric  and  3-D  shock  wave  turbulent 
boundary  layer  interactions  [102,  103].  For  the 
2-D/axisymmetric  shock  wave  turbulent  boun¬ 
dary  layer  interaction  generated  by  a  compres¬ 
sion  ramp,  for  example,  the  separation  shock  is 
observed  to  be  imsteady  with  gross  displacement 
on  the  order  of  the  incoming  boimdary  layer 
thickness  5,  while  the  computations  indicate  a 
stationary  shock  system  [102, 104].  Possibly,  the 
discrepancy  between  the  computed  and  experi¬ 
mental  surface  pressure  in  Fig.  22  may  be  at¬ 
tributable  to  imsteadiness  in  the  experimental 
separation  shock;  however,  there  is  no  mention 


of  unsteadiness  in  the  experiment  [105]. 


Nondlinensional  Length  x  / 1 


Figure  22:  Surface  pressure  for  wall  jet  (from 
[101]) 


15.7  Supersonic  Curved  Compression 
Ramp 

An  adverse  pressure  gradient  supersonic  tur¬ 
bulent  boundary  layer  is  created  by  a  curved 
surface  as  shown  in  Fig.  23.  The  upstream 
Mach  number  Moo  =  2.87,  the  Reynolds  num¬ 
ber  Res  =  1.58  X  10®,  and  the  ratio  of  incoming 
boundary  layer  thickness  6  to  the  radius  of  cur¬ 
vature  Rc  of  the  surface  is  0.02  (Case  1)  and 
0.10  (Case  2).  Experiments  were  performed  by 
Smits  and  his  colleagues  [106,  107].  Computa¬ 
tions  were  performed  by  Lee  et  al  [108]  using  the 
Baldwin-Lomax,  k  —  e  and  Lee-Taulbee-Holden 
Reynolds  Stress  Equation  models  [108]. 

In  Fig.  24,  the  computed  and  experimental  sur¬ 
face  skin  friction  coefficient  cy  is  presented  for 
Case  2.  The  experimental  cy  is  determined  by 
two  different  methods  (Preston  tube  and  veloc¬ 
ity  extrapolation).  The  computed  cy  is  within 
the  experimental  uncertainty. 

In  Figs.  25  and  26,  the  computed  and  ex¬ 
perimental  turbulent  normal  and  shear  stress 
are  shown.  The  Lee-Taulbee-Holden  Reynolds 
Stress  Equation  model  displays  closer  agreement 
with  the  normal  Reynolds  stress  than  the  k  —  e 
model;  however,  the  opposite  holds  for  the  Rey¬ 
nolds  shear  stress  over  most  of  the  boundary 
layer. 
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Figure  23:  Geometry  and  surface  pressure  for 
curved  compression  ramp  (from  [108]) 


x/f 


Figure  24:  Skin  friction  vs  xj 6  for  supersonic 
curved  compression  ramp  (Case  2).  o  Ex¬ 
periment  (Preston  tube),  o  Experiment  (veloc¬ 
ity  profile  extrapolation),  —  Reynolds  Stress 
Equation  (’Mass’  version),  -  -  Reynolds  Stress 
Equation  (’Standard’  version),  k-e  model, 
—  Baldwin-Lomax  model  (from  [108]) 


Figrue  25:  Turbulent  normal  stress  for  super¬ 
sonic  cruved  compression  ramp  (Case  2).  o  Ex¬ 
periment,  —  Reynolds  Stress  Equation  (’Mass’ 
version),  -  -  Reynolds  Stress  Equation  (’Stan¬ 
dard’  version),  •  •  ■  k-e  model  (from  [108]) 


Figure  26:  Turbulent  shear  stress  for  supersonic 
curved  compression  ramp  (Case  2).  o  Experi¬ 
ment,  —  Reynolds  Stress  Equation  (’Mass’  ver¬ 
sion),  -  -  Reynolds  Stress  Equation  (’Standard’ 
version),  •  •  •  k-e  model  (from  [108]) 
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15.8  Supersonic  Compression  Corner 

The  supersonic  compression  corner  generates  a 
shock  wave  turbulent  boimdary  layer  interac¬ 
tion  as  shown  in  Fig.  27.  The  upstream  Mach 
number  Moo  =  2.87  and  the  Reynolds  num¬ 
ber  Res  =  1.82  X  10®.  Experiments  were  per¬ 
formed  by  Smits  and  Muck  [109]  for  corner  an¬ 
gles  a  =  8°,  16°  and  20°.  Computations  [77] 
are  presented  for  the  Zhang-So-Gatski-Speziale 
model  [76]. 


0  0  4  OS 


0.02S 

O.QtO 

i  oats 

c 

o.ato 

0  005 

0.000 


0  030 

0.03S 

0  020 
^  0  OIS 


00  0.4  O.t  12 


00  04  OB 


Figure  27:  Supersonic  compression  corner 

In  Fig.  28,  the  mean  velocity  parallel  to  the 
surface  is  shown  for  the  a  =  8°.  This  flow  is 
unseparated  [109].  The  agreement  is  excellent. 
The  normal  Reynolds  stress  is  displayed  in  Fig. 
29.  Upstream  of  the  interaction,  (s  =  -0.0508), 
the  agreement  between  the  computation  and  ex¬ 
periment  is  very  good.  Downstream  of  the  in¬ 
teraction,  differences  are  evident  although  the 
computation  shows  similar  trends  as  the  exper¬ 
iment.  A  similar  conclusion  holds  for  the  Rey¬ 
nolds  shear  stress  (Fig.  30).  Additional  results 
are  presented  in  [77]  for  the  16°  and  20°  cases. 
The  conclusions  are  similar  to  the  8°  case.  Also, 
the  predicted  mean  velocity  profile  shows  signif¬ 
icant  differences  from  experiment  in  the  vicinity 
of  the  corner  for  the  20°  (separated)  case.®® 


Figure  28:  Mean  velocity  (parallel  to  surface) 
for  8°  supersonic  compression  ramp  (from  [77]) 


should  be  noted  that  experimental  data  indicates 
that  the  separation  shock  for  the  a  —  20°  case  is  unsteady 
with  streamwise  excursions  of  0{6). 


Figure  29:  Normal  Reynolds  stress  Tgg  x  10®  for 
8°  supersonic  compression  ramp  (from  [77]) 
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-2.0  -1.0  0.0  -2.0  -to  0.0 


Figiire  30:  Reynolds  shear  stress  x  10^  for  8° 
supersonic  compression  ramp  (from  [77]) 

15.9  Mixing  Layer 


Figure  32:  Growth  rate  for  compressible  mix¬ 
ing  layer  vs  M^. - unmodified  k-uj  model, 

—  Wilcox  —  3/2,  -  -  Sarkar  =  1,  -  •  -  Zeman 
=  3/4,  0  experiment  (from  [15]) 


The  compressible  mixing  layer  (Fig.  31)  is 
formed  by  two  compressible  streams  with  differ¬ 
ent  velocities  and  temperatures.  Experiments 
[110,  111]  have  demonstrated  that  the  growth 
rate  of  the  compressible  mixing  layer  is  reduced 
relative  to  the  incompressible  case,  and  corre¬ 
lates  with  the  convective  Mach  number  Me  de¬ 
fined  by 

-  U2 

Me  =  - 

where  a  is  the  speed  of  sound. 


Figure  31:  Compressible  shear  layer  (from  [112]) 


Figure  33:  Growth  rate  for  compressible  mixing 
layer  vs  Me  (from  [112]) 
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Various  compressibility  modifications  to  two- 
equation  and  Reynolds  Stress  Equation  models 
have  been  proposed  to  improve  agreement  be¬ 
tween  the  computed  and  experimental  growth 
rate  as  a  function  of  Me-  The  width  of  the  shear 
layer  (5(i)  is  observed  to  vary  linearly®^  with  x 
and  is  given  by 

^  =  c,  (^) 

dx  \ui  +  U2/ 


where  Cs  is  a  function  of  Me- 

In  Figs.  32  and  33,  the  ratio  of  the  compressi¬ 
ble  to  incompressible  growth  rate  Cs/Cso  vs  Me 
is  displayed  for  several  variants  of  the  Wilcox 
k-uj  model  [15]  and  the  Reynolds  Stress  Equa¬ 
tion  model  of  Sarkar  et  al  [112].  The  effect  of 
compressibility  on  the  growth  rate  is  accurately 
predicted. 


15.10  Jet 

The  supersonic  jet  in  a  quiescent  fluid  is  a  com¬ 
pressible  free  shear  flow.  Thies  and  Tam  [69] 
performed  a  series  of  computations  for  jet  Mach 
nmnbers  Mj  =  0.4  to  2.0  and  temperature  ra¬ 
tios  from  1.0  to  4.0  using  the  k-e  model  with 
the  corrections®^  of  Pope  [70]  and  Sarkar  [71]. 
Moreover,  Thies  and  Tam  proposed  a  new  set 
of  values  for  the  constants  in  the  k  —  e  model 
(see  Table  8),  on  the  basis  of  the  argument  that 
the  large  scale  eddies  are  dependent  on  the  flow 
geometry,  and  hence  no  single  set  of  turbulence 
constants  in  a  Reynolds-averaged  Navier-Stokes 
model  can  be  expected  to  yield  accurate  results 
for  aU  types  of  turbulent  flows. 

In  Fig.  34,  computed  and  experimental  mean 
velocity  profiles  are  displayed  for  the  cold,  Mach 
0.4  axisymmetric  jet  configuration  of  Schreck  et 
al  [113].  The  agreement  is  excellent.  In  Fig. 

‘‘Outside  an  inception  region  near  the  trailing  edge  of 
the  splitter  plate  in  Fig.  31. 

‘^The  correction  of  Pope  [70]  was  developed  to  correct 
the  observed  inability  of  the  k-e  model  to  accurately  pre¬ 
dict  the  spreading  rate  of  an  incompressible  round  jet.  In 
the  absence  of  the  Pope  correction,  the  k-e  model  over¬ 
estimates  the  spreading  rate  of  the  incompressible  round 
jet  by  40%  [70].  The  correction  of  Sarkar  et  al  was  de¬ 
veloped  to  correct  the  observed  inability  of  a  Reynolds 
Stress  Equation  model  to  accurately  predict  the  spread¬ 
ing  rate  of  a  compressible  free  shear  layer  as  described  in 
the  previous  section. 


Figure  34:  Axial  velocity  for  cold,  Mach  0.4  axi¬ 
symmetric  jet.  Experimental  data  from  Schreck 
et  al  [113]  at  □  a:  =  2.0,  o  a:  =  4.0,  A  a:  =  6.0, 
XX  a:  —  8.0.  —  computed  (from  [69]) 


0.0  6.0  10.0  15.0  20.0  25.0  30.0 


Figure  35:  Centerline  Mach  number  and  half¬ 
velocity  point  distributions  for  cold,  Mach  2.0 
axisymmetric  jet.  Experimental  data  from 
Seiner  et  al  [114]  for  □  centerUne  Mach  num¬ 
ber,  XX  half- velocity  radius.  —  computed  (from 
[69]) 
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35,  the  computed  and  experimental  centerline 
Mach  number  and  half-velocity  point  distribu¬ 
tions  are  shown  for  the  cold,  Mach  2.0  axisym- 
metric  jet  configuration.  Again,  the  agreement 
is  very  good. 


15.11  Afterbody 

The  axisymmetric  afterbody  flow  is  a  separated 
free  shear  flow  (Fig.  36).  Experiments  were  per¬ 
formed  by  Herrin  and  Dutton  [115,  116,  117]  for 
a  cylindrical  afterbody  at  a  Mach  number  Mqc  - 
2.46  and  Reynolds  number^^  Red  —  3.3  x  10® 
based  on  the  cylinder  diameter  d.  Computa¬ 
tions  were  performed  by  Sahu  [118]  using  the 
Baldwin-Lomax,  Chow  and  k-e  Chien  models 
and  by  Tucker  and  Shyy  [119]  using  two  different 
variants  of  the  k-e  model. 


Figure  36:  Afterbody  geometry  and  flow  struc¬ 
ture 

In  Figs.  37  and  38,  the  computed  and  experi¬ 
mental  pressure  on  the  afterbody  base  is  shown. 
None  of  the  turbulence  models  accurately  pre¬ 
dict  the  experimental  profile. 

In  Figs.  39  and  40,  the  mean  streamwise  ve¬ 
locity  and  turbulence  kinetic  energy  are  shown 
at  x/D  =  1.42  which  is  slightly  downstream 
of  the  end  of  the  recirculation  region  (x/D  = 
1.3).  The  k-e  model  displays  good  agreement 
with  experiment,®"*  while  the  other  predictions 
are  in  significant  disagreement.  The  predicted 
turbulence  kinetic  energy  at  the  same  location 
(Fig.  40)  shows  significant  disagreement  with  ex¬ 
periment. 


^b/P^ 


Figure  37:  Base  pressure  for  cylindrical  after¬ 
body  flow  •  ■  ■  Baldwin-Lomax,  -  -  -  Chow, 
—  k  —  e,  •  experiment  (from  [118]) 


®^The  Reynolds  number  Res  =  1.66  x  10^  based  on  the 
boundary  layer  thickness  6  immediately  upstream  of  the 
base. 

^'’Although  larger  discrepancies  are  evident  at  other  x 
locations  [118]. 


Figure  38:  Base  pressure  for  cylindrical  after 
body  flow  (from  [119]) 
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Figure  39:  Streamwise  mean  velocity  for 
cylindrical  afterbody  flow  at  xjD  —  1.42 

-  •  -  Baldwin-Lomax,  •  ■  •  Chow,  —  e,  o  ex¬ 
periment  (from  [118]) 


k/u2 

oo 


Figure  40:  Turbulence  kinetic  energy  for 
cylindrical  afterbody  flow  at  x/D  =  1.42 

-  ■  -  Baldwin-Lomax,  •  ■  ■  Chow,  —  /;-e,  o  ex¬ 
periment  (from  [118]) 


15.12  Cylinder-OfFset-Flare 

The  cylinder-offset-flare  generates  a  3-D  shock 
wave  turbulent  boimdary  layer  interaction.  The 
configuration,  shown  in  Fig.  41,  is  formed  by 
a  cylinder  and  an  offset  20°  half- angle  conical 
flare.  The  axis  of  the  conical  flare  is  parallel  to 
the  axis  of  the  cylinder,  but  offset  by  a  distance 
equal  to  one-fourth  of  the  diameter  of  the  cylin¬ 
der.  Experiments  were  performed  by  Wideman 
et  al  [120]  at  a  freestream  Mach  number  Moo  = 
2.89  and  Reynolds  number  Re^  -  1.65  x  10^ 
based  on  the  turbulent  boundary  layer  thick¬ 
ness  immediately  upstream  of  the  interaction. 
Computations  were  performed  by  Gaitonde 
et  al  [121]  using  the  zero-equation  Baldwin- 
Lomax  model,  the  one-equation  Baldwin-Barth 
[53]  and  Spalart-AUmaras  [55]  models,  and 
the  two-equation  k  —  e  model.  Computations 
were  also  performed  by  Edwards  and  Chan¬ 
dra  [122]  using  the  one-equation  models  of 
Baldwin-Barth  [53],  Baldwin-Barth-Goldberg- 
Ramakrishnan  [123],  Edwards-McRae  [122]  and 
Spalart-AUmaras  [55]. 

R=6.35  cm 


Figure  41:  Cylinder- Offset-Flare  (from  [121]) 

The  surface  pressure  in  shown  in  Figs.  42 
and  43  where  0  =  0°  is  the  upper  surface 
and  6  -  180°  is  the  lower  svuface.  The  lo¬ 
cation  of  the  initial  pressure  rise  is  accurately 
predicted  by  aU  models  except  Baldwin-Barth- 
Goldberg-Ramakrishnan.®®  However,  aU  mod- 

should  be  noted  that  the  experimental  shock  sys¬ 
tem  was  stationary  for  this  flow  [120].  For  2-D  separated 
turbulent  compression  ramp  flows  [102],  the  computed 
and  experimental  surface  pressure  generally  display  sig¬ 
nificant  disagreement  upstream  and  in  the  separated  re¬ 
gion,  likely  due  to  the  inability  of  the  RANS  computa¬ 
tions  to  predict  the  unsteady  shock  motion  observed  in 
the  experiments. 
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Figure  42;  Surface  pressure  for  cylinder-ofFset- 
flare.  BL  Baldwin-Lomax,  BB  Baldwin- Barth, 
SA  Spalart-AUmaras,  ke  (Ml)  k-e  (mesh  1), 
k(.  (M2)  k-€  (mesh  2),  J  jimcture  location  at 
particular  9.  (from  [121]) 


Figirre  44:  Surface  skin  friction  for  cylinder- 
offset-flare.  BL  Baldwin-Lomax,  BB  Baldwin- 
Barth,  SA  Spalart-AUmaras,  ke  (Ml)  k—e  (mesh 
1),  ke  (M2)  k-€  (mesh  2),  J  juncture  location 
at  particular  9.  (from  [121]) 
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Figure  43:  Surface  pressure  for  cyUnder-offset- 
flare.  EM  Edwards-McRae,  BB  Baldwin- 
Barth,  SA  Spalart-AUmaras,  BB(GR)  Baldwin- 
Barth-Goldberg-Ramakrishnan  (from  [122]) 


EM 

BB 


X-X^(cm) 


Figure  45:  Surface  skin  friction  for  cyUnder- 
offset-flare.  EM  Edwards-McRae,  BB  Baldwin- 
Barth,  SA  Spalart-AUmaras,  BB(GR)  Baldwin- 
Barth-Goldberg-Ramakrishnan  (from  [122]) 
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els  display  some  disagreement  with  experiment 
downstream. 

The  skin  friction  coefficient  c/  is  displayed  in 
Figs.  44  and  45.  The  location  of  the  initial  drop 
in  c/  is  accurately  predicted  by  all  models  except 
B  aldwin-B  arth-  Goldberg-Ramakrishnan ;  how¬ 
ever,  there  are  significant  discrepancies  for  all 
models  within  and  downstream  of  the  interac¬ 
tion  region. 

The  surface  oil  flow  pattern  is  displayed  in 
Fig.  46  for  the  one-equation  Baldwin-Barth, 
Edwards-McRae  and  Spalart-Allmaras  models, 
and  the  experiment.  The  lines  of  separation 
(LS)  and  attachment  (LA)  are  predicted  with 
reasonable  accuracy  by  all  models;  however, 
the  detailed  featmres  within  the  separated  re¬ 
gion  differ  between  the  computations  and  ex¬ 
periment,  and  in  particular  between  the  compu¬ 
tations  themselves. 

X-4cfn 
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Figure  46;  Surface  oil  flow  pattern  for  cylinder- 
offset-flare  near  6  =  180°.  LA  line  of  attach¬ 
ment,  NA  node  of  attachment,  SS  saddle  of  sep¬ 
aration,  LS  fine  of  separation,  NS  node  of  sep¬ 
aration,  SA  saddle  of  attachment  (from  [121]). 
For  a  discussion  of  the  topology  of  3-D  separated 
flows,  see  Tobak  and  Peake  [124]. 


15.13  Single  Fin 

The  single  fin  geometry  is  a  wedge  of  angle  a 
attached  normal  to  a  fiat  plate  (Fig.  47)  on 
which  an  equilibrium  turbulent  boundary  layer 
has  developed.  The  wedge  generates  an  oblique 
shock  wave  which  interacts  with  the  turbulent 
boundary  layer  on  the  flat  plate.  The  fin  is 
assumed  semi-infinite  in  height  and  length.  A 
detailed  assessment  of  several  turbulence  mod¬ 
els  for  several  different  configurations  of  the 
single  fin  geometry  is  described  in  Knight  and 
Degrez  [125].  Herein  we  present  results  for  a 
single  configuration  for  Mach  number  = 
4.0,  fin  angle  a  =  20°  and  Reynolds  number 
Res  =  2.1  X  10®  based  on  the  bormdary  layer 
thickness  5  immediately  upstream  of  the  inter¬ 
action.  The  experimental  data  was  obtained 
by  Kim  et  al  [126].  Computations  were  per¬ 
formed  by  Edwards  [122]  (using  the  Spalart- 
AUmaras-Edwards  model  [122]),  Horstman  [127] 
(using  the  k-e  model),  Knight  [127](using  the 
Baldwin-Lomax  model)  and  Panaras  [51]  (using 
the  Baldwin-Lomax-Panaras  model). 


Figure  47;  Single  fin  geometry 

The  surface  pressure®®  is  shown  in  Fig.  48.  The 
Baldwin-Lomax-Panaras  and  Spalart-AUmaras- 
Edwards  models  are  the  most  accurate.  Both 
models  predict  the  surface  pressure  in  the 
plateau  region  (36°  <  P  <  47°)  within  5% 
to  10%.  Also,  both  models  display  a  pressure 
trough  at  /3  =  32°,  in  agreement  with  experi¬ 
ment,  although  the  predictions  differ  from  the 
experimental  value  by  30%.  Both  models  over¬ 
estimate  the  peak  pressure  in  the  viciruty  of  the 
corner  by  11%.  The  predictions  of  the  Baldwin- 

*®The  abscissa  /3  =  — Zo)l{x  —  Xo)]  is  the  an¬ 

gle  on  the  flat  plate  measured  relative  to  the  freestream 
direction.  Outside  an  initial  inception  region  near  the 
fin  leading  edge  associated  with  the  virtual  conical  origin 
at  (zo.^o),  the  surface  pressure  is  conical  (for  a  physical 
description,  see  [128,  129])  and  thus  depends  only  on  the 
angle  0. 
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Lomax  and  k  —  e  models  exhibit  the  general 
trends  of  the  experiment,  but  are  less  accurate. 


Figure  48:  Surface  pressure  for  single  fin 

The  surface  streamline  angle  on  the  flat  plate 
is  displayed  in  Fig.  49.  The  Baldwin- 
Lomax-Panaras  is  again  the  most  accurate,  with 
the  Spalart-AUmaras-Edwards  model  providing 
nearly  comparable  results.  The  principal  differ¬ 
ence  between  the  two  predictions  is  in  the  region 
of  the  secondary  separation  at  ^  =  40°.  Again, 
the  Baldwin-Lomax  and  k  —  e  models  show  gen¬ 
eral  agreement  with  experiment,  but  are  less  ac- 
ctuate. 


Figure  49:  Surface  streamline  angle  for  single  fin 

The  skin  friction  coefficient  is  displayed  in 
Fig.  50.  The  Baldwin-Lomax-Panaras  and 
Spalart-AUmaras-Edwards  models  predict  a 
peak  in  the  vicinity  of  the  corner  which  is  not 
evident  in  the  experiment in  particular,  their 
computed  values  at  the  experimental  location 
=  26.5°  are  substantiaUy  above  the  experi¬ 
ment.  Additional  measurements  in  the  region 
22°  <  /3  <  26°  would  be  helpful  in  determining 

Corrected  data  for  /3  =  22“  and  26.5°,  provided  by 
Prof.  G.  Settles,  is  included  in  Fig.  50. 


whether  a  peak  appears.®*  Elsewhere,  aU  four 
models  provide  generaUy  good  agreement  with 
experiment. 


Figure  50:  Skin  friction  coefficient  for  single  fin 


15.14  Double  Fin 

The  double  fin  (“crossing  shock”)  geometry  con¬ 
sists  of  two  wedges  of  angles  and  03  affixed 
normal  to  a  flat  plate  (Fig.  51)  on  which  an 
equilibrium  turbulent  boundary  layer  has  devel¬ 
oped.  The  wedges  generate  intersecting  obUque 
shock  waves  which  interact  with  the  boundary 
layers  on  the  flat  plate  and  inner  fin  srufaces. 
The  flow  parameters  are  the  Mach  number  M<x., 
Reynolds  number  Res^,  fin  angles  ai  and  02, 
contraction  ratio  T2/A1,  throat  middle  fine  off¬ 
set  LzjLi,  boundary  layer  to  throat  width  ra¬ 
tio  S00IL2,  and  waU  temperature  ratio  Tu,/Taw 
The  fins  are  assumed  semi-infinite  in  height.  For 
the  symmetric  double  fin,  L3  —  0.  A  detailed 
assessment  of  several  tiubulence  models  for  sev¬ 
eral  different  configurations  of  the  double  fin  is 
described  in  Knight  and  Degrez  [125].  Results 
are  presented  for  a  single  configuration  for  Mach 
number  M^o  —  4.0,  ai  =  7°,  az  —  11°,  and 
Res  —  3.0  X  10®.  The  experimental  data  was 
obtained  by  Zheltovodov  et  al  [130].  Compu¬ 
tations  were  performed  by  Edwards  (using  the 
Spalart-AUmaras-Edwards  model  [122]),  Gnedin 
[131]  (using  the  k—e  variant  of  Knight  [68]),  Has- 
san  and  Alexopoulos  (using  the  k  —  io  model), 
Knight  (using  the  k—e  Chien  model),  Sekar  (us¬ 
ing  the  Baldwin-Lomax  model)  and  Zha  (using 
the  Reynolds  Stress  Equation  model  of  Knight 
[81]). 

^®Note  that  the  attachment  line  is  /3  =  26°  [128]. 


5-40 


Figure  51:  Double  fin  geometry 


In  Figs.  52  and  53,  the  computed  surface  skin 
friction  lines  using  the  k  —  e  Chien  model  and 
k-e  Knight  models,  respectively,  are  shown. 
The  experimental  surface  visualization  in  dis¬ 
played  in  Fig.  54.  The  incident  separation  lines 
originating  from  the  fin  leading  edges  (1  and 
2)  can  be  seen  in  both  computations  and  ex¬ 
periment.  The  computed  separation  line  angles 
are  within  10%  of  the  experiment.  The  k-e 
Chien  results  display  a  coalescence  of  the  in¬ 
cident  separation  Lines  into  a  narrow  band  (3) 
offset  to  the  left  side,  in  agreement  with  experi¬ 
ment.  This  line  represents  the  surface  image  of 
the  boundary  between  the  left  and  right  vortices 
generated  by  the  incident  single  fin  interactions. 
The  k  —  e  Chien  results  also  show  a  second  line 
of  coalescence  form  alongside  on  the  right  and 
farther  downstream  (4)  associated  with  a  sec¬ 
ondary  separation  imderneath  the  left  side  of 
the  right  vortex  [132],  and  a  line  of  divergence 
alongside  the  right  fin  (5).  A  similar  Line  of  di¬ 
vergence  (unmarked)  is  near  the  left  fin. 

For  the  k  —  e  Knight  model  (Fig.  53),  the  in¬ 
cident  separation  lines  do  not  coalesce  near  the 
center  of  the  region,  but  rather  continue  further 
downstream  almost  in  parallel  tmtil  they  con¬ 
verge  at  a:  110  mm  to  form  a  narrow  band 

of  skin  friction  lines  (3),  which  is  offset  to  the 
left  side  of  the  chaimel.  This  represents  the  sru- 
face  image  of  the  boundary  between  the  left  and 
right  vortices  generated  by  the  incident  single 
fin  interactions.  Lines  of  divergence  are  also  ap¬ 
parent  near  the  right  fin  (4)  and  left  fin  (5) 
associated  with  the  incident  single  fin  interac¬ 
tion.  The  second  line  of  coalescence  observed 
in  the  k-e  Chien  results  (4  in  Fig.  52)  is  not 
present  in  this  computation.  Consequently,  the 
k  —  e  Knight  model  does  not  predict  a  secondary 


separation  underneath  the  left  side  of  the  right 
vortex.®^ 


Figure  52:  Computed  skin  friction  lines  k-e- 
Chien  model  for  double  fin 

1  Left  incident  separation  line 

2  Right  incident  separation  line 

3  Left  downstream  coalescence  line 

4  Right  downstream  coalescence  line 

5  Line  of  divergence  (similar  line  near  left  fin) 


Figure  53:  Computed  skin  friction  lines  k  —  e- 
Knight  model  for  double  fin 

1  Left  incident  separation  line 

2  Right  incident  separation  line 

3  Left  downstream  coalescence  line 
4,5  Lines  of  divergence 

In  Figs.  55  and  56,  the  surface  presstue  along 
the  Throat  Middle  Line®°  (TML)  is  displayed. 
The  computed  and  experimental  surface  pres¬ 
sure  on  TML  are  in  good  agreement  for  x  <  135 
mm  for  all  models,  although  the  computations 
slightly  underestimate  the  extent  of  the  up¬ 
stream  influence.  The  computed  results  in  Fig. 
55  do  not  accurately  predict  the  pressure  rise 

^®For  a  detailed  explanation,  see  [125]. 

®“Tlie  Throat  Middle  Line  is  the  intersection  of  the  flat 
plate  with  the  streamwise  plane  which  bisects  the  throat. 
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Figure  54:  Experimental  surface  flow  for  double 
fln 

(beginning  at  a;  —  145  mm)  associated  with  the 
shock  reflection  from  the  7°  fin,  since  the  com¬ 
putations  omit  the  boundary  layers  on  the  fln 
surfaces.  The  computed  and  experimental  sur¬ 
face  pressure  at  a;  =  46  and  79  mm  are  displayed 
in  Figs.  57  to  60.  Close  agreement  is  again  ob¬ 
served  between  the  predictions  of  aU  models  and 
experiment. 


Figure  56:  Wall  pressure  on  TML  for  double  fin 


Figure  57:  WaU  pressure  at  a:  =  46  mm  for  dou¬ 
ble  fin 


Figure  55:  Wall  pressure  on  TML  for  double  fin 

The  surface  heat  transfer  coefficient  Ch  is  shown 
in  Figs.  61  to  64.  On  the  Throat  Middle  Line 
(Figs.  61  and  62),  all  turbulence  models  over¬ 
predict  the  heat  transfer  by  approximately  a 
factor  of  two  downstream  of  the  intersection  of 
the  shocks  (which  occurs  at  a;  =  93.7  mm). 
At  a:  =  112  mm  (Figs.  63  and  64),  located 
within  the  strongly  three-dimensional  region  of 
the  flow,  aU  models  show  significant  disagree¬ 
ment  with  experiment.  The  overprediction  in  Ch 
represents  an  overestimate  in  since  a  series 
of  studies  [81,  133]  have  demonstrated  that  the 
computed  is  proportional  to  the  computed 
Tu)  —  Taw  A  possible  explanation  [131]  is  that 
the  turbulence  models  overestimate  the  effects 
of  the  shock-boundary  layer  interaction  on  the 


Figme  58:  WaU  pressure  at  a:  =  46  nun  for  dou¬ 
ble  fin 
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Present  k-e 


Figure  59:  Wall  pressure  at  a:  =  79  mm  for  dou-  Figure  62:  Ch  on  TML  for  double  fin 

ble  fin 


Figure  60:  Wall  pressure  at  a;  =  79  mm  for  dou¬ 
ble  fin 
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Figure  63:  Ch  sX  x  =  112  mm  for  double  fin 


Figure  61:  Ch  on  TML  for  double  fin 


Figure  64:  Cfi,  at  a:  =  112  mm  for  double  fin 
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turbulence  production,  thereby  generating  ex¬ 
cessive  turbulence  kinetic  energy  and  tiirbulent 
eddy  viscosity,  and  thus  overestimating  the  tur¬ 
bulent  thermal  conductivity. 

The  adiabatic  wall  temperature  Taw  I  Too  is 
shown  in  Figs.  65  to  68,  respectively.  The  k-e 
Knight  and  k  —  uj  models  display  closest  agree¬ 
ment  with  experiment. 


Figme  65:  Taw  on  TML  for  double  fin 


Figure  66:  Taw  on  TML  for  double  fin 
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Figure  67:  Taw  at  x  =  112  mm  for  double  fin 


^  ’  ^TML 


Figure  68:  Taw  at  a:  =  112  mm  for  double  fin 

16  CONCLUSIONS 

The  extraordinary  wide  range  of  scales  in  most 
compressible  turbulent  flows  of  engineering  in¬ 
terest  precludes  direct  ninnerical  simulation  us¬ 
ing  the  Navier-Stokes  equations.  Consequently, 
an  averaged  form  of  the  Navier-Stokes  equations 
is  employed.  Two  basic  approaches  have  been 
developed.  The  first  is  the  Reynolds-averaged 
Navier-Stokes  equations  (RANS),  based  on  en¬ 
semble  averages  of  the  Navier-Stokes  equations. 
The  second  is  Large  Eddy  Simulation,  based 
on  a  spatial  filtering  of  the  Navier-Stokes  equa¬ 
tions.  The  first  approach,  discussed  in  this  pa¬ 
per,  has  led  to  a  wide  range  of  models  from  zero- 
equation  to  full  Reynolds  Stress  Equation  meth¬ 
ods.  Comparison  of  computed  and  experimental 
results  for  a  wide  variety  of  compressible  tur¬ 
bulent  flows  leads  to  the  following  conclusions. 
First,  no  single  RANS  model  has  been  demon¬ 
strated  to  provide  close  agreement  with  exper¬ 
imental  data  for  all  cases  considered.  Second, 
the  higher  order  models  tend  to  provide  bet¬ 
ter  agreement  with  experiment,  although  this  is 
not  uniformly  true.  Third,  the  best  agreement 
is  achieved  with  RANS  models  customized  to  a 
specific  type  of  flow  {e.g.,  the  k—e  model  of  Thies 
and  Tarn  for  jet  flows  which  employed  a  different 
set  of  constants  than  the  standard  k  —  e  model, 
or  the  Johnson-King  model  which  was  specially 
developed  for  transonic  airfoils  with  embedded 
shocks).  Fourth,  the  surface  pressure  distribu¬ 
tion  (and,  consequently,  the  mean  aerodynamic 
loads  on  a  vehicle)  can  be  predicted  with  reason¬ 
able  accuracy.®^  Fifth,  the  surface  heat  trans- 

®*For  2-D  shock  wave  boundary  layer  interactions  with 
separation,  the  turbulence  model  has  a  strong  influence 
on  the  prediction,  and  certain  turbulence  models  {e.g., 
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fer  distribution  (and,  consequently,  the  mean 
aerothermodynamic  loads  on  a  vehicle)  cannot 
be  accurately  predicted  for  shock  wave  turbulent 
boundary  layer  interactions.  Sixth,  the  princi¬ 
pal  features  of  the  flow  separation  (as  deduced 
from  surface  streamlines)  can  be  reasonably  pre¬ 
dicted;  however,  detailed  features  of  the  surface 
streamhne  pattern  can  be  strongly  influenced  by 
the  choice  of  turbulence  model  and  may  not  be 
accurate. 

With  regards  to  future  work,  RANS  models  will 
likely  continue  to  be  developed,  with  greater 
emphasis  on  customization  for  specific  types  of 
flows.  Prom  an  engineering  standpoint,  the  de¬ 
velopment  of  multiple  versions  of  a  two- equation 
model,  for  example,  for  different  types  of  flows 
can  be  a  very  practical  near-term  solution  to 
simulation  requirements.  This  is  already  a  prac¬ 
tice  in  industry. 

Large  Eddy  Simulation  (LES)  will  become  more 
common  in  simulation  of  compressible  turbu¬ 
lent  flows.  Unhke  RANS  models,  LES  com¬ 
putes  the  dynamic  motion  of  the  large  scale 
structures  (which  are  geometry  and  hence  prob¬ 
lem  dependent),  while  modeling  the  small  scale 
structures  (which  tend  to  be  more  isotropic  and 
hence  rmiversal).  In  principle,  therefore,  LES 
may  be  more  capable  of  accurate  simulation  of  a 
wide  range  of  compressible  turbulent  flows  with¬ 
out  resort  to  customization  of  model  constants. 
Moreover,  the  continued  rapid  growth  in  mi¬ 
croprocessor  performance  (Le.,  the  current  dou- 
bhng  of  microprocessor  speeds  every  eighteen  to 
twenty  four  months  [134])  and  development  of 
software  standards  for  parallel  computing  lan¬ 
guages  {e.g.,  MPI  [135])  offers  the  opportrmity 
for  use  of  LES  in  engineering  design  in  the  near 

futuTe.^2 

Johnson-King)  are  clearly  superior.  For  3-D  shock  wave 
boundary  layer  interactions,  the  turbulence  model  has  a 
somewhat  weaker  influence  on  the  prediction.  For  further 
discussion  of  the  latter,  see  Knight  and  Degrez  [125]. 

®^By  way  of  example,  the  GDC  6600,  introduced  in 
1964,  was  the  first  computer  to  employ  functional  paral¬ 
lelism  as  a  major  design  feature  [136].  Its  clock  speed  was 
10  MHz.  The  CDC  6600  was  used  for  2-D  RANS  simu¬ 
lations  using  eddy  viscosity  models.  Its  performance  on 
the  LINPACK  benchmarks  [137]  (which  tests  sustained 
performance  in  solving  a  100  x  100  system  of  linear  equa¬ 
tions)  was  0.48  MFlops.  The  SGI  Power  Challenge  / 
Power  Onyx  RIOOOO,  introduced  in  1996,  provides  up  to 
18  CPUs  operating  at  200  MHz.  Its  performance  on  the 
LINPACK  benchmarks  is  126  MFlops  on  one  processor, 
an  increase  by  a  factor  of  263  over  the  CDC  6600. 
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A  TURBULENCE  KINETIC 
ENERGY 

In  Section  11,  it  was  stated  that  the  Boussi- 
nesq  concept  of  a  turbulent  eddy  viscosity  pti 
together  with  the  assumption  of  a  constant  tur¬ 
bulent  Prandtl  number  Pr*,  reduced  the  closure 
of  the  system  of  equations  (72)  to  (75)  to  the 


determination  of  pf  This  is  not  precisely  cor¬ 
rect  due  to  the  appearance  of  the  turbulence  kin¬ 
etic  energy  k  in  the  definitions  of  the  Reynolds 
Stress  (80)  and  total  energy  (31).  If  a  one-  or 
two-equation  turbulence  model  is  used,  then  an 
additional  equation  for  k  is  typically  prescribed, 
and  therefore  the  system  of  equations  is  close.  If 
an  algebraic  turbulence  model  is  employed,  no 
additional  equation  for  k  is  specified.  In  such 
cases,  the  contribution  of  k  to  (80)  and  (31)  is 
ignored.  This  may  be  justified  in  certain  flows 
as  follows.  Consider  the  magnitude  of  the  terms 
in  (31) 

e  =  Cyf  -f  I  UiUi  -h  k  (197) 


Now 


e  =  c„T 


1  +  '’'^1  +  M’ 


(198) 


where  M  =  ^/uiUi/a  is  the  mean  flow  Mach 
number  and  Mt  —  V^/a  is  the  turbulence 
Mach  number.  The  turbulence  kinetic  energy 
k  in  (31)  can  be  neglected  if 


Mt  CM 


(199) 


and 


Mt  < 


7(7-1) 


=  1.89  for  air 


(200) 


These  conditions  generally  hold  for  adiabatic 
non-hypersonic  boundary  layers.  Using  an  anal¬ 
ysis  similar  to  Appendix  B,  it  can  be  shown  that 


'2  r  _  1) _ 2 

1  +  ^  ’m 


(201) 


where  M  —  u/a  is  the  mean  Mach  nmnber, 

and  a  =  \J'iRT  is  the  mean  speed  of  sound. 
Fernando  and  Smits  [138]  measured  turbulence 
statistics  in  a  2-D  adverse  pressure  gradient  adi¬ 
abatic  turbulent  boundary  layer  [138]  (Fig.  69). 
The  upstream  Mach  number  Moo  =  2.92,  and 
the  Reynolds  number  based  on  the  incoming 
boimdary  layer  Res  =  1.67  x  10®.  Over  a  signif¬ 
icant  portion  of  the  bormdary  layer,  their  data 
indicates  that  u'2  k,  2v'^.  Assuming  further  that 
w'^  ~  y/2^  then  from  (201), 


M 


\/2M'2 


t  ^ 


(202) 
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For  the  same  conditions  [139],  VM'^  «  0.2,  and 
thus  Mt  ^  0.1.  Thus,  conditions  (199)  and  (200) 
are  satisfied,  and  k  may  be  neglected  in  (31). 
Now  the  term  |  pk  which  appears  in  (80)  can 
be  combined  with  the  mean  pressure  p  in  (40) 
and  (41),  and  since 

=  (203) 

P  3 

then  for  adiabatic  non-hypersonic  boimdary  lay¬ 
ers  it  is  clear  that  |  pk  can  be  ignored  in  (80). 
For  hypersonic  boimdary  layers,  and  for  free 
shear  flows,  these  arguments  may  not  hold®^  and 
the  importance  of  k  in  (80)  and  (31)  must  be  ex¬ 
amined  on  an  case-by-case  basis. 


Figure  69:  Adverse  pressure  gradient  flow  (from 
[138]) 


B  ON  THE  RELATION  BETWEEN 
FAVRE  AND  CONVENTIONAL 
REYNOLDS  STRESSES 

The  relationship  between  the  Favre  and  conven¬ 
tional  averages  is  important  for  comparison  be¬ 
tween  computation  and  experiment.  Using  (12) 
and  (14)  it  is  possible  to  show  that 


If  n 

-pUi  u- 


_  _  (p  u'  ){p  u  ■) 

-  pu^Uj  -  p  u^u-  -I - ; -  (^04j 


11 


III 


It  is  interesting  to  compare  the  relative  magni¬ 
tude  of  terms  I,  II  and  III  for  the  Reynolds 
shear  stress  -pu'v"  in  a  2-D  supersonic  tur¬ 
bulent  boundary  layer.  Fernando  and  Smits 
[138]  measured  turbulence  statistics  in  a  2-D 
adverse  pressure  gradient  adiabatic  turbulent 

®^For  example,  the  rms  fluctuating  Mach  number 
may  be  eis  large  as  one  in  a  hypersonic  turbulent 
boundary  layer  [139]. 


boundary  layer  (Fig.  69).  Under  these  condi¬ 
tions,  the  relationships  (66)  and  (70)  deduced 
from  Morkovin’s  hypotheses  are  valid.  Thus 


(7-l)ikf2 


/ 

u 


(205) 


where  M  =  ul\J'fRf  is  the  local  Mach  num¬ 
ber.  The  fluctuations  u'  and  v'  axe  roughly 
comparable®'*  and  therefore 


/  I  I 

P  U  V 


-l3 

CpT 


(206) 


-  / - \  3/2 

Assuming®®  that  u'^  ^  then  the  ratio 

of  II  to  I  is 


/ 

P_ 
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I  f 

U  V 


f  / 

U  V 


(7-1)M^ 


(207) 


According  to  the  experimental  data  of  Fernando 
and  Smits  [138], 


(7-l)M2-r-  <  0.15 


(208) 


By  a  similar  argument,  the  ratio  of  III  to  I  is 

2 

(209) 


I  I  I  I 


r  ~~i — 

/>  w  u 

2 

(7-1)  - 

u 

Thus, 


II  II  -II 

—puv  ^  —pu  V 


(210) 


to  within  approximately  17%  or  less  for  the  ex¬ 
periment  of  Fernando  and  Smits.  This  is  within 
the  experimental  uncertainty  in  the  measure¬ 
ment  of  -pu'v' . 


®^The  experimental  data  [138]  indicates  u'^  <  2v'^  for 
y/5  >  0.2. 

®^Within  a  factor  which  is  (!?(1). 
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1.  SUMMARY 

Validation  of  CFD  methods  is  an  ongoing  process  and  it 
strongly  depends  on  an  assessment  of  flow-physics  models 
employed  in  this  process.  On  the  basis  of  reliable  numerical 
methods  whether  they  are  of  boundary  layer  type  or  thin- 
layer  or  full  Navier-Stokes  approaches,  predictive  capabili¬ 
ties  of  turbulence  models  have  to  be  validated  in  order  to 
achieve  accurate  answers  on  the  simulation  of  complex  flow 
phenomena. 

Results  are  presented  and  discussed  for  two-dimensional 
and  three-dimensional  flow  cases  and  for  a  variety  of  tur¬ 
bulence  models  that  are  nowadays  in  use  in  the  field  of 
aeronautics  and,  more  specifically,  in  the  aeronautics  indus¬ 
try.  Moreover,  some  aspects  of  transition  region  modelling, 
hence  enabling  in  general  a  continuous  growth  of  turbu¬ 
lence  -  in  contrast  to  merely  ’’switching  on”  the  desired 
eddy-voscosity  turbulence  model  ’’abruptly”  -  are  discussed. 

Additionally,  attention  is  paid  on  problems  related  to  accu¬ 
racy  and  efficiency  of  a  proper  validation  of  turbulence 
models  and  numerical  methods. 

2.  INTRODUCTION 

Cost  effective  aircraft  design  requires  extensive  work  in  the 
area  of  aerodynamics.  As  a  consequence  of  rapid  develop¬ 
ments  in  computer  technology,  numerical  mathematics,  mesh 
generation  and  turbulence  modelling,  computational  fluid 
dynamics  (CFD)  plays  an  increasingly  important  role  in  the 
design  context  of  new  and/or  advanced  aircraft  by  both 
lowering  costs,  reducing  the  amount  of  design  cycles  and 
providing  information  on  critical  flow  processes  which  are 
difficult  to  measure  in  the  wind  tunnel.  Moreover,  the  eco¬ 
nomic  viability  of  the  proposed  design  for  a  future  large 
aircraft  will  depend  strongly  on  its  aerodynamic  characteris¬ 
tics,  especially  those  contributing  to  fuel  consumption  and 
load-carrying  capacity  (Hirschel  et  al,  1994). 

For  a  successful  design,  aiming  at  cost-  and  time-effective¬ 
ness,  both  excellent  ground  facilities  (wind  tunnels)  and  ac¬ 
curate  computer-based  prediction  procedures  must  be  avail¬ 
able.  In  most  circumstances,  the  aeronautical  engineer  has  to 
exploit  both  tools  to  arrive  at  a  design  offering  characteris¬ 
tics  close  to  those  defined  by  technological  and/or  market 
requirements.  The  value  of  theoretical  approaches  lies  in 
their  ability  to  provide  predictions,  economically,  rapidly 
and  flexibly,  in  areas  where  measurements  are  difficult  to 
conduct  and  where  insight  into  details  of  the  flow  structure 
can  contribute  to  decisions  on  design  details. 

It  is  known,  however,  that  CFD  is  not  an  exact  technology. 
While  its  basic  framework  consists  of  a  well-established  set 
of  partial  differential  equations  describing  fluid  motion,  this 


(Reynolds-averaged)  framework  is  not  self-contained 
(closed)  and  must  be  combined  with  approximate  theoretical 
models  describing  the  physical  processes  in  question.  Turbu¬ 
lence  and  -  associated  with  it  -  transition  from  laminar  to 
turbulent  flow  are  central  phenomena,  and  a  proper  predic¬ 
tion  of  these  phenomena  is  a  prerequisite  to  accuracy  im¬ 
provements  of  any  numerical  method.  Further  important  un¬ 
certainties  arise  from  the  geometric  approximation  of  the 
solid  components  -  including  surface  representation  and 
mesh  resolution  aspects  -  and  the  transformation  of  the  dif¬ 
ferential  laws  into  algebraic  equivalents  by  means  of 
approximate  discretisation  technique  but  also  from  non-triv- 
ial  treatments  of  (physically)  correct  boundary  conditions. 

Theoretical  models  feeding  into  the  above  framework  al¬ 
ways  arise  as  a  synthesis  of  fundamental  physical  laws,  em¬ 
pirical  input  and  -  very  often  -  intuition.  ’’Engineering” 
intuition,  of  course,  when  aiming  at  accurate  simulation  re¬ 
sults  is  correlated  to  a  ”pre”-knowledge  about  the  desired 
(specific)  flow  case  and  has  to  find  input  into  the  simula¬ 
tion  process  when  generating  a  very  first  mesh. 

Normally,  turbulence  models  respecting  flow  physics  are 
’calibrated’  by  reference  to  non-complex  flows  (only),  dom¬ 
inated  by  one  or  the  other  flow  feature  (strong  shear,  strong 
compression,  rotation,  separation,  etc.)  and  mostly  applied  to 
flows  over  generic  non-complex  geometries.  Whether  any 
particular  model  is  likely  to  perform  well  in  complex,  prac¬ 
tical  situations  is  a  question  which  can  only  be  answered 
through  a  broad-ranging  test  program,  usually  involving 
model  improvement  and  optimisation.  This  ’validation’  ef¬ 
fort  is  not  merely  concerned  with  predictive  realism,  but 
includes  issues  such  as  numerical  realizability,  stability,  con¬ 
vergence  and  computational  efficiency. 

Validation  has  been  -  and  still  is  -  a  key  contributor  to  the 
steady  increase  in  the  level  of  confidence  placed  on  CFD. 
While  CFD  is  normally  used  as  a  means  of  exploring  the 
response  to  conceptual  or  evolutionary  design  changes  and 
obtaining  insight  into  complex  flow  processes,  it  comes,  in 
certain  circumstances,  close  to  constituting  an  often  called 
’’numerical  wind  tunnel”.  Validation  is  especially  important 
when  CFD  is  to  be  applied  to  physically  complex  three-di¬ 
mensional  flows,  involving  strong  shocks,  turbulence,  shear, 
separation  and  unsteady  phenomena,  all  features  routinely 
encountered  in  aircraft  aerodynamics.  As  a  ’bonus’,  well- 
validated  methods  for  aircraft-related  flows  contribute  to  the 
solution  of  a  range  of  problems  peripheral  to  external  aero¬ 
dynamics,  such  as  noise,  turbomachine  performance,  gas 
emissions,  aircraft-ground  interaction  and  environmental  as¬ 
pects. 

Because  a  computational  procedure  for  fluid-flow  prediction 
is  an  amalgam  of  many  building  blocks,  most  being  highly 
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non-linear  and  interactive,  any  related  validation  process  is 
rarely  straightforward.  Its  validity  and  benefits  depend  on 
pedantic  attention  paid  to  consistency  of  model  implementa¬ 
tion,  boundary  conditions,  geometric  representation  of  the 
flow  domain,  the  disposition  of  the  influence  of  the  numeri¬ 
cal  grid  supporting  the  solution,  error  control  and  the  inclu¬ 
sion  of  all  relevant  flow  phenomena. 

During  the  last  years  and  in  line  with  worldwide  investiga¬ 
tions  on  transition  and  turbulence  modelling,  two  projects 
funded  by  the  European  Commission  -  EUROVAL  (Haase 
et  al,  1993)  and  ECARP/Validation-UVII  (Haase  et  al, 
1997)  _  were  particularly  dedicated  to  validation  and  assess¬ 
ment  of  turbulence  models  for  a  variety  of  -  very  well 
defined  -  applications.  Although  restricted  at  a  first  glance 
to  sub-  and  transonic  flows,  the  lessons  learnt  did  not  only 
improve  the  knowledge  about  what  turbulence  model  to  use 
preferably  in  what  application,  but  provided  also  an  in¬ 
creased  insight  in  the  physics  of  the  corresponding  flow. 

Whatever  will  be  carried  out  to  assess  flow-physics  models, 
it  is  the  outcome  of  a  thorough  validation  process  that  is 
dictating  whether  a  model  will  be  eventually  employed  in 
an  improved  industrial  design  methodology. 

Nowadays,  it  might  be  a  contradiction  in  itself  to  achieve 
accurate  results  with  robust  turbulence  models,  however, 
current  (and  future)  investigations  show  a  drastic  increase  in 
both  accuracy  and  robustness,  an  indispensible  requirement 
for  engineering  use  in  the  aerospace  industry.  The  process 
of  flow-physics  model  assessment  has  not  yet  been  fin¬ 
ished,  moreover,  it  must  be  continued  in  future  initiatives 
and  projects  -  in  order  to  assemble  the  already  available 
’’parts  of  the  flow-physics  model  puzzle”  properly. 

The  present  paper  provides  results  from  those  lessons  learnt. 
It  is  trying  to  demonstrate  -  on  the  basis  of  the  aformen- 
tioned  European  collaborative  projects  -  the  capabilities 
reached  on  one  hand  and  will  show  the  detected  model 
shortcomings  and  deficiencies  on  the  other  hand  on  the  ba¬ 
sis  of  a  set  of  Navier-Stokes  solutions  for  compressible 
flows.  Although  this  contribution  is  far  from  providing  a 
complete  overview,  results  are  going  to  be  presented  for 
algebraic,  half-,  one-equations  and  two-equations  turbu¬ 
lence  models  as  well  as  Reynolds-stress  turbulence  models, 
hence  covering  (nearly)  the  whole  range  of  turbulence  mod¬ 
els  used  in  the  aeronautics  industry. 

3.  THE  GOVERNING  EQUATIONS 
3.1  General  Remarks 

As  turbulence  consists  of  random  fluctuations  of  the  flow 
properties,  the  well-known  statistical  approach  by  Reynolds 
(1895)  is  used  to  express  all  quantities  as  the  sum  of  mean 
values  and  fluctuating  parts.  The  most  relevant  averaging 
forms  are  the  time  averaged,  ensemble  averaged  and  spatial 
averaged  ones.  Most  often,  applications  are  concerned  by  a 
time-averaged  description  of  the  flow  of  interest,  therefore, 
the  Reynolds-averaged  equations  of  motion  are  considered 
with  the  statistical  means  replaced  by  the  temporal  one,  i.e. 
the  time-averaged  equations  are  normally  equated  with  the 
Reynolds-averaged  equations.  In  this  Reynolds  averaging, 
strictly  applicable  to  stationary  turbulence,  the  time-aver¬ 
aged  flow  variable  is  to  be  expressed  by  (assuming  incom¬ 
pressible  flows  with  velocity  and  pressure  fluctuations); 


A  —  A  +  A'  with  A'  =  0 

and  the  mean  value 

+  r/2 

A(x,  t)  =  f  j  t  +  t)  dt 

-Til 

Applied  to  incompressible  flow,  the  equations  for  the  mean 
properties  are  similar  to  the  non-averaged  equations  apart 
from  the  correlation  term  the  so-called  Reynolds- 

stress  term. 

However,  in  compressible  flow,  where  significant  density 
changes  occur,  even  when  pressure  changes  are  small,  addi¬ 
tional  density  and  temperature  fluctuations  have  to  be  taken 
into  account.  The  Reynolds-averaging  procedure  -  applied 
to  the  equations  describing  compressible  flow  -  is  produc¬ 
ing  extra  terms  for  desity  and  temperature,  q’  and  T’,  fluc¬ 
tuations  which  are  both  difficult  to  handle  and  model.  Favre 
(1965)  has  introduced  mass-averaged  quantities  according  to 


with 

A  =  A  +  A"  and  pA"  =  0 

Although  this  approach  leads  to  a  more  compact  form  of 
the  governing  equations,  the  resulting  turbulent  terms  cannot 
be  identified  with  measured  quantities.  With  the  knowledge 
that  the  difference  between  Reynolds  averaged  and  Favre 
averaged  variables  is  small  for  ’’moderate”  Reynolds  num¬ 
bers,  this  conflict  is  often  circumvented  by  using  again  or 
instead  the  Reynolds  averaged  equations.  In  this  approach  - 
which  is  applied  to  all  the  results  discussed  below  -  com¬ 
pressibility  effects  are  considered  by  taking  into  account  a 
variable  mean  density,  p. 

Recalling  Morkovin’s  hypothesis  that  compressibility  effects 
on  the  wall-bounded  eddies  are  relatively  small  for  Mach 
numbers  lower  than  5  (and  perhaps  higher),  the  Favre  aver¬ 
aging  is  applied  for  the  velocity  components  and  the  total 
energy  -  as  well  as  the  Reynolds  averaging  is  applied  for 
the  density  and  pressure.  Although  the  majority  of  turbu¬ 
lence-model  applications  for  high-speed  flows  are  derived 
from  incompressible  turbulence  modelling,  it  is  noticeable 
that  modifications  have  beeen  done  and  still  are  needed  to 
be  improved  further  to  take  compressibility  effects  -  in  the 
presence  of  solid  walls  -  into  account.  To  this  end,  local 
Mach  number  (Zeman,  1992)  or  the  gradient  thereof  (Sar- 
kar,  1995)  are  employed  in  various  classes  of  turbulence 
models  to  account  for  compressible  flows  (Dervieux,  1997). 

A  considerable  part  of  developments  in  turbulence  models 
is  based  on  the  eddy-viscosity  assumption,  by  adopting  the 
Boussinesq  approximation  which  relates  the  turbulent 
stresses  to  the  mean  strain  rate.  In  the  same  way,  the  Bous¬ 
sinesq  law  relates  the  the  molecular  stresses  to  the  instanta¬ 
neous  strain  rate  of  the  Navier-Stokes  equations. 

Assuming  that  the  Boussinesq  approximation  is  valid,  i.e. 
(only)  eddy-viscosity  turbulence  models  are  concerned,  the 
Reynolds  stress  tensor 

tij  =  -  pu'jv'i 
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is  given  by 


3.2  Summary  of  CFD  (Navier-Stokes)  Methods  Used 


_  2  1 _ 

-  pu'jU'i  =  fij  Sij  -  -^pkSij  ,  k  =  2 

with  nx  being  the  eddy  viscosity  and  k  the  turbulent  kinetic 
energy.  Sy  denotes  the  strain  rate  tensor. 

Reducing  -  just  for  simplicity  -  the  full  three-dimensional 
problem  to  a  two-dimensional  boundary  layer,  the  Reynolds 
stress  tensor  reduces  to 


'  dy 


and  -  to  describe  the  eddy  viscosity  -  one  can  introduce 
Prandtl’s  mixing  layer  concept 


V, 


where  the  mixing  length,  Im,  is  an  unknown. 


A  combination  of  Prandtl’s  mixing  length  concept  with  the 
van  Driest  assumption  for  the  mixing  length, 


y(rw/py^^\ 

A^vw  j 


with  A'^  —  26  , 


now  provides  an  equation  for  the  turbulent  eddy  viscosity 
given  above.  This  approach  is  often  used  for  the  inner  part 
of  the  boundary  layer. 

For  the  outer  part  of  the  boundary  layer,  Clauser’s  concept 
for  the  eddy  viscosity  reads 

V,  =  k  Ue  (5* 

with  the  Clauser  parameter,  ^=0.0168.  Ug  denotes  the  veloc¬ 
ity  at  the  boundar  layer  edge  and  6j*  is  the  incompressible 
displacement  thickness 


d*  = 


•p 

1 


u 

Ug 


dy  . 


When  combining  the  definitions  for  the  inner  layer  eddy 
viscosity  and  the  outer  layer  eddy  viscosity,  one  has  (simul¬ 
taneously)  derived  a  two-layer  turbulence  model,  in  particu¬ 
lar  the  basic  Cebeci-Smith  (1974)  algebraic  turbulence 
model. 

One  of  the  major  requirements  for  a  turbulence  model, 
namely  to  define  turbulence  by  a  "minimum  amount  of 
complexity"  (Wilcox,  1993),  is  definitely  fulfilled  by  the  Ce¬ 
beci-Smith  model,  however,  Wilcox’s  follow-on  comment, 
"while  capturing  the  essence  of  the  relevant  physics",  does, 
unfortunately,  not  hold  for  all  kinds  of  flows.  Nevertheless, 
the  Cebeci-Smith  turbulence  model  can  be  applied  with 
good  predictive  accuracy  to  attached  flows,  as  it  can  be 
recognized  by  some  of  the  results  presented  below. 

Although  the  deduction  of  the  Cebeci-Smith  model  was 
said  to  be  based  on  boundary  layer  assumptions,  all  classes 
of  algebraic  turbulence  models  deal  with  this  derivation 
which  also  holds  for  the  application  of  these  models  in 
Navier-Stokes  approaches. 


3.2.1  Dornier  2D  Method 

The  Navier-Stokes  equations  describing  two-dimensional, 
unsteady  and  compressible  flows  in  conservation  form,  are 
solved  by  means  of  a  finite  volume  approach  using  a 
Runge-Kutta  time-stepping  method  with  multigrid  accelera¬ 
tion. 

This  code,  a  single-block  version,  utilises  blended  second 
and  fourth  order  filtering  to  prevent  odd-even  decoupling. 
For  the  three-stage  scheme,  filtering  is  applied  only  once  to 
provide  the  best  damping  properties.  Numerical  dissipation 
is  minimized  by  taking  the  eigenvalues  in  x-  and  y-direc- 
tion  independently,  and  filtering  is  switched  off  in  the 
boundary  layer  region  by  scaling  the  filter  value  with  the 
ratio  of  local  to  free-stream  Mach  number.  For  more  de¬ 
tailed  information  regarding  method  descriptions,  the  reader 
is  referred  to  Haase  et  al  (1983). 

The  Jameson-hased  schemes  employ  residual  averaging  and 
a  variable  timestep  approach.  Moreover,  a  multigrid  ap¬ 
proach  is  employed.  In  most  of  the  2D  calculations,  the 
steady  state  is  defined  to  be  reached  if  the  force  coefficients 
and  the  sum  of  pressure  along  airfoil  (and  wake)  or  in  a 
channel  does  not  vary  by  more  than  0.01%.  Typically,  this 
leads  to  an  L2-norm  reduction  of  about  5  decades  in  the 
coarsest  and  further  3  decades  in  a  very  fine  mesh  (results 
in  sections  7.1,  7.2,  7.3  and  7.4). 

3.2.2  DLR  FWWer  Code 

For  the  three-dimensional  flows  presented  in  sections  7.5 
and  7.7,  the  FLOWer  code  (Kroll  et  al,  1996)  has  been 
utilized,  a  Jameson-type  solver  written  in  cell-vertex  form, 
i.e.  the  flow  variables  are  associated  with  the  cell  vertices  of 
the  mesh.  This  code  solves  the  Navier-Stokes  equations  for 
time-dependent  compressible  flow.  Similar  to  the  above 
mentioned  two-dimensional  codes,  local  time-stepping,  im¬ 
plicit  residual  averaging  and  multigrid  is  employed  for  ac¬ 
celerating  convergence  of  the  solution.  The  multigrid  imple¬ 
mentation  follows  the  approach  of  Jameson  (1985)  and 
Radespiel  et  al  (1990). 

The  FLOWer  code  is  a  block-structured  code  in  order  to 
handle  complex  geometries.  It  ensures  second  order  accura¬ 
cy  at  block  interfaces  by  using  two  rows  of  interface  cells 
(a  switch  for  using  just  one  cell  is  also  implemented). 

3.2.3  BAe  DELPHIS  Method 

The  BAe  cell  vertex  code  DELPHIS  -  applied  for  the 
RAE2822  results  using  the  Kalitzin-Gould  turbulence  mod¬ 
el  in  section  7.1  -  uses  a  3D,  finite-volume,  multiblock 
approach  to  solve  the  full  Navier-Stokes  equations.  The  de¬ 
pendent  variables  are  stored  at  the  grid  vertices  and  steady 
state  solutions  are  obtained  using  a  Lax-Wendroff  time¬ 
marching  iteration  procedure.  The  procedure  is  explicit,  us¬ 
ing  local  time  steps,  and  requires  the  addition  of  artificial 
viscosity  to  suppress  ’’checkerboard”  mode  instabilities.  The 
Lax-Wendroff  scheme  is  based  on  that  version  proposed  by 
Ni  (1982)  and  Davis  et  al.  (1984)  which  is  second  order 
accurate. 

The  viscous  terms  require  the  evaluation  of  stresses,  which 
in  turn  require  gradients  for  velocity  and  temperature.  These 
gradients  are  calculated  at  the  centre  of  each  cell  by  inte¬ 
grating  around  the  cell  using  the  primary  flow  variables 
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located  at  the  vertices.  The  stresses  are  then  averaged  back 
to  the  vertices  and  the  complete  Navier-Stokes  equations 
can  be  integrated  around  each  cell.  The  final  updates  are 
distributed  in  a  weighted  fashion  back  to  the  cell  vertices, 
such  that  each  vertex  receives  an  update  from  each  of  the 
eight  surrounding  cells.  This  procedure  provides  a  compact 
stencil,  while  ensuring  second  order  spatial  accuracy  even 
on  distorted  meshes. 

The  artificial  dissipation  is  similar  to  the  popular  second- 
fourth  order  differencing  procedure  proposed  by  Jameson, 
Schmidt  and  Turkel  (1981).  The  differences  are  taken  along 
grid  lines  and  not  in  the  coordinate  directions.  A  ’’pressure 
switch”  in  the  form  of  local  second  differences  of  pressure 
is  used  to  restrict  the  first  order  smoothing  to  shock  waves 
and  allow  the  third  order  terms  to  be  applied  elsewhere. 

A  multigrid  scheme  is  used  to  accelerate  convergence.  This 
is  an  extension  of  the  method  by  Ni  and  Bogoian  (1989) 
where  the  residuals  are  propagated  over  progressively  coars¬ 
er  meshes.  The  multigrid  is  implemented  in  such  a  way  that 
different  levels  can  be  selected  in  different  coordinate  direc¬ 
tions. 


According  to  the  eddy-viscosity  concept,  in  the  stress  terms 
of  the  Navier-Stokes  equations,  the  molecular  (laminar)  vis¬ 
cosity  /r  is  replaced  by 

H  ^  y.,+  pv, 

while  in  the  heat-flux  terms,  k/Cp  -  p/Pr  is  replaced  by 
Pr  Pr,  Pr, 

with  the  kinematic  turbulent  viscosity,  Vi=Pf/Q.  The  Prandtl 
numbers  are  chosen  to  be  Pr]=0.72  for  laminar  and  Prt=0.90 
for  turbulent  flows. 

The  second  coefficient  of  viscosity, 

2  =  - 

which  is  related  to  a  zero  value  for  the  bulk  viscosity,  is 
often  treated  differently.  Sometimes  the  eddy-viscosity  con¬ 
cept  is  applied  also  to  A,  following  a  replacement  of  A  by 
the  molecular  viscosity  p,  in  other  cases  the  second  coeffi¬ 
cient  of  viscosity  is  left  unchanged,  i.e.  the  molecular  vis¬ 
cosity  is  used  in  the  definition  of  A. 

4.1  Cebeci-Smith  Model 


3.2.4  Dornier  PNS  Method 

The  results  for  a  cone  at  incidence,  going  to  be  presented  in 
section  7.6,  have  been  obtained  by  using  the  Dornier  PNS 
(Parabolized  Navier-Stokes)  method,  Rieger  (1986  and 
1987). 

This  method  solves  the  (Euler  and)  Navier-Stokes  equations 
in  parabolized  form  by  using  a  finite-volume  method  to¬ 
gether  with  an  implicit  Beam-Warming  scheme.  The  space¬ 
marching  scheme  is  similar  to  a  central  difference  scheme 
with  the  consequence  that  some  artificial  dissipation  is  need¬ 
ed.  According  to  Jameson,  second  and  fourth  order  damp¬ 
ing  is  applied  with  the  latter  switched  off  at  shocks  - 
downgrading  the  numerical  method  to  first  order  in  that 
area.  All  necessary  boundary  conditions  are  treated  implicit¬ 
ly  as  well  as  the  second  order  dissipation  operator  -  to 
improve  the  stability  of  the  scheme. 

The  new  results  presented  in  section  7.6  utilized  an  im¬ 
provement  of  the  method  described.  Computations  were  run 
in  ’’step-back”  mode.  This  approach  enables  very  accurate 
solution  at  particular  cross  sections  by  ’’setting  back”  the 
solution  of  one  cross  section  to  the  previous  one,  i.e.  ’’iter¬ 
ating”  the  solution  at  a  particular  station.  The  advantage  is 
an  increased  overall  accuracy  and  the  additional  possibility 
to  get  very  accurate  starting  conditions. 


4.1.1  The  Original  Model 

In  general,  the  (basic)  algebraic  Cebeci-Smith  turbulence 
model  has  been  already  presented  in  section  3.1,  however, 
the  computed  outer-layer  eddy  viscosity  is  normally  multi¬ 
plied  by  the  Klebanoff  intermittency  function, 

=  [l  -1-  5.5  (y/(5)'']"'  . 


This  function  accounts  for  the  turbulence  becoming  inter- 
mittant  when  -  at  the  boundary  ledge  -  the  free  stream  is 
approached  and  when  only  for  a  fraction  of  the  time  the 
flow  is  turbulent.  The  Klebanoff  function  was  introduced  to 
avoid  that  on-and-off  character  (Cebeci&Smith,  1974)  and 
offers  a  correct  derivation  of  the  boundary  layer  thickness. 


A  so-called  ’’modified  version”  of  the  Cebeci-Smith  model 
is  taking  into  account  separated  flow  areas  by  changing  the 
definition  of  the  incompressible  displacement  thickness  in 
the  following  way: 


6 


^u/Ue=n 


dy 


i.e.  the  displacement  thickness  is  integrated  by  taking  the 
edge  of  the  separation  region  as  the  lower  bound  for  in¬ 
tegration  rather  than  the  wall  (with  y=0). 


4.  TURBULENCE  MODELS 

A  variety  of  turbulence  models  from  algebraic  over 
1 /2-equation  to  2-equation  models  has  been  applied  and 
assessed  on  different  two-dimensional  and  three-dimension¬ 
al  test  cases.  The  most  often  used  models  will  be  presented 
briefly  in  the  following;  for  a  more  comprehensive  descrip¬ 
tion,  the  reader  is  referred  to  the  original  publications  or  to 
the  already  mentioned  ECARP  book  (Haase  et  al,  1997). 

The  algebraic  turbulence  models  described  hereafter  are 
two-layer  eddy-viscosity  models,  i.e.  different  definitions 
are  employed  for  the  near  wall  and  the  outer  region  of  the 
boundary  layer. 


4.1.2  The  Granville  Modification 

Granville  (1989)  has  modified  the  definition  for  the  mixing 
length  by  using  a  pressure  gradient  parameter  in  the  expo¬ 
nential  term  of  the  mixing  length  equation, 

I  =  k  -  e-r+i/i+i’r'" /Jf’j 

with  b=\4.0  for  /)+>0  and  p=\(>.A  for  /?+<0.  The  shear 
stress  profile  is  given  by 

j'+  =  I  -l-p+y+ 

and 
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dp  p  Ug  dUg 

p„  M?  dx  P  u]  dx 


viscosity,  thus  diminishing  the  (already  originally)  underpre¬ 
dicted  separated  domain. 


Although  history  effects  can  now  be  taken  into  account,  the 
influenee  on  the  global  flow  behaviour  -  especially  if  flow 
separation  has  to  be  treated  -  is  small.  The  reason  might  be 
that  for  separated  flows  the  amount  of  the  outer-layer  eddy 
viscosity  has  more  influence  on  the  flow  than  the  inner-lay¬ 
er  eddy  viscosity. 

4.2  Baldwin-Lomax  Model 

4.2.1  The  Original  Model 

The  Baldwin-Lomax  turbulence  model  (Baldwin-Lomax, 
1978)  is  also  a  two-layer  algebraic  eddy-viscosity  model, 
patterned  after  the  Cebeci-Smith  model.  The  success  of  this 
model  related  to  its  extensive  application  to  various  kinds 
of  turbulent  flows  -  particularly  for  three-dimensional  ones 
-  is  based  on  the  fact  that  it  avoids  the  need  of  finding  the 
edge  of  the  boundary  layer  and  the  corresponding  displace¬ 
ment  thickness.  The  eddy  viscosity,  is  given  by 

^  f  V,;  for  y  <  y* 

1  for  y>y* 

where  y*  is  the  wall-nearest  value  of  the  wall-normal  direc¬ 
tion,  y,  at  which  the  eddy-viscosity  values  from  the  inner 
and  outer  region  are  identical.  In  the  inner  region,  the 
Prandtl-van  Driest  formulation  is  used.  To  allow  for  an 
easy  use  in  three-dimensional  Navier-Stokes  applications, 
the  derivative  of  the  wall-normal  velocity  profile,  du/dy,  is 
replaced  by  the  magnitude  of  the  vorticity  and  Vti  reads: 

v,i  -  P-  leal 


with  the  mixing  length 

/  =  jcy  [1  -  . 

The  dimensionless  sublayer-scaled  distance,  y"*",  is  in  fact  a 
Reynolds  number  based  on  the  friction  velocity,  Mr, 


Upiff  is  the  difference  between  maximum  and  minimum  ve¬ 
locity  in  the  profile, 

~  P^max  ~  U min  ’ 

where  Umin  is  taken  to  be  zero  except  in  wakes. 

The  Clauser  parameter,  k,  is  again  assigned  to  be  a  constant 
with  fc=0.0168,  although  one  should  consider  that  it  varies 
slightly  in  the  low-momentum  Reynolds  number  range.  A 
possible  modification  to  the  Clauser  constant  has  been  pres¬ 
ented  by  Granville,  see  below. 

The  quantities  and  y^ax  are  determined  from  the  func¬ 
tion 

F  =  y  Iwl  [1  - 


with  the  exponential  term  set  to  zero  in  wakes. 

The  quantity  F^ax  is  the  maximum  value  of  F  that  occurs 
in  the  velocity  profile  and,  consequently,  y,„ax  defines  the  y 
location  where  F  equals  F^ax- 


Additionally,  the  Klebanoff  intermittency  factor,  is 

given  by 


1  -H  5.5  C 


3^max  / 


with  CKleb=0-^- 

4.2.2  The  Granville  Modification 

Granville  has  shown  that  the  Klebanoff  coefficient,  CKieb< 
should  be  a  function  of  the  Coles’  wake  factor,  TL  In  addi¬ 
tion,  the  Ccp  value,  a  constant  in  the  Baldwin-Lomax  mod¬ 
el,  then  depends  on  CKieb  in  the  following  way: 

^  _  4  Z'  1  +  6  n\ 

^Xleh  9\\+4n) 


with 


Jpw 


y  Ur 

V 


_ 3  ^CKhh _ 


The  constants  in  the  mixing  length  equation  are  the  von 
Karman  constant,  ?t:=0.4,  and  the  van  Driest  damping 
constant,  A •*'=26.  The  subscript  ‘w’  denotes  values  to  be 
taken  at  walls.  For  the  outer  layer,  the  eddy  viscosity  is 
proposed  as 

u,  ~  ^  Ccp  F/c^i,  F^,j^kp 

with  two  alternate  expressions  for  Fwake> 

^  WAKE  ~  Min  \ymax  Fmax  i  ymax 

and  the  constants  Ccp=l.6  and  Cwk=0.25. 

It  should  be  mentioned  that  the  original  value  for  Cwk 
(=0.25),  as  it  has  been  defined  in  the  original  version  of  the 
Baldwin-Lomax  (1978)  model,  is  sometimes  changed  to 
Cwa:=L0.  Although  this  higher  value  yields  considerably 
stronger  interaction  -  and  very  often  provides  a  positive 
tendency  on  the  numerical  convergence  -  its  usefulness  is 
reversed  in  case  of  separated  flows.  The  reason  is  that  an 
increase  in  Cwk  results  in  an  increase  in  the  outer  eddy 


The  last  two  equations  have  been  obtained  from  a  compari¬ 
son  between  the  outer  layer  formulations  of  the  Baldwin- 
Lomax  and  the  Cebeci-Smith  turbulence  model,  assuming 
an  outer  similarity  law  for  the  turbulent  boundary  layer, 
(Granville,  1976),  and  its  validity  up  to  the  wall. 

For  equilibrium  pressure  gradients,  77  remains  constant  in 
the  streamwise  direction  and  can  be  empirically  correlated  to 
the  Clauser  pressure-gradient  parameter.  Granville  has  fitted 
the  latter  to  the  Baldwin-Lomax  model  and  derived  an  ex¬ 
plicit  formula  for  CKUb  as  a  function  of  a  modified  Clauser 
pressure-gradient  parameter,  fi,  where 

^  ^  2  _  0.01312 

^Kieb  3  0.1724  +  P 

with 

n  _  _  ymax  dU f, 

^  dx 

with  Ue  denoting  again  the  velocity  at  the  boundary  layer 
edge.  Hence,  the  equations  presented  above  are  providing 
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the  possibility  of  introducing  flow-dependent  variables  of 
Cfcieh  and  Ccp  into  the  Baldwin-Lomax  model,  which  are 
indirectly  based  on  -  experimentally  -  confirmed  similarity 
laws. 

For  low-Reynolds-number  flows,  Granville  has  proposed 
an  additional  modification  to  the  equation  for  the  outer-lay¬ 
er  eddy-viscosity  by  changing  the  normally-kept-constant 
Clauser  constant  to 


k 


0.0168 


1  +  (llOO^F^^^^)^ 

^CP 


with  the  kinematic  viscosity,  v.  Fwake  is  identical  to  the 
original  equation  for  the  Baldwin-Lomax  model.  The  im¬ 
proved  Clauser  ’’factor”,  k,  now  varies  with  the  displace¬ 
ment-thickness  Reynolds  number,  Re0=ud*/v. 


The  outer  eddy  viscosity  distribution  equals  that  of  the  Ce- 
beci-Smith  model,  except  for  an  additional  non-equilibrium 
parameter,  a(s),  which  is  a  measure  for  how  far  the  flow  is 
away  from  equilibrium  -  which  is  achieved  for  0fj)=l,  with 
s  representing  the  streamwise  direction.  The  outer  eddy  vis¬ 
cosity  formulation  reads 

v„  ^kU,  d*  F,„i,  *  o(s)  ,  k  =  0.0168 

The  inner  formulation  in  the  Johnson-King  model  differs 
from  that  proposed  by  Cebeci-Smith  by  taking  the  maxi¬ 
mum  turbulent  shear  stress  as  a  velocity  scale 

v,j  =  D^Ky{-  u'v'„y^^  ,  with  k  =  0.4 

Instead  of  using  the  wall  friction  velocity,  Johnson  (1987) 
uses  the  turbulent  shear  stress  also  for  the  damping  term 

D  =  1  -  exp[-  y(-  ^  15. 


A  thorough  examination  of  the  original  Baldwin-Lomax 
constants  and  the  Granville  modification  shows  that  even 
for  a  zero-pressure-gradient  flow,  e.g.  flat  plate  flow,  the 
original  Baldwin-Lomax  values  and  the  Granville-corrected 
values  do  not  compare: 


From  the  equation  of  the  turbulent  kinetic  energy,  Johnson- 
King  derived  an  ordinary  equation  for  the  maximum  shear 
stress  assuming  that  the  path  for  the  maximum  kinetic  ener¬ 
gy  is  (nearly)  aligned  to  the  main  flow  direction.  The  ODE 
reads 


Baldwin-Lomax 

Granville  Correction  ,  -r-r  r  r.^M^  “  v  J  „r..^U2l 

(-  uv  -  Lj(.  )„  ^  .  11  o{x)  1 

CKleb 

Ccp 

0.3 

1.6 

ai(0.7d  -  yj 

d{-  u'vfiy 

1.24  ,  — r  \  Ar  ‘ 

a^{-uvj  ax 

This  result  clearly  indicates  the  reduced  outer-layer  eddy 
viscosity  and  the  improved  damping  in  the  outer  part  of  the 
boundary  layer  when  the  Granville  correction  is  applied. 
Thus,  in  case  of  flow  separation  the  Granville  correction 
provides  much  better  results  than  the  original  Baldwin-Lo¬ 
max  model  and  can  be  easily  implemented  without  increas¬ 
ing  the  model  complexity. 

4.2.3  The  Degani-Schiff  Modification 

Another  modification  to  the  Baldwin-Lomax  model  for 
three-dimensional  applications  containing  large  regions  with 
cross-flow  separation  that  are  caused  by  strong  longitudinal 
vortices,  has  been  given  by  Degani-Schiff  (1983).  It  can  be 
used  with  some  success  for  those  (vortical)  flows  and  is 
restricting  the  ymax  search  in  the  original  Baldwin-Lomax 
model  to  the  first  maximum  reached.  In  addition,  the  search 
for  ymax  on  subsequent  stations  is  smoothed  by  taking  into 
account  the  ymax  value  derived  at  the  neighboring  upstream 
station  in  order  to  avoid  drastic  changes  in  ymax  from  one 
station  to  another.  This  procedure  is,  by  the  way,  also  used 
in  the  Dornier  2D  Navier-Stokes  methods. 

4.3  Johnson-King  Model 

The  Johnson-King  (1985)  model  accounts  for  convection 
and  diffusion  effects  of  the  Reynold  shear  stress.  Although 
an  algebraic  eddy-viscosity  distribution  is  used  across  the 
boundary  layer,  this  formulation  is  based  on  an  ordinary 
differential  equation  that  is  derived  from  the  turbulent  kinet¬ 
ic  energy  equation. 

The  model  incorporates  again  a  two-layer  approach,  but 
uses  an  exponential  blending  between  the  inner  and  outer 
layer: 

V,  =  v,„[i  -  exp(v„/v,„)] 


From  left  to  right,  the  terms  in  the  ODE  represent  dissipa¬ 
tion,  production,  diffusion  and  convection.  The  index  m  de¬ 
notes  quantities  to  be  evaluated  at  the  position  of  maximum 
shear  stress  and  denoted  the  dissipation  length  scale  de¬ 
fined  by 

km=0-4ym  ym^O.2256 

Un=0.09d  y^>0.2255 

The  constants  ai  and  Cdif  in  the  ODE  are  normally  set  to 
ai=0.25  and  C(ijf=0.5. 

Assuming  equilibrium,  the  last  two  terms  in  the  ODE  can¬ 
cel  such  that  LJdu/hy\„  can  be  interpreted  as  the  equilibri¬ 
um  value  of  the  maximum  shear  stress.  Setting  a  to  unity 
and  replacing  the  maximum  shear  stress  by  its  equilibrium 
value,  yields 

t.eq  ri.eq/ ^ 

v,„,eq  =  0.0168  U,  d*  F^I^I, 

^ii..q  =  D^tcyi- 

Comparing  the  definition  for  equilibrium  and  non-equilibri¬ 
um  gives  the  definition  for  a: 

O  =  Vti)  /  Vto^eq 

For  the  ease  of  use,  Johnson-King  proposed  a  substitution 
for  the  ODE  and  a  two-step  iteration  to  obtain  a  new  o 
value  from  the  implicit  formulation.  In  the  results  discussed 
below,  the  Johnson-King  model  has  been  used  by  utilizing 
an  Aitken  iteration  instead  of  the  originally  proposed  two- 
step  iteration.  This  allows  for  getting  closer  to  accurate  re¬ 
sults  for  one  particular  time-step  and  is  speeding  up  the 
rate  of  convergence.  Apart  from  initial  time  steps,  between 
3  and  5  internal  Aitken  iterations  are  usually  necessary  to 
get  down  to  an  error  norm  of  less  than  1%  for  the  eddy 
viscosity  profile. 
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4.4  Johnson  Coakley  Model 

When  applying  the  Johnson-King  model  to  transonic  flows, 
often  results  have  been  achieved  with  shock  positions  ap¬ 
pearing  to  much  upstream  -  in  contrast  to  the  algebraic 
models  where  the  shock  position  is  found  too  much  down¬ 
stream.  The  latter  also  holds  for  the  Johnson-King  model  if 
it  is  run  in  equilibrium  mode,  i.e.  as  a  purely  algebraic 
model.  Most  of  the  Johnson-Coakley  (1990)  modifications 
to  the  (original)  Johnson-King  model  affect  the  eddy  vis¬ 
cosity  of  the  inner  layer.  A  new  velocity  scale  was  formu¬ 
lated,  based  on  the  assumption  that  the  law-of-the-wall  is 
more  valid  in  the  neighbourhood  of  the  wall  for  attached 
flow  than  the  originally  used  mixing  length  theory. 

The  inner  layer  eddy  viscosity  now  reads 

v„-  =  D'^KyU, 

with  the  new  velocity  scale 


V,„  —  O.OlbSCcp  Fwake  ^Kleh  <7 


with  Ccp=1.6.  The  original  ODE  changes  into  a  linear  par¬ 
tial  differential  equation  (PDE)  that  can  be  considered  in  a 
time-dependent  form  in  order  to  utilize  the  time  stepping 
algorithm  -  which  is  already  in  use  for  the  momentum 
equations: 


dg  dg  dg 

17  “"'ly  ''"‘Iz  ''' 


-b  r  =  0, 


g  =  r 


1/2 

m 


with 


II  -CT->/2| 
a,  (0.7(5  -  yj 


To  resolve  for  non-equilibrium,  the  authors  propose  the 
time-dependent  relation 


«.v  =  Jpjp  Mr  [1  -  tanh(y/L,.)]  +  Jpjpu„tanh(y/L,) 

where  L^.  is  based  on  the  dissipation  length  scale,  L^,  ac¬ 
cording  to 

,  Jpw  f 

~  j -  j - 

vPw^r  J"  \Pm^m 

For  computational  purposes,  a  lower  limit  of  Lt;=0.005 
should  be  imposed  in  order  to  prevent  ’’overflow  errors”  in 
the  tanh  calculation  if  %  reaches  zero  at  separation. 

Two  additional  modifications  have  been  introduced  by 
Johnson-Coakley,  firstly  a  hyperbolic  blending  between  in¬ 
ner  and  outer  layer  and,  secondly,  the  diffusion  term  in  the 
ODE  is  set  to  zero  if  a  becomes  less  than  unity,  i.e. 
Il-a^'^^l  is  replaced  by  max(0,a^^^— 1). 

Although  the  new  formulation  should  reduce  essentially  to 
the  original  one  in  case  of  separation,  computational  results 
in  the  subsonic  regime  with  pressure  induced  separation 
show  a  deficit  for  the  Johnson-Coakley  model  with  a  clear 
advantage  for  the  (original)  Johnson-King  model  (Haase  et 
al,  1997). 

4.5  Abid  et  al  Model  - 

A  3D  Extension  of  the  Johnson-King  model 

This  3D  extension  of  the  Johnson-King  model  utilizes  the 
original  exponential  blending  of  the  Johnson-King  model 
with  an  equivalent  to  the  inner  layer  formulation 

v„.  =  D^xy 

with 

r„  =  V,  M 

D  =  \  —  exp(—  yux/vA*) 
u,  =  max(T„/p„,  x„/p^) 

where  the  indices  m  and  w  denote  the  maximum-shear- 
stress  and  wall  conditions,  respectively.  The  constant  A'*'  is 
set  to  A+=17.  The  outer  layer  has  been  reset  to  the  Bald- 
win-Lomax  formulation  in  order  to  circumvent  the  calcula¬ 
tion  of  the  boundary  layer  thickness  and  the  resulting  dis¬ 
placement  thickness.  However,  the  outer  layer  eddy 
viscosity  formulation  (by  Baldwin-Lomax)  has  been  multi¬ 
plied  again  by  the  non-equilibrium  factor,  a: 


to  be  updated  during  the  iteration  or  time-stepping  process 
rather  than  using  the  originally  proposed  Johnson-King 
two-step  algorithm. 

4.6  General  Remarks  on  2-Equation  Turbulence  Models 

Turbulence  models  presented  so  far  are  using  algebraic  rela¬ 
tions  to  describe  the  eddy  viscosity.  In  addition,  the  non¬ 
equilibrium  models  are  accounting  for  convection  and  diffu¬ 
sion  effects  of  the  Reynolds  shear  stress  utilizing  an 
ordinary  differential  equation.  Models  strongly  rely  on  terms 
related  to  wall-distance,  thus  performing  well  on  flows  with 
clear  boundary  layer  character.  The  situation,  however,  be¬ 
comes  more  critical  on  flows  which  are  both  more  complex 
from  a  physical  and  geometrical  point  of  view.  Concerning 
the  latter  first,  the  application  of  the  models  presented  need 
special  treatment  already  in  the  case  of  a  comer  flow  where 
two  different  boundary  layers  are  merging  and  where  wall 
distance  cannot  be  calculated  straightforward.  In  those  cases, 
differential  turbulence  models  -  and  preferably  those  which 
do  not  rely  on  wall-distance  terms  -  can  be  used  more 
successively.  Of  course,  differential  models,  accounting  for 
non-equilibrium  effects  by  incorporating  convection,  diffu¬ 
sion,  production  and  dissipation  (as  already  the  1 /2-equa¬ 
tion  models  are  doing),  exhibit  a  much  better  performance 
compared  to  the  purely  equilibrium  ones. 

The  models  presented  in  the  following  are  so-called  low 
Reynolds  number  models,  i.e.  a  description  of  the  turbu¬ 
lence  processes  is  provided  across  the  entire  flow  domain 
including  the  (low-Re)  near  wall  region.  In  contrast  to  that, 
high-Re  turbulence  models  need  auxiliary  wall  models/defi¬ 
nitions  for  a  proper  description  of  that  area.  Those  wall 
laws  are  derived  on  the  assumption  of  a  logarithmic  veloc¬ 
ity  distribution  close  to  the  wall. 

In  the  class  of  2-equation  models,  the  length  scale  (or  a 
related  variable)  is  governed  by  a  transport  equation  that 
has  to  be  solved  additionally  to  that  describing  the  turbulent 
kinetic  energy,  k.  In  the  k-e  models,  the  length  scale  vari¬ 
able  is  £  which  is  the  turbulent  dissipation  rate.  The  eddy 
viscosity  is  given  as  a  rationale  of  fmCmk^/e  where  a  trans¬ 
port  equation  is  needed  for  k  and  8,  or  more  general,  for  a 
length  or  a  time  scale. 

The  Boussinesq  approximation  is  leading  to  a  linear  relation 
between  stresses  and  strains  and,  more  recently,  so-called 
non-linear  2-equation  turbulence  models  have  been  devel- 


6-8 


oped  with  quadratic  and/or  cubic  terms  in  the  stress-strain 
relation.  Concerning  a  proper  turbulence  representation  of 
leading  edge  flows,  these  models  reduce  the  often  unphysi¬ 
cal  turbulence  production  rate  which  is  one  of  the  major 
weaknesses  of  the  linear  (k-e)  turbulence  models. 


the  corrsponding  turbulent  Reynolds  number.  In  particular, 
Wilcox  proposes  the  following  set  of  equations. 


dipli)  QipUjk)  _  dUj 

~Tr  ^  dxj 


■  P* pk(o  -t- 


ip  + 


4.7  Chien  k-e  Model 

The  2-equation  Chien  k-e  turbulence  model  is  described  by 

d{pk)  dipUjk)  _  SUj  _  _  2fik 
~dr  dxj  y2 

,  ,  *  s  dk 

(M+Oflr)^ 


_d_ 

dXj 


d(pa))  ,  dipUfo)  _  w  dl^ 


dt 


dXi 


k  y  3X: 


_d_ 

dX: 


(M  +  apr)^ 


with 


/?*  z.  ,  k'/2 

e  =fico  k  /  =  — 


d(pi)  d(pU,i)  _  c,y^) 

-  C,^[\  -  0.22 exp(-  {Rjef]]  +  ^ 


(M  + 


taking  a  modified  dissipation  rate 


6 


e  —  2v| 


dk'n 

dXj 


2 


that  vanishes  at  the  wall  because  e  approaches  the  second 
term  in  that  equation.  For  the  Chien  model,  however,  the 
wall  dissipation  is  held  to 


and  the  following  closure  coefficients 

a=5/9,  |3=3/40,  p*=9/100,  a=l/2,  a‘=l/2. 

In  general,  the  Wilcox  model  performs  well  in  flow  cases 
with  adverse  pressure  gradients,  however,  the  wall-boundary 
condition  for  cd  is  somewhat  difficult  to  handle  for  general 
aerodynamic  flow  problems.  An  additional  problem  might 
be  seen  in  the  sensitivity  of  the  model  to  the  free-stream 
values  of  co.  An  alternative  -  although  the  free-stream  de¬ 
pendence  is  still  not  solved  completely,  is  to  re-write  the 
(u-equation  in  terms  of  r,  the  turbulent  time  scale,  or  an 
equivalent  of  that  as  it  is  shown  in  the  following  descrip¬ 
tion  of  the  Kalitzin-Gould  model. 


£ 


and 

R,  =  pk^/pi 
y+  =  pUry/p 

denote  the  turbulent  Reynolds  number,  Rf.  The  dimension¬ 
less  wall  distance,  >>+,  a  Reynolds  number  based  on  the  wall 
shear  velocity,  is  defined  as  above. 

The  eddy  viscosity  is  now  evaluated  from 

=  PfttC^k^/e 


with 

/^  =  1  -  exp(-  C3  y+) 

The  constants  appearing  in  the  model  take  the  following 
values: 

a*=l,  0=1.3,  C„  =  0.09,  Ci=1.35,  C2=1.8,  C3=0.0115, 
C4=0.5  . 

4.8  Wilcox,  k-o)  Model 

In  the  k-£  models,  the  length  scale  variable  is  e,  in  the  k~<o 
model,  however,  co  stands  for  the  turbulent  vorticity  -  with 
a  dimension  1/time,  (o  is  defined  by; 


Wilcox  (1993)  claimed  that  the  use  of  (o  instead  of  e  allows 
for  an  integration  (of  the  partial  differential  equations)  down 
to  the  wall  -  through  the  viscous  sublayer  -  without  the 
use  of  terms  which  are  sensitive  to  viscosity  with  respect  to 


4.9  Kalitzin-Gould  k-g  Model 

By  substituting  in  a  first  step  the  specific  dissipation  rate,  co, 
with  the  time  scale  r,  i.e.  writing 


T 


k  ^  _1_ 
«  cop' 


the  boundary  problem  in  the  Wilcox  model  can  be  over¬ 
come  because  the  boundary  condition  for  r  becomes  zero  at 
walls.  Moreover,  the  decoupling  of  k  and  co,  leading  to 
strong  far-field  dependence,  does  not  exist  (at  least  not  to 
that  extent)  in  the  k-T  model,  i.e.  even  in  the  case  that  the 
local  level  of  turbulence  is  rather  small,  a  solution  for  t  will 
be  found.  However,  the  far-field  dependence  problem  is  not 
completely  solved,  the  value  of  r  has  still  an  influence  on 
the  boundary  layer  itself. 

On  the  other  hand  it  is  well  know  that  r  tends  to  zero 
according  to  y^  (instead  of  just  y;  y  being  the  wall  normal 
distance)  and  this  knowledge  is  guiding  to  the  Kalitzin- 
Gould  model  which  offers  good  predictive  accuracies  in 
various  two-  and  three-dimensional  flows. 


The  new  variable  now  introduced  is  instead  of  r.  The 
transport  equations  then  read 


d(pk)  d(pUJi)  _  dU; 

dt  dXj  dxj 


8 


d(pg)  aipt/.g) 


3  dg  dg 


dt 


dXj 


±rij^-(p+ap,)j^^^  + 


2  k  dx 


Pp  I  d 
2g/3*  dXj 


dg 

(p  +  opr)^ 


with  the  eddy  viscosity  being 

p,  =  P'pkg^  . 
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The  closure  coefficients  for  the  Kalitzin-Gould  turbulence 
model  are  the  same  as  those  presented  above  for  the  Wilcox 
model,  namely 

a=5/9,  |3=3/40,  P*=9/100,  0=1/2  and  o*=l/2. 

4.10  How  to  Derive  the  Boundary  Layer  Thickness  from 
Navier-Stokes  Calculations 

In  Navier-Stokes  computations,  the  calculation  of  boundary 
layer  integral  values  is  not  straightforward  because  it  proves 
difficult  to  accurately  derive  the  boundary  layer  thickness 
and  all  boundary  layer  integral  values  directly  from  the  ve¬ 
locity  field  distribution.  An  approach  for  handling  this  prob¬ 
lem  had  been  proposed  by  Stock&Haase  (1987,  1989)  that 
is  briefly  described  in  the  following. 

The  method  to  be  considered  relies  on  the  assumption  that 
computed  Navier-Stokes  velocity  profiles  can  be  correlated 
to  Coles’  boundary  layer  profiles.  For  these  velocity  profiles 
it  can  be  shown  that  [y(du/dy)]niax  occurs  at  the  same 
relative  wall  distance  inside  the  viscous  layer  for  all  at¬ 
tached  and  separated  flows.  Using  this  feature  when  analys¬ 
ing  the  Navier-Stokes  data  and  evaluating  the  wall  distance 
Ymax  for  which  yldu/dyl  -  equivalent  to  the  F-function  in 
the  Baldwin-Lomax  turbulence  model  -  becomes  a  maxi¬ 
mum,  delivers  the  boundary  layer  thickness  to  be 

6  =  1.936  ymax 

Consequently,  with  the  knowledge  of  the  boundary  layer 
thickness  itself,  all  boundary  layer  integral  values  can  be 
easily  computed  by  numerical  integration. 

For  three-dimensional  applications,  it  was  proposed  in  EU¬ 
RO  VAL  (Haase  et  al,  1993),  to  derive  the  boundary  layer 
thickness,  6,  by 

1.  searching  for  the  wall-normal  distance,  ymax,  io  each 
velocity  profile  where  the  maximum  of  the  resultant 
velocity,  lumaxf  is  found, 

2.  calculating  the  maximum  value  for  the  vorticity, 

I  tOmaxi.  tind 

3.  scanning  the  vorticity  distribution  in  order  to  check 
where 

ICObO.OOMcOmaxI  for  y<ymax 

is  found. 

The  boundary  layer  thickness  is  then  described  by  the  wall- 
normal  distance  where  IcobO.OOMcOmaxI  is  found.  This  ap¬ 
proach  provides  reasonable  results  at  least  for  wing-type 
flows. 

5.  SOME  ASPECTS  OF  TRANSITION  AREA  MODEL¬ 
LING 

The  class  of  eddy-viscosity  turbulence  models  presented  so 
far  are  linear  models  with  two  major  weaknesses.  They  can 
neither  predict  the  onset  of  transition  nor  the  length  of  the 
transition  region. 

Prediction  of  the  onset  of  transion  is  an  important  factor  for 
accurately  simulating  flows  that  have  not  been  tripped  in 
the  experiment,  i.e.  where  transition  from  laminar  to  turbu¬ 
lent  flow  has  not  been  forced  by  special  devices.  Two 
strong  factors  -  the  streamwise  pressure  gradient  and  the 
free-stream  turbulence  -  are  influencing  the  position  of 


transition.  Careful  computations,  however,  need  to  compute 
the  growth  of  disturbances  that  build  up  in  the  boundary 
layer  until  they  reach  the  condition  where  transition  really 
occurs.  Michel  (1951)  and  Granville  (1953)  suggested  meth¬ 
ods  that  base  on  the  transition  momentum-thickness  Re¬ 
ynolds  number.  More  recently,  Arnal  (1989)  and 
Stock&Haase  (1996)  proposed  methods  that  can  be  used  for 
analysing  boundary  layer  and  Navier-Stokes  results  by 
means  of  linear  stability  theory. 

Transition-area  modelling,  i.e.  simulation  of  that  area  where 
the  flow  is  transitioning  from  laminar  to  fully  turbulent 
flow,  is  the  second  important  weakness  of  (linear)  eddy-vis¬ 
cosity  models.  Moreover,  models  often  massively  overpre¬ 
dict  the  eddy  viscosity  in  the  region  of  leading  edges  (e.g. 
of  an  airfoil).  At  the  onset  of  transition,  turbulence  models 
are  normally  ’’switched  on”  without  taking  into  account  the 
finite  distance  of  the  transition  region.  Moreover,  in  the  case 
of  turbulence  models  employed  that  do  not  have  the  capa¬ 
bility  of  predicting  or  estimating  transition  onset,  as  e.g.  the 
higher-order  2-equation  turbulence  models,  the  question  of 
a  smooth  transition  from  laminar  to  turbulent  flow  is  often 
not  considered  at  all. 

However,  just  ’’switching  on”  the  turbulence  model  at  the 
measured  or  suggested  position  of  transition  onset  might  not 
be  a  valuable  approach,  as  it  is  demonstrated  for  the  transi¬ 
tion-sensitive  hypersonic  ramp  flow  in  section  7.4. 

In  the  following,  three  classes  of  easy-to-employ  transition 
models  are  presented  that  are  related  to  firstly  switching  off 
eddy  viscosity  in  the  expected  transition  region  (Baldwin- 
Lomax)  and  secondly,  and  more  precisely,  using  intermitta- 
ncy  functions  that  provide  -  when  multiplied  to  the  tenta¬ 
tively  computed  eddy  viscosity  -  a  smooth  variation  from 
laminar  to  turbulent  flow. 

5.1  Baldvrin-Lomax 

For  Navier-Stokes  calculations,  Baldwin-Lomax  proposed 
to  very  simply  simulate  transition  from  laminar  to  turbulent 
flow  by  setting  v,  equal  to  zero  everywhere  in  the  wall-nor¬ 
mal  eddy  viscosity  profile,  for  which  the  (tentatively)  com¬ 
puted  maximum  value  of  v,  is  less  than  a  pre-specified 
value.  This  results  in: 

pVi  =  0  if  t)  maximum  in  profile  ^  1^ MUTM 

with  a  proposed  value  of  Cmutm=^^- 

5.2  Cebeci 

Cebeci  (1974)  pointed  out  that  substantial  errors  occur  if 
transition  modelling  is  inadequate.  Considering  e.g.  the 
(boundary  layer)  flow  past  a  compressor  blade,  the  extent  of 
the  transition  region  can  be  correlated  according  to  Chen 
and  Thy  son  (1971)  by 

=  Re,,  -  Re,„  = 

where  R^x  describes  the  extent  of  the  transition  area.  Re,, 
is  the  Reynolds  number  based  on  the  completion  of  the 
transition  and  Re,„  is  the  Reynolds  number  based  to  the 
start  of  transition.  C  is  an  empirical  expression  reading 

C  =  60  +  4.86  0  <  M,  <  5. 

where  Me  denotes  the  Mach  number  at  the  boundary  layer 
edge.  Depending  on  the  (turbine  blade)  Reynolds  number 
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and  the  onset  of  transition  this  approach  might  lead  to  large 
transition  areas  often  extending  to  the  trailing  edge. 

5.3  Dhawan&Narasimha 

Another  estimate,  used  for  the  hypersonic  ramp  flow  in  sec¬ 
tion  7.4,  is  the  transition  length  estimate  by  Dhawan&Nara¬ 
simha  (1958)  which  is  based  on  an  examination  of  exper¬ 
imental  data  to  deduce  the  (probable)  existance  of  a  relation 
between  the  transition  Reynolds  number  and  the  rate  of 
production  of  the  turbulent  spots.  Application  of  an  ob¬ 
served  statistical  similarity  in  the  transition  distributions  to¬ 
gether  with  Emmons’  (1951)  spot  theory  results  in  a  single 
universal  intermittency  function 

y,r  =  \  -  exp(-  0.412^^) 

with  5  being  the  normalized  streamwise  coordinate  in  the 
transition  zone, 

and  Xtr  being  a  measure  of  the  extent  of  the  transition  re¬ 
gion,  characterized  by 

where  %  denotes  the  onset  of  transition. 

One  has  to  be  aware  of  the  situation  that  the  two  ’’free” 
parameters  to  be  specified  in  the  transition  length  model,  Xfr 
and  X,n  have  to  be  taken  from  experiment,  see  result  for  the 
hypersonic  ramp  flow  in  section  7.4. 

6.  REQUIREMENTS  FOR  ACCURATE  AND 
EFFICIENT  MODELLING  OF  TURBULENCE 

6.1  DNS  Requirements 

The  most  accurate  way  simulating  turbulent  flows  is  of 
course  the  use  of  Direct  Numerical  Simulation  (DNS). 
Nowadays,  the  major  problem  is  that  the  requested  comput¬ 
er  performance  is  not  available,  thus  restricting  the  use  of 
DNS  to  low(er)  Reynolds  numbers  in  the  order  of  O(IO^). 

Knowing  that  in  boundary  layers  an  energy  transport  is  tak¬ 
ing  place  from  larger  to  smaller  eddies  and  dissipation  is 
related  to  viscosity,  the  ratio  of  spacial  dimensions  between 
small  to  large  eddies  is  equivalent  to  a  Reynolds  number  of 
Re^^'*.  In  case  of  three-dimensional  flows  this  is  resulting  in 
(Re^/'*)^  degrees  of  freedom.  Assuming  that  the  time  being 
necessary  for  the  energy  transport  (from  the  larger)  to  the 
smaller  eddies  is  equivalent  to  Re^^'^  as  well  and  that  a 
number  of  (mathematical)  operations  needed  is  in  the  order 
of  0(1), 

0(Re^^'*)  memory  and 
0(Re3)  numerical  operations 

have  to  be  carried  out.  In  other  words,  doubling  the  Re¬ 
ynolds  number  results  in  an  increase  of  computer  capacity 
by  one  magnitude.  Getting  now  back  to  the  first  paragraph 
of  this  section,  the  latter  might  provide  an  answer  to  the 
mentioned  limitations  on  Reynolds  numbers  being  in  the 
order  of  0(10^)  for  DNS  computations  of  turbulent  flow. 

Although  for  ’’real”  applications  the  desired  Reynolds  num¬ 
bers  are  much  higher,  DNS  results  obtained  at  still  lower 
Reynolds  numbers  bear  a  very  good  capability  of  directly 
supporting  flow-physics-modelling  aspects.  On  the  other 
hand,  it  becomes  quite  evident  that  computational  fluid  dy¬ 


namics  for  ’’real”  applications  at  high  Reynolds  numbers 
still  rely  on  the  utilization  of  turbulence  models. 

6.2  Turbulence  Model  Requirements 

If  -  due  to  computer  limitations  -  DNS  computations  can¬ 
not  be  applied  to  flow  cases  governed  by  Reynolds  num¬ 
bers  greater  0(1  O'*),  the  question  arise  what  the  needs  are 
for  accurately  predicting  flow  on  the  basis  of  using  turbu¬ 
lence  models. 

Assuming  that  an  estimated  size  of  eddies  in  a  boundary 
layer  is  in  the  order  of  1/5  of  the  boundary  layer  thickness 
and  that  10  mesh  points  are  needed  to  resolve  one  eddy,  50 
points  are  needed  in  total  within  the  boundary  layer.  As¬ 
suming,  furthermore,  that  the  boundary  layer  thickness  is 
about  1%  of  the  chord  of  an  airfoil,  5,000  points  are  need¬ 
ed  in  chordwise  direction.  Extending  this  to  three-dimen¬ 
sional  flow  with  the  same  mesh  spacing  in  all  three  direc¬ 
tions  for  a  wing  with  an  aspect  ratio  of  10,  an  amount  of 
50,000  points  is  needed.  Summing  up  in  space, 

12.5x10®  mesh  points 

might  form  a  proper  basis  for  an  accurate  discretization  of 
the  considered  boundary  layer  domain. 

Allowing  waves,  when  assuming  time-dependent  flow,  to 
travel  Just  through  one  mesh  interval  per  time  step  and  to 
allow  for  a  total  time  equivalent  for  those  waves  to  travel 
three  times  the  length  of  the  chord  for  a  converged  solution, 
results  in  15,000  time  steps.  Hence,  a  (computer)  perfor¬ 
mance  is  needed  that  is  beyond  the  teraflop  and  adds  up  to 

>10*'*  operations  per  second. 

This  is,  of  course,  a  rather  pessimistic  guess  (for  an  as¬ 
sumed  explicit  numerical  method),  however,  it  reflects  at 
least  some  needs  for  mesh  fineness  in  order  to  get  close  to 
results  that  can  be  termed  as  mesh  independent  ones.  By 
the  way,  the  figures  derived  above,  are  based  on  a  mesh 
that  is  merely  resolving  the  upper-surface  boundary  layer 
of  a  wing  and  does  neither  take  into  account  the  lower 
surface  nor  the  farfield  of  the  computational  mesh  ...  ! 

7.  APPLICATIONS 

In  the  following,  applications  for  two-  and  three-dimen¬ 
sional  compressible  flows  will  be  presented  and  discussed 
with  respect  to  flow-physics  modelling  aspects. 

7.1  RAE  2822  airfoil 

The  most  popular  test  case  treated  by  the  majority  of  people 
investigating  transonic  (two-dimensional)  flow  is  the  RAE 
2822  airfoil,  (Cook,  McDonald,  Firmin,  1979).  The  cases 
going  to  be  discussed  are  Case  9  and  10,  respectively.  Both 
cases  consider  transonic  flow  with  shock  strengths  causing 
flow  with  either  approaching  separation  or  showing  incipi¬ 
ent  separation.  The  major  problems  are  related  to  shock/ 
boundary  layer  interaction  that  is  difficult  to  treat  by  the 
turbulence  models  used. 

In  order  to  carry  out  any  -  reliable  -  validation  process, 
emphasis  on  mesh  dependence  aspects  must  be  placed  ini¬ 
tially.  For  the  RAE  2822,  Case  9,  application,  a  comprehen¬ 
sive  grid-dependence  study  has  been  undertaken  in  a 
GARTEUR  initiative  (Williams,  1994).  The  flow  parameters 
for  Case  9  read  Ma  =  0.734,  Re  =  6.510®,  a  =  2.54°  with 
transition  at  0.03  chord  on  lower  and  upper  surface.  The 
flow  parameters  have  been  corrected  according  to  recom¬ 
mendation  by  the  experimentalists  (Haase  et  al,  1993). 
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Results  of  the  GARTEUR  study  are  given  in  Table  1  and 
are  based  on  a  use  of  the  Baldwin-Lomax  turbulence  model 
coded  in  the  original  version. 

Table  1  Force  coefficients  for  RAE  2822,  Case  9. 

A  mesh  dependence  study  using  the  Bald¬ 
win-Lomax  turbulence  model. 

The  mesh  structure  for  the  256x64  mesh  is 
presented  in  Fig.  1 . 


Meshpoints 

Drag 

CD 

Lift 

CL 

Moment 

Cm 

64x16 

0.032682 

0.85812 

-0.13794 

128x32 

0.022277 

0.85316 

-0.12068 

256x64 

0.018891 

0.83565 

-0.11121 

512x128 

0.017665 

0.82207 

-0.10638 

1024x256 

0.017291 

0.81445 

-0.10490 

Experiment 

0.016800 

0.80300 

-0.09900 

It  can  be  seen  from  Table  1  that  variations  in  lift  and  mo¬ 
ment  coefficients  are  much  smaller  compared  to  the  drag 
coefficient  on  the  different  mesh  levels;  drag  variation  is 
close  to  100%  between  finest  and  coarsest  mesh.  Although 
the  finest-mesh  results  show  the  best  agreement  with  ex¬ 
periments,  two  further  items  should  be  made  as  clear  as 
possible:  First,  as  mentioned  above,  results  obtained  for  that 
study  have  been  carried  out  using  the  original  Baldwin-Lo¬ 
max  model,  a  turbulence  model  that  does  not  precisely  de¬ 
scribe  shock/boundary  layer  interaction.  Second,  one  can 
recognize  easily  that  between  the  fine  grid  (512x128)  and 
the  finest  one  (1024x256)  a  difference  of  still  four  drag 
counts  has  been  calculated.  However,  in  the  context  of  an 
accurate  design  (say  of  a  complete  wing)  this  might  be  still 
too  much. 

It  should  be  noted  at  this  point  that  the  difference  between 
measurement  and  computation  is  not  the  most  crucial  issue 


aspects  of  validation,  errors  are  evident  on  both  sides,  but 
grid  independent  results  should  be  obtained  in  all  cases  in 
order  to  predict  the  ’’deltas”  between  a  variety  of  solutions 
accurately. 

Results  going  to  be  discussed  in  the  following  have  been 
obtained  using  a  mesh  with  512x128  volumes.  Moreover,  it 
should  be  mentioned  that  the  mesh  has  been  adapted  to  the 
measured  shock  location.  However,  in  order  to  provide  reli¬ 
able  results  for  different  turbulence  models  with  correspond¬ 
ing  slightly  differently  predicted  shock  locations,  shock 
aligned  mesh  adaptation  has  been  applied  moderately  (for 
the  upper  airfoil  surface)  as  it  is  shown  in  Fig.  1  for  the 
second  mesh  level  (256x64)  of  the  RAE  2822  airfoil  mesh. 

As  already  mentioned,  in  the  fine  mesh  512  volumes  are 
located  in  the  wrap-around-direction  and  128  volumes  are 
used  to  discretise  the  wall-normal-direction.  64  volumes 
have  been  taken  from  the  512  for  wake  representation,  i.e. 
384  volumes  are  distributed  on  the  airfoil  surface  according 
to  the  C-type  mesh  structure.  The  first  volume  height  (adja¬ 
cent  to  the  airfoil  surface)  is  selected  to  be  between 
3.5x10“^  chords  in  the  apex  region  and  about  6.0x10“®  in 
the  trailing-edge  part  on  lower  and  upper  surface,  respec¬ 
tively.  This  results  in  calculations  that  exhibit  in  the  finest 
(512x128)  mesh  50-78  mesh  points  in  the  boundary  layer, 
starting  with  50  points  (volumes)  in  the  stagnation  point 
area  and  reaching  56  points  in  the  lower  trailing  edge  and 
71  (78)  for  Case  09  (CaselO)  in  the  upper  trailing  edge 
boundary  layer. 

The  following  discussion  of  the  RAE  2822  test  cases  will 
now  concentrate  on  Case  10,  a  test  case  being  more  sensi¬ 
tive  with  respect  to  different  turbulence  model  applied.  The 
flow  parameters  are  Ma  =  0.754,  Re  =  6.210®  and  a  = 
2.81°  with  transition  at  0.03  chord  on  lower  and  upper 
surface.  The  grid  dependence  that  has  been  carried  out,  ex¬ 
hibits  y+-values  in  the  fine  meshes,  i.e.  in  both  the  256x64 
and  the  512x128  mesh,  that  are  lower  than  unity. 


Figure  1  Mesh  for  RAE  2822  airfoil  with  256x64  cells 
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cl=0.7V300  cd=0.02V20  cm=-0.10600 


Cebeci-Smith 

CL=  0.80199  CB=  0.02836  ch=-0.10802 
Johnson-King 

CL=  0.73923  CD=  0.02588  Cii=-0.09658 


Johnson-Coakley 

CL=  0,781^86  CD=  0.02823  ch=-0.10612 


algebaic  model  returns  (shock  induced)  separation  down  to 
the  trailing  edge,  whereas  the  1/2-equation  models  provide 
more  reliable  results  showing  reattachment  in  the  rear  part 
of  the  upper  airfoil  surface. 


Figure  4  RAE2822,  Case  10,  non-equilibrium  effects 

using  Johnson-King  and  Johnson-Coakley 
1 /2-equation  turbulence  models 


Figure  2  Pressure  distributions  for  RAE  2822,  Case 
10,  and  different  turbulence  models,  mesh 
level  512x128 

In  Fig.  2,  for  the  Cebeci-Smith,  Johnson-King  and  John¬ 
son-Coakley  turbulence  models,  pressure  coefficient  dis¬ 
tributions  are  presented  and,  additionally,  the  computed 
force  coefficient  are  given.  As  ’’usual”,  the  algebraic  model 
-  but  this  holds  also  for  the  Baldwin-Lomax  model  -  is 
shifting  the  shock  more  downstream,  in  contrast  to  the 
Johnson-King  model  which  (often)  positions  the  shock 
more  upstream  in  alignment  with  a  reduced  shock  strength. 
The  Johnson-Coakley  model  ameliorates  the  shock  location 
by  the  introduction  of  the  modified  inner  layer  formulation. 
This  holds  for  nearly  all  transonic  test  cases,  as  it  will  be 
shown  also  in  section  7.2  for  the  MBB-A3  airfoil. 


The  thinner  lines  in  all  figures  of  this  section  correspond  to 
the  lower  airfoil  surface  distributions,  the  thicker  ones  to  the 
upper  surface. 


Figure  3  Skin  friction  distributions  for  the  RAE  2822, 
Case  10,  and  different  turbulence  models 

Fig.  3  depicts  the  corresponding  skin  friction  distributions 
for  the  three  selected  turbulence  models.  It  becomes  very 
clear,  that  in  the  area  where  the  flow  remains  attched,  all 
three  models  are  producing  similar  results,  however,  in  the 
shock  and  post-shock  regions,  major  differences  occur.  The 


The  advantage  of  the  1/2-equation  models  with  respect  to 
the  algebraic  model  is  due  to  the  fact  that  the  non-equilibri¬ 
um  models  are  taking  boundary  layer  history  effects  into 
account  by  solving  an  ordinary  differential  equation.  The  a 
distribution  shown  is  -  as  described  above  in  section  4.3  - 
the  ratio  between  the  (outer)  eddy  viscosity  for  the  non¬ 
equilibrium  and  equilibrium  approach, 

O  =  Vt  outer  !  Vt  outer, equilibrium  • 

For  the  upper  surface  of  the  RAE  2822  airfoil.  Fig.  4,  the 
flow  well  upstream  of  the  shock  is  close  to  its  equilibrium 
state,  whereas  in  the  vicinity  of  the  shock  -  initiated  already 
some  boundary  layer  thicknesses  ahead  of  it  -  the  non¬ 
equilibrium  eddy  viscosity  is  smaller.  This  situation  is  re¬ 
versed  aft  of  the  shock  and  a  reaches  a  near-equilibrium 
state  at  the  trailing  edge  again.  On  the  lower  surface,  where 
the  flow  (thinner  lines  in  Fig.  4)  is  accelerated  towards  the 
trailing  edge  (due  to  the  rear  loading  of  the  airfoil),  the 
non-equilibrium  eddy  viscosity  is  dominating,  too. 

A  disadvantage  of  the  1/2-equation  models  when  ’’switched 
on”  at  the  desired  onset  of  transition  is  that  they  often  pro¬ 
duce  high  unphysical  non-equilibrium  values  for  o.  Assum¬ 
ing  that  the  turbulent  boundary  layer  is  closer  to  equilibri¬ 
um  in  that  area  than  to  non-equilibrium,  this  local 
maximum  can  be  reduced  by  using  a  relaxation  between  the 
eddy  viscosity  calculated  on  a  equilibrium  and  non-equilib¬ 
rium  model  basis.  This  is  forcing  the  flow  (and  consequent¬ 
ly  the  eddy  viscosity)  to  stay  near  to  equilibrium  at  least 
along  some  percent  of  the  chord  when  ’’switching  on”  the 
turbulence  model  right  at  transition  onset. 

More  precise  answers  about  the  predictive  accuracy  of  any 
Navier-Stokes  computation  provides  an  inspection  of  the 
boundary  layer  behaviour.  The  boundary  layer  displacement 
thickness,  presented  in  Fig.  5,  has  been  derived  by  using 
the  approach  by  Stock&Haase  (1989)  that  has  been  briefly 
described  in  section  4.10.  Fig.  5  exhibits  the  displacement 
thickness  for  Case  10  on  upper  and  lower  surface  (thin 
lines),  respectively.  The  various  shock  locations  can  be  easi¬ 
ly  detected,  causing  a  rather  different  post-shock  boundary 
layer  behaviour.  Again,  the  Johnson-Coakley  model  gives 
favourable  results  -  when  compared  to  the  measurements. 
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This  can  be  underlined  by  the  velocity  profiles  plotted  at 
x/c=0.65  and  x/c=1.0  presented  in  Figs.  6  and  7. 


K/C 


Figure  5  RAE  2822,  Case  1 0,  displacement  thickness 
distributions 

However,  one  has  to  be  cautious  in  interpreting  the  results 
shown  in  Fig.  6  and  7,  in  particular  the  results  for  x/c:=0.65 
because  different  shock  locations  produce  correspondingly 
different  velocity  profiles  at  fixed  chord-wise  positions.  The 
x/c=0.65-profile  lies  in  the  post-shock  area  for  all  models 
but  the  boundary  layer  history  at  this  station  is  different  due 
to  the  different  positions  of  the  shock  upstream  of  that  loca¬ 
tion.  The  1 /2-equation  models  show  well  separated  flow 
with  reasonable  shapes  of  velocity,  while  the  algebraic  (Ce- 
beci-Smith)  model  exhibits  a  ’’feature”  which  holds  for 
nearly  all  algebraic  models,  namely  to  produce  spiky,  i.e. 
unphysical,  near  wall  profile  shapes  in  separation  zones. 


LO 


Figures  RAE  2822,  Case  10,  velocity  profiles  at 
x/c=0.65  on  upper  surface 

Although  pressure  distributions  compare  fairly  well  for  the 
different  turbulence  models  tested,  larger  differences  in  the 
velocity  profiles  can  be  detected  from  Fig.  6  and  7.  Apart 
from  the  situation  that  the  algebraie  model  is  unable  to 
predict  reattachment  behind  the  shock  in  that  very  case,  as 
it  can  be  taken  from  the  skin  friction  distribution  in  Fig.  3, 


only  the  Johnson-Coakley  model  provides  at  least  a  qualita¬ 
tive  agreement  with  the  experimental  findings. 


LD 


Figure  7  RAE  2822,  Case  10,  velocity  profiles  at 
x/c=1 .0  on  upper  surface 

Results  for  three  different  2-equation  models  can  be  taken 
from  Fig.  8  and  9,  presenting  pressure  coefficient  and  skin 
friction  distributions  for  the  Lien-Leschziner  (1991),  the 
Chien  (1982)  and  the  Kalitzin  (1995)  k-r  model.  The  latter 
is  the  modified  Wilcox  k-o)  model  expressing  the  eddy  vis¬ 
cosity  as  a  function  of  the  turbulent  kinetic  energy  and  the 
time  scale,  x=k/e. 


Figure  8  RAE  2822,  Case  10,  pressure  coefficient  dis¬ 
tributions  for  2-equation  models,  for  legend 
see  Fig.  9  (by  courtesy  of  G.  Kalitzin) 

Computations  of  pressure.  Fig.  8,  and  skin  friction,  Fig.  9, 
exhibit  a  trend  that  is  recognized  in  many  2-equation  turbu¬ 
lence  models,  in  particular  to  underpredict  pressure  induced 
separation  caused  by  adverse  pressure  gradients  or  dismis¬ 
sing  separation  at  all.  Unfortunately,  the  results  discussed  so 
far  do  not  provide  a  proper  basis  for  being  able  to  distin¬ 
guish  between  model  sophistication  and  accuracy,  however, 
the  advantage  of  the  2-equation  models,  being  more  effec¬ 
tively  applicable  to  complex  geometric  shapes,  still  holds. 
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Figure  9  RAE  2822,  Case  1 0,  skin  friction  distributions 
for  2-equation  models  (by  courtesy  of  G.  Ka- 
litzin) 


Figure  1 0  RAE  2822,  Case  1 0,  pressure  coefficient  dis¬ 
tributions  for  k-T  ( - )  and  k-^-SST  ( - ) 

model  (by  courtesy  of  G.  Kalitzin) 

The  adoption  of  Menter’s  (1994)  SST  approach,  i.e.  reduc¬ 
ing  the  amount  of  outer  layer  eddy  viscosity,  is  ameliorating 
the  pressure  result,  as  it  can  be  taken  from  Fig.  10.  Addi¬ 
tionally,  the  flow  is  further  approaching  separation  but  not 
really  separating.  In  general,  the  SST  approach  was  found 
to  predict  separated  flows  or  flows  approaching  separation 
much  better.  The  pressure  ’’plateau”  on  the  upper  surface 
(upstream  of  the  shock),  however,  is  slightly  more  underpre¬ 
dicted  (pressure  in  fact  is  overpredicted,  -Cp  is  plotted)  by 
using  the  SST  approach.  As  a  gift  in  return,  the  slightly 
lower  (favourable)  pressure  results  in  a  more  upstream 
shock  location  and  the  shift  of  the  shock  position  is  caused 
by  the  slightly  different  boundary  layer  history. 

It  has  been  shown  in  the  ECARP  project  (Haase  et  al, 
1997)  that  even  more  improvements  on  2-equation  turbu¬ 
lence  models  can  be  achieved  by  taking  into  account  se¬ 
cond  (or  third)  order  effects  in  the  stress-strain  relation. 


7.2  MBB-A3  airfoil 

Flow  over  the  MBB-A3  airfoil  (Bucciantini  et  al,  1979)  is 
similar  to  what  has  been  discussed  in  the  previous  section. 
However,  the  increased  Mach  number  is  causing  a  more 
pronounced  shock/boundary  layer  interaction  and  will  ex¬ 
hibit  some  further  problems  in  flow  prediction  on  the  lower 
side  of  the  airfoil.  Results  for  the  MBB-A3  airfoil.  Case 
113,  are  presented  to  demonstrate  the  encountered  weak¬ 
nesses. 

Concerning  mesh  generation  for  the  MBB-A3  airfoil,  a 
similar  effort  as  for  the  RAE  2822  airfoil  has  been  placed 
on  achieving  mesh  independent  results.  The  mesh  (in)depen- 
dence  study  has  revealed  a  mesh  with  a  first  volume  height 
(adjacent  to  the  airfoil  surface)  of  3.4x10“^  chords  in  the 
apex  region  and  7.0x10“^  in  the  trailing-edge  part  on  lower 
and  upper  surface,  respectively.  This  leads  to  y"*"  values  at 
the  wall  of  less  than  0.5.  Computations  for  test  case  ”113” 
exhibit  between  45  to  67  mesh  points  across  the  boundary 
layer  in  the  finest  (512x128)  mesh,  starting  with  45  points 
at  the  stagnation  point  and  reaching  59  in  the  lower-surface 
and  67  on  the  upper-surface  trailing  edge  region. 

Compared  -  when  different  turbulence  models  are  consid¬ 
ered  -  to  the  already  sensitive  test  case  RAE  2822,  Case 
10,  an  even  more  critical  flow  simulation  is  achieved  for 
the  MBB-A3  airfoil  due  to  much  larger  deviations  in  shock 
locations  when  using  different  turbulence  models.  This  test 
case  that  has  been  thoroughly  investigated  in  the  European 
ETMA  project  (ETMA;  Efficient  Turbulence  Modelling  for 
Aeronautical  Applications,  Dervieux,  1997). 

The  flow  parameters  for  the  ”113”  test  case  read:  Ma=0.85, 
Re=6.0810^,  0=1.78  with  transition  at  0.4  chords  on  the 
lower  surface  and  at  0.03  chords  on  the  upper  surface,  re¬ 
spectively.  The  major  problem,  and  this  underlines  again  the 
strong  need  for  having  precisely  defined  and  comprehensive 
experiments  at  hand,  is  that  transition  was  not  fixed  in  the 
measurements.  For  the  present  computations,  transition  loca¬ 
tion  on  lower  and  upper  surface  has  been  ’’derived”  from 
the  experiment  itself  by  taking  the  pressure  distribution  as 
an  initial  guess.  This  more  than  rough  estimate  is  checking 
where  favourable  pressure  gradients  change  into  adverse 
ones  and  has  no  relation  to  a  serious  investigation  of  transi¬ 
tion  onset. 

Pressure  distributions,  shown  in  Fig.  11,  using  the  same  set 
of  turbulence  models  as  for  the  RAE  2822  cases  -  Cebeci- 
Smith,  Johnson-King  and  Johnson-Coakley  -  exhibit  dras¬ 
tic  deviations  on  both  upper  and  lower  (!)  surface  of  the 
airfoil.  For  the  upper  surface,  the  same  answers  given  for 
the  RAE  2822  are  still  valid,  although  the  differences  ob¬ 
tained  between  the  chosen  turbulence  models  are  much  big¬ 
ger.  On  the  lower  surface,  no  real  explanation  can  be  given 
for  the  gap  between  experiment  and  computation.  The  mea¬ 
surements  do  not  exhibit  a  supersonic  region  -  the  Cp*  line 
defines  the  critical  pressure  coefficient  where  the  flow  be¬ 
comes  supersonic  -  whereas  the  computational  results  show 
a  clear  tendency  for  a  supersonic  bucket.  Setting  transition 
on  the  lower  surface  to  x/c=0.03,  according  to  the  detected 
small  area  of  adverse  pressure  in  that  region,  does  not  really 
change  the  flow  behaviour  on  the  lower  airfoil  surface. 
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CL»  0.51500  CD=  0.03236 

Cebeci-Smith 

ci.=  0.52125  co=  0.04763 

Johnson-King 

CL=  0.38188  CD=  0.03574 

Johnson-Coakley 

CL=  0.45522  CD=  0.04183 


Figure  11  MBB-A3,  Case  1 1 3,  pressure  coefficient  dis¬ 
tributions  for  different  turbulence  models 

It  should  be  mentioned  additionally,  and  this  again  shows 
the  importance  of  the  undertaken  grid-dependence  study, 
that  the  algebraic  turbulence  model  on  the  very  fine  mesh 
produces  similar  results  -  with  respect  to  the  shock  position 
-  as  the  Johnson-Coakley  model  is  predicting  on  the  coars¬ 
er  mesh.  Thus,  the  MBB-A3  ”113”  test  case  has  not  only 
been  presented  to  demonstrate  weaknesses  but  even  more  to 
encourage  further  investigations. 


7.3  ONERA  channel  bump  flow 

In  contrast  to  simulating  exteriour  flows,  channel  flows  of¬ 
fer  the  possibility  of  achieving  more  accurate  results  by  pre¬ 
cisely  taking  measuremental  flow  conditions  (inflow,  out¬ 
flow,  correct  boundary  conditions  due  to  limited 
computational  domain)  into  account.  Moreover,  for  the 
ONERA  bump  test.  Case  A,  it  is  possible  to  computational¬ 
ly  ’’shift”  the  shock  directly  into  that  streamwise  position 
where  it  was  measured,  hence  enabling  a  very  good  basis 
for  properly  comparing  different  turbulence  models  in  the 
shock  area  itself.  It  allows  for  directly  comparing  boundary 
layer  profile  data  at  fixed  positions.  However,  fixing  the 
shock  computationally,  causes  the  disadvantage  of  additional 
calculations  as  the  exit  pressure  is  driving  the  flow  field 
behaviour  -  and  the  shock  position. 

The  flow  parameters  used  in  that  study  are:  In-flow  Mach 
number  Ma=0.68,  total  pressure  pt=0.9610^N/m^,  total  tem¬ 
perature  Tt=300K  and  the  experimental  pressure  ratio  being 
Pt/pexit=1.522.  The  isentropic  Mach  number  target  on  the 
lower  wall  -  that  has  to  be  fulfilled  by  all  computations  - 
has  been  set  to  Ma=1.047  at  x=0.158m. 

The  mesh  that  has  been  used  mandatorily  in  the  EUROVAL 
project  (Haase  et  al,  1993)  is  presented  in  Fig.  12.  It  shows 
the  refined  shock  area  and  allows  for  y''  values  at  the  wall 
being  less  than  unity. 


Figure  12  ONERA  bump,  Case  A,  mesh  structure 

Based  on  the  flow  parameters  given  above  and  the  mesh  in 
Fig.  12,  flow  field  results  for  a  variety  of  turbulence  models 
are  presented  as  Mach  number  contours  in  Fig.  13.  At  a 
first  glance,  most  of  the  solutions  obtained  look  rather  simi¬ 
lar  whether  algebraic,  1/2-equation,  2-equation  or  algebraic 
Reynolds  stress  models  are  concerned.  Apart  from  some  os¬ 
cillatory  behaviour  in  the  post-shock  area  and  slight  differ¬ 
ences  in  the  contour  shapes  at  the  inlet  boundary  due  to 
variations  in  implemention  (e.g.  the  Dornier  results  have 
been  obtained  by  extrapolating  the  velocity  components  u 
and  v  under  the  constraint  that  v  never  violates  the  ’’kine¬ 
matic  limit”,  i.e.  the  computed  density  remains  positive),  the 
shock  position,  mandatorily  adjusted  to  the  experimental 
value,  is  well  captured  by  all  computations.  However,  closer 
inspection  of  the  near-wall  shock  area  itself  exhibits  a  vari¬ 
ety  of  shock/boundary  layer  interference  aspects  with  vary¬ 
ing  X-shock  structures  which  are  caused  by  over(under)pre- 
diction  of  post-shock  separation  when  using  the  different 
turbulence  models. 


Figure  13  ONERA  bump,  Case  A,  Mach  number  con¬ 
tours  for  different  turbulence  models 
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Figure  13  (cont.)  ONERA  bump,  Case  A, 

Mach  number  contours  for  different  turbulen¬ 
ce  models 

The  two  following  figures,  Fig.  14  and  15,  present  a  better 
insight  into  what  was  discussed  up  to  now.  Up  to  the 
shock,  the  isentropic  Mach  number  at  the  tunnel  wall.  Fig. 
14,  is  in  perfect  agreement  with  the  experimental  findings, 
i.e.  all  turbulence  models  involved  return  the  attached- 
boundary-layer  features  correctly.  The  marked  Mach  num¬ 
ber,  (  O  ),  indicating  the  correct  shock  location  (to  be  met 
mandatorily  by  all  computations),  has  been  well  captured. 
The  computed  exit  pressure  ratios  that  were  necessary  for 
the  different  turbulence  models  to  fix  the  shock  at  the  de¬ 
sired  position,  varied  from  pt/pexit=  1-520  to  1.529,  see  leg¬ 
end  in  Figs.  14  and  15. 

Concerning  the  flow  prediction  in  the  aft  shock  region,  the 
non-equilibrium  Johnson-King  model  provides  the  best  per¬ 
formance,  although  it  is  overpredicting  separation,  as  it  can 
be  recognized  from  Fig.  13.  It  is  important  to  note,  particu¬ 
larly  with  respect  to  a  thorough  validation  work,  that  the 
discrepancy  in  the  area  well  behind  the  shock,  i.e.  the  gap 
between  the  experimental  and  computed  Mach  number  level 
must  not  be  related  to  weaknesses  in  flow-physics  (turbu¬ 


lence)  modelling  but  was  reported  as  a  three-dimensional 
effect  in  the  measurements. 


-  Cebeci/Smith,  pt/p„it=1.522 

-  Baldwin/Lomox,  pt/p„ii=1.520 

-  Johnson-King  -  Equilibrium,  pt/pexit=1.528 

- Johnson-King  -  Non-equilibrium,  p(/p„it=1.529 

□  Measurements 


Figure  14  ONERA  bump.  Case  A, 

Isentropic  wall  Mach  number  for  different  tur¬ 
bulence  models 

But  even  when  ’’global”  flow  features  are  in  line  with  the 
measurements,  a  thorough  investigation  of  the  boundary 
layer  provides  a  better  indicator  on  the  predictive  accuracy 
as  it  is  presented  in  Fig.  15,  showing  distributions  for  the 
boundary  layer  displacement  and  momentum  thicknesses. 
Concerning  computed  momentum-thickness  distribution  one 
should  be  aware  of  the  importance  for  any  CFD  method  to 
predict  momentum  thickness  accurately. 

Fig.  15  seems  to  indicate  -  concerning  the  displacement 
and  momentum  thicknesses  -  that  the  algebraic  models 
which  do  not  predict  pressure  in  the  close  vicinity  of  the 
aft-shock  region  accurately,  are  in  better  agreement  with  the 
experimental  findings.  However,  the  algebraic  models  do 
not  predict  either  the  maximum  displacement  thickness  or 
the  downstream  conditions  correctly.  Moreover,  the  Bald- 
win-Lomax  model  clearly  underpredicts  momentum  thick¬ 
ness  downstream  of  the  shock.  Unfortunately,  the  Johnson- 
King  model  drastically  overpredicts  momentum  and 
displacement  thickness  due  to  an  overprediction  of  shock 
induced  separation  which  can  be  related  to  a  non-equilibri¬ 
um  outer  eddy  viscosity  being  by  far  too  small  in  that  area. 

It  should  be  recalled  that  this  flow  is  presumably  attached, 
as  suggested  by  the  experimental  velocity  distributions, 
there  is,  however,  no  conclusive  evidence  that  separation  is 
completely  suppressed,  as  there  are  no  experimental  data  for 
skin  friction  available. 
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-  Cebeci/Smith,  pt/pexit=l-522 

-  Baldwin/Lomax,  pt/p8wt=1.520 

-  Johnson-Kirg  -  Equilibrium,  pt/p8xit=l-528 

- Johnson-King  -  Non-equilibrium,  pi/pexit=1.529 

O  Measurement's  -  Displacement  Thickness 

A  Measurements  -  Momentum  Loss  Thickness 

Figure  15  ONERA  bump.  Case  A,  displacement  and 
momentum  thickness  for  different  turbulence 
models 

7.4  Hypersonic  ramp  flow 

Initiated  at  the  Hypersonic  Workshop  (Desideri  et  al,  1991), 
emphasis  was  placed  on  the  calculation  and  validation  of 
hypersonic  re-entry  problems,  particularly  aiming  at  the 
simulation  of  flows  over  deflected  control  surfaces  (e.g.  Si- 
meonides&Haase,  1995).  However,  when  starting  work  on 
test  cases  and  comparing  to  available  measurements  drastic 
mismatches  between  heat  transfer  measurements  and  the  cor¬ 
responding  computations  have  been  achieved. 

Generally  spoken  and  this  does  hold  for  all  experimental 
investigations,  they  are  playing  a  prominent  role  in  the  val¬ 
idation  of  aerospace  design  tools  and  in  a  thorough  under¬ 
standing  of  fluid  dynamics.  Moreover,  they  play  a  key  role 
in  CFD  development.  However,  expectations  for  using  CFD 
as  an  accurate  flow  analysis  and  engineering  tool  places 
more  stringent  requirements  on  experiments  supporting  code 
development,  improvement  and  validation  (Marvin,  1995). 

After  thoroughly  discussing  all  issues  concerning  the  specif¬ 
ic  test  cases  with  the  experimentalists,  it  was  commonly 
stated  that  measurements,  expected  to  be  in  the  fully  lami¬ 
nar  flow  regime,  were  in  fact  transitional.  New  calculations 
have  been  carried  out,  dealing  with  both  modelling  of  tran¬ 
sition  and  turbulence.  Strong  shock  wave/laminar  boundary 
layer  interactions,  exhibiting  large  separated  regions,  were 
found  additionally.  The  reattaching  boundary  layer  on  the 


ramp  was  significantly  thin  and  was  transitioning  to  a  tur¬ 
bulent  one  right  after  reattachment. 

Results  of  two  different  test  cases  are  going  to  be  discussed 
below  on  a  basis  of  heat  transfer  distributions  with  various 
settings  for  transition  onset,  including  transition  modelling 
itself  and  ’’forced”  tripping  of  the  originally  laminar  bound¬ 
ary  layer. 

The  mesh  used  for  this  investigation  was  a  very  fine  one, 
adapted  to  the  viscous  layers  and  the  shock  position,  with 
352x160  mesh  points  in  the  main-flow  and  wall-normal 
direction.  The  mesh  has  been  intensively  tested  in  order  to 
allow  for  grid  independent  results.  109  (!)  cells  had  been 
stretched  across  the  boundary  layer  with  almost  66  cells  in 
the  subsonic  layer  measured  at  the  onset  of  (laminar)  sepa¬ 
ration.  The  advantage  of  this  extremely  refined  mesh  is  of 
course  a  high  resolution  of  the  boundary  layer  which  in 
turn  proved  necessary  to  predict  heat  transfer  rates  accurate¬ 
ly  and  -  as  a  gift  in  return  -  made  it  more  conveniant  to 
use  the  algebraic  Cebeci-Smith  turbulence  model.  Moreover, 
due  to  the  fact  that  turbulent  flow  was  initiated  in  the  very 
close  vicinity  of  flow  reattachment,  only  attached  turbulent 
boundary  layers  had  to  be  taken  into  account.  The  Cebeci- 
Smith  model  could  be  appropriately  used,  together  with  the 
(above  described)  method  by  Stock&Haase  for  deriving  the 
boundary  layer  displacement  thickness.  In  the  case  of  fully 
turbulent  flow  which  does  not  show  any  separation  at  all, 
the  Cebeci-Smith  model  has  been  used,  too. 

The  first  test  case  for  a  0.07m  hinge,  i.e.  a  flat  plate  with  a 
length  of  0.07m  upstream  of  the  ramp,  at  Ma=14.1, 
Reunit=6.5T0®/m,  Too=58.8K,  Twaii=290K  and  a  ramp  angle 
of  15°,  exhibits  a  considerable  length  of  the  transition  re¬ 
gion.  The  ’’normally”  applied  approach  of  ’’switching  on” 
the  desired  turbulence  model  at  transition  onset  failed  com¬ 
pletely  with  respect  to  an  accurate  flow  prediction  in  the 
transition  region,  Fig.  16.  In  order  to  overcome  this  failure, 
the  transition  model  by  Dhawan&Narasimha,  described  in 
section  5.3,  has  been  applied  by  choosing  the  two  ’’free” 
parameters  to  be 

Xtr=0.06m  and  Xtr=0.12m 

Heat  transfer  distributions  in  the  form  of  a  modified  Stanton 
number 

,  =  _ 1 _ 

^  —  Ty/all) 

are  presented  in  Fig.  16  for  laminar,  transitional  and  fully 
turbulent  flow  together  with  the  experimental  values  and 
results  obtained  by  the  reference  temperature  method  (Si- 
meonides,  1992).  Obviously,  the  same  niveau  of  turbulent 
heat  transfer  is  achieved  on  the  ramp  whether  the  flow  is 
laminar,  transitional  or  fully  turbulent.  Apart  from  a  modest 
gap  between  computation  and  measurements,  even  those 
calculations  with  a  ’’switched  on”  turbulence  model  -  i.e. 
without  making  use  of  the  transition  model  -  are  reaching 
the  same  turbulent  heat  transfer  level  as  the  fully  turbulent 
computations.  The  advantage  of  is  that  the  Navier-Stokes 
method  can  be  used  to  predict  at  least  the  maximum  turbu¬ 
lent  heat  transfer  correctly,  independently  of  the  chosen  on¬ 
set  of  transition.  However,  an  accurate  prediction  of  transi¬ 
tion  from  laminar  to  turbulent  flow  -  with  a  transition 
taking  place  well  after  the  interaction  -  needs,  as  it  is 
shown,  more  thorough  investigations. 


The  second  test  case  concerned  again  a  15°  ramp  but  now 
with  a  flat  plate  length  ahead  of  the  hinge  line  of  0.2m. 
The  flow  parameters  are:  Ma=14.1,  Reunit=13.OT0^/m, 
Too=58.8K  and  Twall=290K.  In  this  case  -  where  transition 
occurs  very  close  to  the  reattachment  point  of  the  boundary 
layer  -  computations  with  transition  setting  at  0.24m  are  in 
good  agreement  with  the  measurements  performed  without 
tripping  the  boundary  layer.  The  modest  underprediction  of 
the  (laminar)  heat  transfer  data  upstream  of  the  hinge  line 
may  be  attributed  to  the  experimental  finite  leading  edge 
thickness  of  the  flat  plate,  an  effect  that  had  not  been  taken 
into  account  for  the  computations. 

Whenever  transition  had  been  set  to  a  location  well  in  the 


separation  region  or  upstream  of  it,  as  it  had  been  carried 
out  by  setting  transition  to  0.06m,  it  resulted  in  a  fully 
attached  flow  with  heat  transfer  transitioning  directly  from 
the  fully-laminar  to  the  fully-turbulent  level.  Additionally, 
and  very  important  from  an  engineering  point  of  view,  it 
becomes  obvious  from  Fig.  17  that  transition  initiated  in  the 
close  vicinity  of  the  reattachment  point  results  in  good  esti¬ 
mates  for  the  highest  turbulent  heat  transfer  (peak  heating) 
on  the  deflected  control  surface. 

In  order  to  obtain  a  proper  basis  for  comparing  with  the 
fully-turbulent  computations,  an  experimental  ’’attempt”  was 
carried  out,  tripping  the  laminar  flat  plate  boundary  layer 
for  receiving  ’’fully”  turbulent  flow. 


X  (m) 


Figure  1 6  Heat  transfer  rates  for  hypersonic  laminar,  transitional  and  turbulent  0.07m-ramp  flow 


X  (m) 


Figure  17  Heat  transfer  rates  for  hypersonic  laminar,  transitional  and  turbulent  0.20m-ramp  flow 
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In  Fig.  18,  Schlieren  pictures  for  the  non-tripped  (transi¬ 
tional)  and  tripped  (turbulent)  flow  are  presented.  In  addi¬ 
tion,  for  the  non-tripped  flow,  computed  density  contours 
are  provided,  revealing  a  good  comparison  with  the  Schlier¬ 
en  photo  given  below.  In  the  tripped  flow  case,  however,  in 
view  of  the  high  level  of  stability  of  hypersonic  boundary 
layers  and  their  strong  restistance  to  transition  (Amal, 
1989),  3mm  diameter  tripping  devices  has  been  used. 
Hence,  it  is  not  certain  that  an  equilibrium  turbulent  bound¬ 
ary  layer  was  attained  on  the  flat  plate  part  of  the  model. 
Nevertheless,  the  tripping  caused  a  fully  attached,  non-sepa¬ 
rating,  boundary  layer,  and  a  fully  turbulent  boundary  layer 


on  the  ramp.  This  is  confirmed  by  the  fully  turbulent  com¬ 
putations  which  are  in  close  agreement  with  the  experimen¬ 
tal  findings. 

It  should  be  mentioned  once  more  that  the  Cebeci-Smith 
turbulence  model  did  behave  well  in  all  transitional  and 
turbulent  computations  due  to  the  fact  that  this  model  has 
been  applied  in  regions  of  attached  flow  only.  It  is  well 
known  that  the  Cebeci-Smith  turbulence  model  has  a  good 
predictive  accuracy  when  attached  flows  are  concerned,  pro¬ 
vided  a  correct  calculation  of  the  boundary  layer  displace¬ 
ment  thickness  has  been  performed. 


Computed  density  contours  for  transitional  flow 


Schlieren  picture  for  transitional  (untripped)  flow 


Schlieren  picture  for  turbulent  (tripped)  flow 

Figure  18  Density  contours  and  Schlieren  pictures  for  hypersonic  transitional  (non-tripped)  and  turbulent  (tripped)  flow 

over  the  0.20m  ramp 


7.5  Flow  about  DLR-F4 

Validation  of  flow  around  the  DLR-F4  wing-body  (air¬ 
plane)  combination  was  one  of  the  major  challenges  in  the 
ECARP  project.  Results  obtained  by  several  investigators 
are  presented  in  Haase  et  al  (1997). 

The  mesh  that  had  been  mandatorily  used,  consisted  of  1.1 
million  mesb  points  and  was  moderately  adapted  with  re¬ 
spect  to  the  boundary  layer  thickness  and  the  shock  loca¬ 
tion.  "Moderately”  means  that  mesh  lines  were  concentrated 
in  the  shock  area  more  weakly  in  order  to  allow  for  slightly 
different  locations  in  the  various  computations.  In  particular, 
boundary  layer  calculations  have  been  carried  out  on  the 
basis  of  preliminary  Navier-Stokes  pressure  results  in  order 
to  analyse  the  mesh  on  the  wing.  Approximately  30  grid 
points  are  found  across  the  boundary  layer  with  y"'"  values 
at  the  wing  surface  in  the  order  of  0(1).  On  should  note, 
however,  that  the  chosen  1.1  million  mesti  points  were  still 
insufficient  in  so  far,  as  the  mesh  on  the  fuselage  was  still 
rather  coarse,  hence,  a  complete  computation  -  being  pre¬ 
cise  on  both  wing  and  body  -  would  have  required  many 
more  grid  points  in  total.  Nevertheless,  due  to  the  main 


interest  in  three-dimensional  flow  simulations  over  the  wing 
using  different  turbulence  models,  the  mentioned  grid  was 
mandatorily  adopted  for  the  considered  validation  work. 

The  flow  parameters  read:  Ma=0.75,  Re=3.0T0^  (based  on 
the  mean  aerodynamic  chord  length)  with  an  angle  of  attack 
of  0.93°.  Transition  was  fixed  at  15%  and  25%  on  upper 
and  lower  wing,  respectively.  Flow  over  the  fuselage  was 
assumed  to  be  fully  turbulent,  i.e.  starting  at  the  apex  with 
turbulent  flow  already.  As  indicated  by  some  computations, 
the  chosen  flow  parameters  result  in  flows  just  approaching 
separation  but  not  really  running  into  separation.  The  ex¬ 
periments  for  this  test  case  did  not  reveal  the  appearance  of 
shock  induced  separation. 

Fig.  19  is  representing  at  least  some  of  the  problems  one 
can  discover  when  validating  various  types  of  turbulence 
models.  Apart  from  the  ONERA  contribution,  shown  at  the 
right  hand  side  of  that  figure,  that  uses  a  non-Navier- 
Stokes  approach  -  namely  a  VII  (viscous-inviscid  interac¬ 
tion)  method  togther  with  a  special  2-half-equation  model 
(LeBalleur,  1981)  -  a  variety  of  results  have  already  been 
achieved  by  just  using  the  Baldwin-Lomax  model. 
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Figure  19  Pressure  contours  and  skin  friction  patterns  on  the  upper  wing  for  Baldwin-Lomax  turbulence  model  and  VII 
solution 

It  was  related  to  the  diversification  in  these  results  that  a 
decision  was  taken  by  the  ECARP  consortium  to  collect 
from  each  and  every  partner  a  concise  report  on  imple¬ 
mentation  and  coding  issues  of  the  turbulence  models 
employed  in  the  CFD  codes,  in  order  to  shed  more  light  to 
this  problem.  Although  the  complete  report  is  an  internal 
ECARP  consortium  report,  ECARPAhlidation  partners  have 
agreed  on  a  free  dissemination  (Haase,  1994). 

The  different  results  for  the  Baldwin-Lomax  model  should 
be  related  to  the  numerical  method  itself  -  and,  of  course, 
to  the  coding  and  parametrization  of  the  Baldwin-Lomax 
turbulence  model  itself.  As  mentioned  before,  flow  parame¬ 
ters  and  mesh  have  been  fixed  mandatorily  for  all  ECARP 
partners. 

The  results  with  respect  to  pressure  distributions  can  be 
claimed  to  be  acceptable  -  and  in  reasonable  agreement 
with  each  other. 

Comparing  skin  friction  distributions,  different  flow  situa¬ 
tions  have  been  computed  covering  the  whole  range  from 
shock-induced  separation  to  still  attached  flow.  The  ONE- 
RA  results.  Fig.  19,  seem  to  be  more  accurate,  unfortunate¬ 
ly,  these  are  wing-alone  computations  not  taking  into  ac¬ 
count  the  three-dimensional  vortex  footprint  at  the 
wing-body  junction.  Once  again,  the  variety  of  results  ob¬ 
tained  very  clearly  indicate  the  strong  need  for  any  valida¬ 
tion  process  to  reveal  exact  information  about  the  numerical 
method,  the  mesh  and  the  coding  and  implementation  of 


models,  before  getting  to  conclusions  about  the  (different) 
results. 


Figure  20  Pressure  contours  and  skin  friction  patterns 
on  the  upper  wing  for  Granville,  1/2-  and 
1 -equation  models 
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Additional  to  results  for  the  Baldwin-Lomax  model  pres¬ 
ented  in  Fig.  19,  Fig.  20  is  providing  results  for  the  Gran¬ 
ville  (1987)  modification  to  the  Baldwin  Lomax  model 
[GR],  the  three-dimensional  extension  of  the  half-equation 
Johnson-King  model  by  Abid  et  al  (1989)  [AVJW]  and  the 
one-equation  Wolfshtein  (1969)  model  [W].  As  the  John¬ 
son-King  turbulence  model  for  two-dimensional  applica¬ 
tions  with  adverse  pressure  gradients,  the  three-dimensional 
extension  of  the  Johnson-King  model  by  Abid  et  al  is  pro¬ 
viding  a  similar  accuracy,  recalling  that  no  separation  on  the 
wing  was  found  in  the  experiments.  The  Granville  and 
Wolfshtein  models  do  predict  a  smaller  area  of  shock  in¬ 
duced  separation  compared  to  most  of  the  Baldwin-Lomax 
results.  Hence,  the  Granville  modification  to  the  Baldwin- 
Lomax  model  shows  a  clear  improvement  -  as  suggested. 
Fig.  21  is  presenting  a  comparison  of  pressure  and  skin 
friction  distributions  on  four  wing  sections  using  the  Bald¬ 


win-Lomax  and  the  Abid  et  al  turbulence  model.  Addition¬ 
ally,  the  experimental  pressures  are  given.  The  computed 
pressure  results  are  in  very  good  agreement  with  the  mea¬ 
surements  on  both  lower  and  upper  surface.  The  shock  has 
been  resolved  properly  by  means  of  the  slight  mesh  adjust¬ 
ment  in  that  area.  As  already  seen  from  the  skin  friction 
contour  lines,  major  differences  with  respect  to  the  turbu¬ 
lence  model  used  also  show  up  in  the  section  skin  friction. 
The  Baldwin  Lomax  model  tends  to  predict  separation  ac¬ 
cording  to  a  slightly  more  downstream  location  of  the 
shock  and  a  correspondingly  increased  shock  strength.  The 
over-interpretation  of  adverse  pressure  effects  by  the  Bald¬ 
win-Lomax  model  can  also  be  extracted  from  the  lower 
surface  skin  friction  behaviour  -  where  the  flow  is  ap¬ 
proaching  separation  in  the  aft  (rear-loaded)  part  of  the 
wing. 


DLR-F4  WING/BODY  FULLY  TURB. 


-  AVJW  model 

- BL  model 


Figure  21  Pressure  and  skin  friction  distributions  on  upper  and  lower  wing  at  various  span-wise  sections  comparing 
Baldwin-Lomax  and  AVJW  models  (by  courtesy  of  E.  Elsholz,  Dasa-DA) 


Results  for  various  2-equation  models  are  presented  in  Fig. 
22.  In  particular,  the  models  of  Chen-Patel  (1987),  Chien 
(1982),  Kalitzin-Gould  (1996)  -  in  the  k-x  version,  an  ear¬ 
lier  development  of  the  k-g  model  as  presented  in  section 
4.9  -  and  the  Chien  model  plus  a  modified  length  scale  are 
concerned.  Again,  for  three  different  partners  using  the 
Chien  model,  three  different  solutions  have  been  obtained. 
Moreover,  the  results  obtained  by  one  contributor  do  not 
show  the  vortex  footprint  at  all  -  even  for  the  Chien  model 
-  although  the  same  numerical  method  exhibited  a  wing- 
body  junction  vortex  when  using  the  Baldwin-Lomax  tur¬ 
bulence  model. 


To  draw  a  conclusion  from  these  varying  results  is  in  fact 
not  simple,  nevertheless,  one  might  argue  that  in  general  the 
relevant  flow  features  have  been  successively  computed. 
The  influence  of  artificial  dissipation  has  been  recognized  as 
being  negligible,  however,  mesh  dependence  together  with 
boundary  layer  resolution  and  treatment  of  farfield  condi¬ 
tions  should  be  investigated  further.  Again,  the  major  differ¬ 
ences  in  results  by  choosing  different  turbulence  models 
might  be  related  to  unresolved  issues  on  different  imple¬ 
mentation,  interpretation  and  coding  of  these  models. 
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Figure  22  Pressure  contours  and  skin  friction  patterns  on  the  upper  wing  for  a  variety  of  2-equation  models 


7.6  Flow  Over  a  Cone  -  A  Solution  of  the  Parabolized 
Navier-Stokes  Equations 

In  order  to  show  that  algebraic  turbulence  models  -  the 
Baldwin-Lomax  model  in  this  particular  case  -  can  provide 
a  reasonable  predictive  accuracy,  results  are  presented  for 
the  flow  over  the  Rainbird  (1968)  cone  (Rieger,  1968, 
1987,  1997).  For  this  flow  simulation  which  is  governed  by 
vortical  flow  exhibiting  primary  and  secondary  vortex  sheet 
separation,  the  Degani-Schiff  modifications  to  the  Baldwin- 
Lomax  model  have  been  utilized  together  with  a  procedure 
that  is  taking  boundary  layer  history  effects  into  account. 
For  that,  local  y^ax  positions  in  the  Baldwin-Lomax  model 
are  smoothed  out  by  using  a  relaxation  based  on  the  y^ax 
station  that  has  been  obtained  at  the  previous  flow  station. 
Thus,  the  difficulties  encountered  in  determining  F  and  con¬ 
sequently  Fwake  values  in  the  Baldwin-Lomax  model,  be¬ 
coming  apparent  when  considering  vortical  flows,  have  been 
overcome. 

The  experimental  setup  consisted  of  a  12.5°  half-angle  cone 
model  with  the  following  test  conditions:  Ma=1.8,  total 
(tunnel)  pressure  of  25psia  and  a  total  (tunnel)  temperature 
of  approximately  70°F.  This  corresponds  to  a  Reynolds 
number  of  25  million  based  on  the  axial  length  of  the  mod¬ 
el.  Experimental  surface-pressure  distributions  were  obtained 
at  x/L=0.85  or  x=0.88m. 

In  the  attached  flow  region,  including  the  complete  wind¬ 
ward  side,  where  the  vortex  sheet  remains  attached,  the  ob¬ 
tained  results  are  in  very  good  agreement  with  the  exper¬ 
imental  findings,  as  it  can  be  easily  taken  from  Fig.  23 
where  computed  and  experimental  circumferential  pressure 
distributions  are  presented  for  the  0.88m  cross  section. 


Figure  23  Circumferential  pressure  distribution  for  Rain- 
bird  cone  at  0.88m  cross  section 
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Although  primary  separation  is  slightly  delayed,  vortex 
sheet  separation  is  well  predicted  as  well  as  the  (circumfer¬ 
ential)  length  between  primary  and  secondary  separation. 

Fig.  24  is  presenting  the  chosen  mesh  and  the  computed 
pressure  coefficient  distribution  at  x=0.88m.  Pitot  pressures 
are  plotted  as  near-wall  details.  It  becomes  obvious  that  the 
mesh  has  been  adapted  with  respect  to  shape  and  position 
of  the  shock  to  account  for  accurate  post-shock  relations 
and  additionally  allows  for  a  proper  resolution  of  the  vis¬ 
cous  near  wall  region.  It  consisted  of  97x151  mesh  points 
per  cross  section  in  circumferential  and  wall-normal  direc¬ 
tion.  With  the  step-back  mode,  approximately  3000  steps 
have  been  performes  to  compute  along  the  complete  cone, 
700-800  might  be  sufficient. 


Gridline  Index  (circumferential  direction) 


FiQurs  26  Resulting  ymax  3nd  Fmax  •y^ax  distribu- 
tionsforapplication  of  the  Baldwin-Lomax  tur¬ 
bulence  model  with  Degani-Schiff  modifica¬ 
tions  for  the  Rainbird  Cone 

A  good  insight  into  the  performance  of  the  Baldwin-Lomax 
turbulence  model  together  with  the  Degani-Schiff  modifica¬ 
tions  is  provided  by  Fig.  25  on  the  previous  page.  For  the 
0.88m  cross  section,  this  figure  presents  a  correlation  be¬ 
tween  the  vorticity,  the  F-function  and  the  resulting  eddy- 
viscosity.  The  latter  is  given  as  the  ratio  between  turbulent 
and  laminar  viscosity,  i.e.  a  value  of  unity  denotes  an  eddy- 
viscosity  which  has  the  same  amount  as  the  laminar  one. 
The  influence  of  primary  and  secondary  separation  on  the 
F-function  can  be  clearly  detected  and  it  is  demonstrated 
that  the  model  is  producing  -  despite  of  the  Degani-Schiff 
modifications  -  a  rather  unphysical  absolute  maximum  in 
between  primary  and  secondary  separation.  Another  interest¬ 
ing  feature  of  the  F-function  can  be  taken  from  the  contour 
plot,  a  feature  that  might  be  caused  by  the  (physical)  beha¬ 
viour  of  the  supersonic  boundary  layer.  This  is  the  F-func- 
tion  ’’plateau”  in  the  inner  half  of  the  boundary  layer  with 
values  varying  only  between  F=0.2  and  F=0.25.  The  vortic¬ 
ity  is  reduced  by  more  than  one  magnitude  in  that  area 
which  is  directly  compensated  by  the  increase  in  the  wall- 
normal  distance.  Obviously,  this  ’’plateau”  is  causing  the 


problem  of  possibly  detecting  local  maxima  in  the  F  func¬ 
tion  close(r)  to  the  wall  making  a  search  for  y^j^^  (as  a 
function  of  F^ax)  a  ’’random  walk”. 

In  addition  to  Fig.  25,  ymax.  Fmax  and  ymaxFmax  distribu¬ 
tions  are  presented  in  Fig.  26,  providing  another  insight 
into  the  sensitivity  of  the  Baldwin-Lomax  turbulence  mod¬ 
el.  The  Fmax  distribution  is  ’’amplified”  by  the  wall-normal 
distance,  in  other  words,  the  computed  ymax  value  is  the 
driving  force  for  the  resultant  eddy  viscosity  and,  hence,  the 
model  performance.  While  the  two  minima  in  Fmax  and 
Fmax  Ymax  can  be  closely  related  to  the  position  of  primary 
and  secondary  separation,  the  maximum  can  be  correlated  to 
the  overshoot  in  the  eddy  viscosity  in  between,  compare 
again  with  Fig.  25. 

7.7  Flow  about  a  delta-wing 

The  last  application  presented  in  this  paper  is  the  flow 
about  a  cropped  delta  wing  at  Ma=0.4,  Re=3.1  million  and 
an  angle  of  attack  of  a=9.0  (Fritz,  1997).  This  low-speed 
experiment  has  been  carried  out  in  the  DLR-Braunschweig 
wind  tunnel  by  Loeser  (1996).  Although  this  measurement 
is  termed  a  low-speed  experiment  (because  other  measure¬ 
ments  at  higher  speeds  have  been  carried  out  additionally), 
the  Mach  number  of  Ma=0.4  is  indicating  a  speed  range 
being  already  in  the  compressible  regime,  at  the  lower  limit, 
of  course. 

This  delta  wing  with  a  65°  skew  angle  has  a  sharp  leading 
edge  -  promoting  a  leading  edge  vortex  -  that  is  transition¬ 
ing  to  a  round  edge  in  the  cropped  rear  part  of  the  wing. 
The  cropped  part  of  the  wing  is  initiated  at  85%  of  the 
total  chord  length. 

The  mesh  that  has  been  used  for  this  test  case  is  a  very  fine 
C-O  mesh  (C  type  in  main-flow  direction  and  O  type  in 
spanwise  direction)  with  more  than  2  million  mesh  points. 
193  mesh  points  have  been  distributed  in  the  main  flow 
direction,  129  in  spanwise  and  81  in  the  wall-normal  direc¬ 
tion.  Mesh  lines  are  emanating  orthogonally  from  the  wing 
surface  in  order  to  allow  for  an  as-proper-as-possible  ap¬ 
plication  of  turbulence  models  and  r,esolution  of  the  bound¬ 
ary  layer. 

Two  different  turbulence  models  have  been  tested,  the  alge¬ 
braic  Baldwin-Lomax  model,  again  in  conjunction  with  the 
Degani-Schiff  modification,  and  the  2-equation  Wilcox  k-O) 
model. 

Fig.  27  presents  total-pressure  losses  and  eddy-viscosity 
contours  for  the  80%  cross  section,  the  cross  section  located 
just  5%  upstream  of  the  cropped  part.  Total-pressure  losses 
indicate  the  boundary  layer  thickness  distribution  and  pro¬ 
vide  an  insight  into  the  vortex  structure,  showing  a  primary 
and  secondary  vortex.  The  extent  and  shape  of  these  vor¬ 
tices  are  obviously  influenced  by  the  eddy  viscosity  dis¬ 
tribution  -  given  in  the  lower  part  of  that  figure.  Although 
the  Degani-Schiff  modification  has  been  applied  to  more 
properly  account  for  vortical  flow,  the  corresponding  con¬ 
tour  plot  exhibits  a  somewhat  strange  distribution  in  the 
area  of  the  vortices  while  the  attached  flow  region  shows  a 
reasonable  behaviour.  Recalling  the  results  obtained  for  the 
cone  flow  in  the  previous  section,  a  similar  turbulence  mod¬ 
el  deficiency  has  been  obtained  with  F-function  maxima 
near  the  wing  leading  edge  computed  well  outside  of  the 
boundary  layer  and,  hence,  being  unphysical. 


Total  Pressure  Loss  Contours 


Eddy  Viscosity  Contours 


Figure  27  Total  pressure  losses  and  eddy  viscosity  contours  for  the  cropped  delta  wing  at  80%  chord  using  the  Baldwin 
Lomax  turbulence  model  with  the  Degani-Schiff  extension 
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Figure  29  Pressure  distributions  on  delta  wing  at  va-  Figure  30  Pressure  distributions  on  delta  wing  at  va¬ 
rious  cross  sections  for  Baldwin-Lomax-i-De-  rious  cross  sections  demonstrating  mesh  de- 

gani-Schiff  and  Wiicox  k-co  turbuience  mo-  pendence;  Wilcox  k-co  turbulence  model 
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Comparing  these  results  with  those  obtained  by  utilizing  the 
Wilcox  model,  Fig.  28,  exhibits  a  rather  different  structure 
for  the  eddy- viscosity  contours.  Viscosity  in  the  region  of 
the  vortices  is  much  more  spread  out  into  the  flow  field, 
the  outermost  line  denotes  an  eddy  viscosity  which  is  still 
10  times  bigger  than  the  corresponding  laminar  viscosity. 
Although  the  eddy  viscosity  in  the  attached  boundary  layer 
region  looks  similar  for  both  turbulence  models,  the  maxi¬ 
mum  eddy-viscosity  intensity  in  the  boundary  layer  part  for 
the  Wilcox  model  is  about  50%  higher  compared  to  the 
Baldwin-Lomax  model  -  of  course  not  in  the  leading  edge 
region  where  the  Baldwin-Lomax  model  predicted  an  un¬ 
physical  behaviour.  The  plotted  contour  lines  have  same 
contour  levels  in  Fig.  27  and  28. 

The  more  ’’diffusive”  eddy  viscosity  distribution  obtained 
with  the  Wilcox  turbulence  model  might  be  due  to  the  al¬ 
ready  mentioned  sensitivity  of  the  Wilcox  model  to  the 
freestream  values  of  co.  An  examination  of  the  total  pressure 
contours  in  Figs.  27  and  28  exhibits  the  influence  of  the 
different  eddy-viscosity  distributions  on  the  shape  and 
structure  of  the  two  vortices,  in  particular  on  the  size  of  the 
secondary  vortex. 

The  difference  in  pressure  between  computation  and  experi¬ 
ment  on  the  lower  side  of  the  delta  wing  is  related  to  the 
mounting  device.  The  keel-like  shape  is  inluencing  the 
pressure  by  a  lot,  hence,  the  disagreement  between  clean¬ 
wing  computations  and  measurement  is  reasonable. 

Although  the  influence  of  the  two  chosen  turbulence  models 
on  the  computed  pressure  distribution  is  rather  small,  the 
different  extent  of  the  secondary  vortex  can  be  also  detected 
from  the  pressure  distributions  given  in  Fig.  29.  For  three 
different  cross  sections,  pressure  results  for  the  two  turbu¬ 
lence  models  are  more  or  less  identical,  apart  from  the  area 
at  z/ztip=0.9  where  the  secondary  vortex  appears.  Here,  the 
Baldwin-Lomax  model  is  underpredicting  pressure  (-Cp 
plotted)  resulting  in  a  more  pronounced  secondary  vortex. 
As  expected  and  to  be  seen  at  x/c=0.8,  the  eddy-viscosity 
obtained  for  the  Wilcox  model  is  producing  a  slightly  more 
’’viscous”  pressure  gradient  at  about  0.65  z/ztip. 

As  mentioned  above,  results  presented  so  far  have  been 
obtained  on  a  high-quality  grid  with  very  good  resolution 
in  the  close  vicinty  of  the  sharp  leading  edge.  Fig.  30  pro¬ 
vides  a  comparison  of  the  above  presented  results  with 
those  achieved  with  a  more  coarse  grid  containing 
97x81x49  mesh  points  (CEIII  grid  of  the  common  valida¬ 
tion  exercise).  It  can  be  seen  clearly  that  the  shape  and  the 
location  of  the  primary  vortex  (and  logically  that  of  the 
secondary  vortex)  is  very  much  affected  by  the  resolution 
of  the  different  meshes.  The  suction  peak  is  shifted  towards 
the  edge  of  the  wing,  more  precisely,  the  coarse-grid  suc¬ 
tion  peak  is  rather  close  to  that  position  one  would  obtain 
when  running  an  Euler  calculation,  i.e.  the  primary  vortex  — 
initiated  by  the  sharp  leading  edge  of  the  delta  wing  -  is 
dominated  by  ’’inviscid”  mechanisms. 

8.  NEEDS  FOR  VALIDATION  AND  ASSESSMENT  OF 
TURBULENCE  MODELS 

Concluding  from  the  discussion  of  results  provided  in  chap¬ 
ter  7,  a  proper  validation  and  assessment  of  turbulence  and/ 
or  transition  models  should  place  emphasis  on  a  list  of 


items  given  in  the  following  and  should,  particularly,  take 
seriously  care  of 

^  the  numerical  method  whether  it  is  a  structured  or  un- 
structed  approach  with  central,  upwind,  cell-centered  or 
cell-vertex  methods  employed, 

^  the  meshes  used  for  the  validation  purpose  with  respect 
to  the  type  of  mesh,  the  resolution  and/or  the  level  of 
adaptation  to  the  real  existing  physical  problem, 

1^  the  correctly  specified  -  and  for  the  validation  procedure 

fixed  -  flow  parameters  whether  they  are  the  experimen¬ 
tally  given  values  or  in  some  sense  adjusted  ones, 

^  the  original  turbulence  models,  i.e.  one  should  not  talk 
about  model  ”A”  without  mentioning  modifications  at 
all, 

if  the  numerical  coding  and  implementation  of  turbulence 

model, 

^  the  parametrisation  of  turbulence  models  by  fixing  the 
model  constants  to  the  original  values  -or  at  least  to  men¬ 
tion  accurately  what  has  been  changed  in  the  model,  why 
and  with  what  success. 

However,  in  the  ’’real”  world  of  applying  CFD  tools  to 
particular  flow  situations,  it  might  be  nearly  impossible  (and 
expensive)  to  take  care  of  all  the  items  mentioned  above. 
The  attempt  to  achieve  reliable  results,  however,  needs  to 
take  into  account  at  least  the  knowledge  about  these  items 
because  it  really  does  not  help  a  lot  to  compare  results  and 
to  validate  codes  and  turbulence  models  on  an  insufficient 
and  in  fact  non-comparable  basis  -  CFD  people  should  talk 
the  same  language. 

The  best  thing  one  can  achieve  when  validating  flow  phys¬ 
ics  models  is  to  achieve  a  proper  knowledge  about  the  pre¬ 
dictive  accuracy  of  turbulence  models  in  a  per-test-case 
manner,  i.e.  to  mention  types  of  applications  where  certain 
models  provide  reliable  results  and  where  not.  To  obtain 
such  recommendation  is  a  laborious  task  and  needs  thor¬ 
ough  and  accurate  numerical  studies,  guided  by  comprehen¬ 
sive  measurements.  An  attempt  for  such  ’’rating”  of  turbu¬ 
lence  models  has  been  performed  in  the  ’’European 
Computational  Aerodynamics  Research  Project”  -  ECARP 
(Haase  et  al,  1997). 

9.  CONCLUSION 

It  has  been  shown  that  a  proper  validation  of  CFD  codes  is 
a  challenging  process  and  depends  most  of  all  on  an  assess¬ 
ment  of  turbulence  and  transition  models  describing  the 
physics  of  the  flow.  Results  have  been  provided  for  two-di¬ 
mensional  and  three-dimensional  flows  and  for  a  variety  of 
turbulence  models  that  are  in  current  use  in  the  aeronautics 
industry.  In  addition,  requirements  for  both  predictive  accu¬ 
racy  and  validation/assessment  of  turbulence  models  have 
been  discussed. 

Recently  developed  non-linear  two-equation  turbulence 
models  appear  to  have  a  better  performance,  however,  the 
fact  that  there  are  several  completely  different  sets  of  coeffi¬ 
cients  in  the  literature  implies  that  there  is  reduced  chance 
of  a  generalised  version.  Those  models  bear  the  possibilities 
of  predicting  laminar-to-turbulent  transition,  although  a  cor¬ 
rect  location  can  not  be  predicted  right  now.  Non-linear 
k-E  models  can  give  performance  close  to  best  Reynolds- 
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stress  models,  depending  on  precisely  specified  variants. 
Compared  to  linear  k-e  models,  only  marginally  higher 
computation  costs  have  to  be  accepted. 

The  major  improvements  are  related  to  the  second  moment 
closures,  which  remove  assumptions  such  as  the  eddy  vis¬ 
cosity  and  provide  for  the  first  time,  a  truly  three-dimen¬ 
sional  modelling  capability.  In  these  models,  certain  key 
source  terms  can  be  modelled  ’’exactly”  and  a  more  realistic 
prediction  of  the  transition  region  -  without  the  need  for 
incorporating  additional  criteria  -  is  possible.  Of  course, 
there  are  some  numerical  and  technical  difficulties  because 
these  models  are  complex  and  not  very  straightforward  to 
implement.  Moreover,  they  sometimes  require  modifications 
to  give  close  agreement  with  measurements.  However, 
compared  to  predictive  accuracy,  the  application  of  Re¬ 
ynolds  stress  models  may  provide  the  most  reliable  results. 

It  can  be  concluded  that  the  CFD  methods  used  nowadays 
exhibit  a  good  predictive  accuracy,  however,  the  overall  ac¬ 
curacy,  robustness  and  reliability  has  to  be  improved.  A 
major  keypoint  for  this  is  seen  in  flow-physics  modelling 
issues.  It  is  obvious  that  implementation  and  coding  aspects 
are  a  major  drawback  in  the  context  of  a  more  general 
assessment  of  turbulence  and  transition  models  and  that  cer¬ 
tain  changes  in  the  models  themselves  can  ameliorate  the 
predictive  accuracy  of  a  particular  model  in  use  for  a  specif¬ 
ic  application.  Unfortunately,  this  can  be  reversed  if  the 
same  model  with  the  same  parametrization  is  considered  for 
other  flow  cases. 

In  order  not  to  waste  time  and  money,  future  challenges 
and  strategies  on  both  an  assessment  and  improvement  (or 
new  developments)  on  how  to  model  turbulence  and  transi¬ 
tion  will  definitely  rely  on  comprehensive  and  properly  car¬ 
ried  out  validation  studies  which  have  to  be  supported  by 
one  important  item:  All  investigators  should  talk  the  same 
language  -  at  least  when  parametrization,  coding  and  imple¬ 
mentation  issues  of  flow-physics  models  are  concerned, 
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